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Fundamental Operations 
with Numbers 


1.1 FOUR OPERATIONS 


Four operations are fundamental in algebra, as in arithmetic. These are addition, subtraction, multiplication, and 
division. 

When two numbers a and b are added, their sum is indicated by a+ b. Thus 3+2=5. 

When a number D is subtracted from a number a, the difference is indicated by a — b. Thus 6 — 2 = 4. 

Subtraction may be defined in terms of addition. That is, we may define a — b to represent that number x 
such that x added to b yields a, or x + b = a. For example, 8 — 3 is that number x which when added to 3 yields 
8, ie., x +3 = 8; thus 8-3 =5. 

The product of two numbers a and b is anumber c such that a x b = c. The operation of multiplication may 
be indicated by a cross, a dot or parentheses. Thus 5 x 3 = 5-3 = 5(3) = (5)(3) = 15, where the factors are 5 
and 3 and the product is 15. When letters are used, as in algebra, the notation p x q is usually avoided since x 
may be confused with a letter representing a number. 

When a number a is divided by a number J, the quotient obtained is written 


a~b or = or a/b, 
b 


where a is called the dividend and b the divisor. The expression a/b is also called a fraction, having numerator a 
and denominator b. 

Division by zero is not defined. See Problems 1.1(b) and (e). 

Division may be defined in terms of multiplication. That is, we may consider a/b as that number x which 
upon multiplication by b yields a, or bx = a. For example, 6/3 is that number x such that 3 multiplied by x 
yields 6, or 3x = 6; thus 6/3 = 2. 
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1.2 SYSTEM OF REAL NUMBERS 
The system of real numbers as we know it today is a result of gradual progress, as the following indicates. 


(1) Natural numbers 1, 2, 3,4, ... (three dots mean “and so on’) used in counting are also known as the posi- 
tive integers. If two such numbers are added or multiplied, the result is always a natural number. 


(2) Positive rational numbers or positive fractions are the quotients of two positive integers, such as 2/3, 8/5, 
121/17. The positive rational numbers include the set of natural numbers. Thus the rational number 3/1 is 
the natural number 3. 


(3) Positive irrational numbers are positive real numbers which are not rational, such as J2, 7. 


(4) Zero, written 0, arose in order to enlarge the number system so as to permit such operations as 6 — 6 or 
10 — 10. Zero has the property that any number multiplied by zero is zero. Zero divided by any number 
# 0 (i.e., not equal to zero) is zero. 


(5) Negative integers, negative rational numbers and negative irrational numbers such as —3, —2/3, and —V/2, 
arose in order to enlarge the number system so as to permit such operations as 2 — 8, 7 — 3a or 2 — 2V2. 


When no sign is placed before a number, a plus sign is understood. Thus 5 is +5, /2 is +/2. Zero is 
considered a rational number without sign. 

The real number system consists of the collection of positive and negative rational and irrational numbers 
and zero. 

Note. The word “real” is used in contradiction to still other numbers involving f=1 , which will be taken 
up later and which are known as imaginary, although they are very useful in mathematics and the sciences. 
Unless otherwise specified we shall deal with real numbers. 


1.3 > GRAPHICAL REPRESENTATION OF REAL NUMBERS 


It is often useful to represent real numbers by points on a line. To do this, we choose a point on the line to 
represent the real number zero and call this point the origin. The positive integers +1, +2, +3,... are then 
associated with points on the line at distances 1, 2, 3,... units respectively to the right of the origin (see 
Fig. 1-1), while the negative integers —1, —2, —3,... are associated with points on the line at distances 
1, 2, 3, ... units respectively to the /eft of the origin. 


Fig. 1-1 


The rational number | /2 is represented on this scale by a point P halfway between 0 and +1. The negative 
number —3/2 or -1} is represented by a point R 15 units to the left of the origin. 

It can be proved that corresponding to each real number there is one and only one point on the line; and 
conversely, to every point on the line there corresponds one and only one real number. 

The position of real numbers on a line establishes an order to the real number system. If a point A lies to the 
right of another point B on the line we say that the number corresponding to A is greater or larger than the 
number corresponding to B, or that the number corresponding to B is /ess or smaller than the number corres- 
ponding to A. The symbols for “greater than” and “less than” are > and < respectively. These symbols are 
called “inequality signs.” 

Thus since 5 is to the right of 3, 5 is greater than 3 or 5 > 3; we may also say 3 is less than 5 and write 3 < 5. 
Similarly, since —6 is to the left of —4, —6 is smaller than —4, i.e., -6 < —4; we may also write —4 > —6. 

By the absolute value or numerical value of a number is meant the distance of the number from the origin 
on a number line. Absolute value is indicated by two vertical lines surrounding the number. Thus |—6| = 6, 
|+4| = 4, |-3/4| = 3/4. 
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1.4 PROPERTIES OF ADDITION AND MULTIPLICATION OF REAL NUMBERS 


(1) Commutative property for addition The order of addition of two numbers does not affect the result. 
Thus a+b=b+a, 54+3=34+5=8. 


(2) Associative property for addition The terms of a sum may be grouped in any manner without affecting 
the result. 


a+b+c=a+(b+c)=(at+b)+c, 34+441=34+(44+)D)=864+4+4+1=8 
(3) Commutative property for multiplication The order of the factors of a product does not affect the result. 
a-b=b.-a, 2-5=5-2=10 


(4) Associative property for multiplication The factors of a product may be grouped in any manner without 
affecting the result. 


abc = a(bc) = (ab)c, 3-4-6=3(4-6)=(3-4)6=72 


(5) Distributive property for multiplication over addition The product of a number a by the sum of two 
numbers (b + c) is equal to the sum of the products ab and ac. 


a(b+c) =ab+ac, 434+2)=4-34+4-2=20 


Extensions of these laws may be made. Thus we may add the numbers a, b, c, d, e by grouping in any 
order, as (a+b)+c+(d+e),a+(b+c)+(d+e), etc. Similarly, in multiplication we may write 
(ab)c(de) or a(bc)(de), the result being independent of order or grouping. 


1.5 RULES OF SIGNS 


(1) To add two numbers with like signs, add their absolute values and prefix the common sign. Thus 
3+4=7, (—3)+(-4) = -7. 


(2) Toadd two numbers with unlike signs, find the difference between their absolute values and prefix the sign 
of the number with greater absolute value. 


EXAMPLES 1.1. 17+ (-—8)=9, (—6) +4 = —-2, (—18) + 15 = —3 


(3) To subtract one number b from another number a, change the operation to addition and replace b by its 
opposite, —D. 


EXAMPLES 1.2. 12—(7)=12+(-7)=5, (-9)-(4)=-94+(-4)=-13, 2-—(-8)=2+8=10 


(4) To multiply (or divide) two numbers having like signs, multiply (or divide) their absolute values and prefix 
a plus sign (or no sign). 
6 


EXAMPLES 1.3. (5)(3)=15, | (—5)(—3) = 15, =? 


(5) To multiply (or divide) two numbers having unlike signs, multiply (or divide) their absolute values and 
prefix a minus sign. 
—12_ 


EXAMPLES 1.4. (—3)(6) = —18, (3)(—6) = —18, a. 3 
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1.6 EXPONENTS AND POWERS 


When a number a is multiplied by itself n times, the product a-a-a---a (n times) is indicated by the symbol 
a” which is referred to as “the nth power of a” or “a to the nth power” or “a to the nth.” 


EXAMPLES 1.5. 2-2.2-2-2=2° = 32, (—5)> = (—5)(—5)(—5) = — 125 
Q-x-x-x = 2x3, a-a-a-b-b=ab’, (a — b)(a — ba — b) = (a— by 


In a”, the number a is called the base and the positive integer n is the exponent. 
If p and q are positive integers, then the following are laws of exponents. 


ee a Thus; 2. 2* = 2? = 2? 
eo 1, 5 5, 3 3 1 1 
Q) B= =o ifa 40 za — 30, 36 — 36-4 — 32 
(3) (a) = a" (yaa, Bat 
a\P a? 5 4 Se 
P — gP —) =>— | .5)2 = 42.52 a eee 
(4) (aby = aP bP, (F) x ifb 4 0 (4.5% =42.5 (3) _ 


1.7 OPERATIONS WITH FRACTIONS 
Operations with fractions may be performed according to the following rules. 


(1) The value of a fraction remains the same if its numerator and denominator are both multiplied or divided 
by the same number provided the number is not zero. 
33-2 6 15 15+3 5 


EXAMPLES 1.6. = =-, = = 
4 4-2 8 18 18+3 6 


(2) Changing the sign of the numerator or denominator of a fraction changes the sign of the fraction. 


EXAMPLE 1.7. —=—2=— 
=) a) 
(3) Adding two fractions with a common denominator yields a fraction whose numerator is the sum of the 
numerators of the given fractions and whose denominator is the common denominator. 
EXAMPLE 1.8. arma aad 
5 5 5 B) 
(4) The sum or difference of two fractions having different denominators may be found by writing the 
fractions with a common denominator. 
i 2 3 


EXAMPLE 1.9. ” = 
o 4 oe ee 


(5) The product of two fractions is a fraction whose numerator is the product of the numerators of the given 
fractions and whose denominator is the product of the denominators of the fractions. 

24 2-4 8 38 3-8 24 2 

35° 3-5 15" 49 4.9 36 3 


EXAMPLES 1.10. 


(6) The reciprocal of a fraction is a fraction whose numerator is the denominator of the given fraction and 
whose denominator is the numerator of the given fraction. Thus the reciprocal of 3 (.e., 3/1) is 1/3. Simi- 
larly the reciprocals of 5/8 and —4/3 are 8/5 and 3/—4 or —3/4, respectively. 


(7) To divide two fractions, multiply the first by the reciprocal of the second. 


a.c_ad_ ad 2.4 25 10 5 
bod be be’ 3°5 34 12 6 


EXAMPLES 1.11. 
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This result may be established as follows: 


a,c _a/b_a/b-bd_ad 
b> d_ cfd c/d-bd be’ 


SOLVED PROBLEMS 


1.1 


1.2 


Write the sum S, difference D, product P, and quotient Q of each of the following pairs of numbers: 


(a) 48, 12; (b) 8, 0; (c) 0, 12; (d) 10, 20; (e) 0, 0. 


SOLUTION 
(a) S=48+4 12 = 60, D = 48 — 12 = 36, P = 48(12) = 576, O Coe as 


(b) S=8+0=8,D=8—-0=8, P=8(0)=0,0=8 + 0 or 8/0 
But by definition 8/0 is that number x (if it exists) such that x(0) = 8. Clearly there is no such number, since any 
number multiplied by 0 must yield 0. 

0 
(c) S=0+12=12,D=0- 12=—-12, P=0(12) = 0,92 D 0 
(d) S= 10+ 20 = 30, D = 10 — 20 = —10, P = 10(20) = 200, Q = 10 + 20 
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~ 20° 2 

(e) S=04+0=0,D=0-0=0, P=0(0) =0,Q@=0-+0 or 0/0 is by definition that number x (if it 
exists) such that x(0)=0. Since this is true for all numbers x there is no one number which 0/0 
represents. 


From (b) and (e) it is seen that division by zero is an undefined operation. 


Perform each of the indicated operations. 


(a) 42 +23, 23+ 42 (7), 258 (i) 72 + 24464 + 16 

(b) 27+ (48 + 12), (27+48)+12 (g) 756 +21 (G) 442464+3-24+243-4 

(c) 125 — (38 + 27) (h) ae (k) 128 + (2-4), (128 + 2)-4 
(32 — 15) 

(d) 6-8,8-6 


(e) 4(7-6), (4-7)6 


SOLUTION 


(a) 42+ 23 = 65, 23+ 42 = 65. Thus 42 + 23 = 23 + 42. 
This illustrates the commutative law for addition. 


(b) 27+ (48+ 12) = 274+ 60 = 87, (27+ 48) 4+ 12 =754+12=87. Thus 274+ (484+ 12) = (274 48) + 12. 
This illustrates the associative law for addition. 


(c) 125 — (38 + 27) = 125 — 65 = 60 
(d) 6-8 =48,8-6= 48. Thus 6-8 = 8 - 6, illustrating the commutative law for multiplication. 


(e) 4(7- 6) = 4(42) = 168, (4- 7)6 = (28)6 = 168. Thus 4(7 - 6) = (4- 7)6. 
This illustrates the associative law for multiplication. 


(f) 5)(28) = 35(20 + 8) = 35(20) + 35(8) = 700 + 280 = 980 by the distributive law for multiplication. 


756 
(g) aT = 36 Check: 21 - 36 = 756 


2 
(40 + 21)(72 — 38) _ (61)(34) _ 61-24 
t 


(A) = 61-2 = 122 


(32 — 15) 17 
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(i) Computations in arithmetic, by convention, obey the following rule: Operations of multiplication and division 
precede operations of addition and subtraction. 
Thus 72 + 244+ 64+ 16=3+4+4=7. 
(j) The rule of (i) is applied here. Thus 4 + 2+6+3-—27+2+4+3-4=242-1412=15. 
(k) 128 + (2-4) = 128+8 = 16, (128 + 2)-4=64-4= 256 
Hence if one wrote 128 + 2 - 4 without parentheses we would do the operations of multiplication and division in 
the order they occur from left to right, so 128 + 2-4 = 64-4 = 256. 


1.3 Classify each of the following numbers according to the categories: real number, positive integer, 
negative integer, rational number, irrational number, none of the foregoing. 


=5, 3/5, 3a; 2; =1/4, 6.3, 0, s/5, s/=1, 0.3782, 4/4, —18/7 
SOLUTION 


If the number belongs to one or more categories this is indicated by a check mark. 


Real Positive Negative Rational Irrational None of 
number integer integer number number foregoing 
—5 v v v 
3/5 J v 
30 v v 
2 v Vv v 
=e v v 
6.3 J J 
0 Vv v 
V5 Vv v 
v-1 v 
0.3782 J J 
v4 v v v 
—18/7 Vv v 


1.4 Represent (approximately) by a point on a graphical scale each of the real numbers in Problem 1.3. 


Note: 37 is approximately 3(3.14) = 9.42, so that the corresponding point is between +9 and +10 as indicated. 
4/5 is between 2 and 3, its value to three decimal places being 2.236. 


6 
o = 
7T I 


2, V4 


wo 
98 


6.3 
3n 


+4 


+5 +6 +7 #+8 #449 +410 


0.3782 
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15 


1.6 


1.7 


1.8 


1.9 


Place an appropriate inequality symbol (< or >) between each pair of real numbers. 


(a) 2,5 (c) 3, -1 (e) —4, —3 (g) V7, 3 i) =37/9, =1/2 

(b) 0,2 (d) -4,42 (f) 7,3 (h) —/2, -1 

SOLUTION 

(a) 2<5(or5 > 2), ie., 2 is less than 5 (or 5 is greater than 2) 

(b) 0<2 (or2 >0) (e) —4 < —3 (or —3 > —4) (h) —/2 < -1 (-1 > —V2) 

(c) 3 > —-1 (or —1 <3) (f) w>3 (0or3 <7) (ij) —3/5 < —1/2 since —.6 < —.5 


(d) —4 < 42 (or +2 > —4) (g) 3> V7 (or V7 < 3) 


Arrange each of the following groups of real numbers in ascending order of magnitude. 
(a) =3,23/7,.4/5,=32,.0 “Dy =472, =s/5, = 16,3) 
SOLUTION 


(a) —3.2<-3<0<J5 < 22/7 (b) —J/3 < -1.6 < -3/2 < —V2 


Write the absolute value of each of the following real numbers. 


4 43) 2/5, —s/2, = 3,14, 283,378, = 45/7 


SOLUTION 


We may write the absolute values of these numbers as 
I-11, 1431, 12/51, I-21, |-3.141, 12.83], |-3/8], |—al, 1+5/7| 


which in turn may be written 1, 3, 2/5, J/2, 3.14, 2.83, 3/8, 7, 5/7 respectively. 


The following illustrate addition and subtraction of real numbers. 


(a) (-3)+(-8)=-11 (d) -245=3 (g) 50-23-27=0 
(b) (-2)+3=1 (e) -15+8=-7 (h) -3 -(-4)=-34+4=1 
(c) (-6) +3 =-3 (f) (—32) + 48 + (—10) = 6 G a-)4 2a t= 12 


Write the sum S, difference D, product P, and quotient Q of each of the following pairs of real numbers: 
(a) —2,2; (b) —3,6; (c) 0, —5; (d) —5,0 

SOLUTION 

(a) S=—24+2=0, D= (—2)—2= —4, P = (—2)(2) 4,Q 2/2 1 

(b) S=(—3) +6 = 3, D= (—3) —6 = —9, P = (—3)(6) = —18, O = —3/6 = —1/2 

(c) S=0+(—5) = —-5, D=0—(—5) =5, P= (0)(-5) = 0, O= 0/-5 = 0 


(d) S =(—5)+0= —5, D= (—5) —0 = —5, P = (—5)(0) = 0, Q = —5/0 (an undefined operation, so it is 
not a number). 


Perform the indicated operations. 


(a) (5)(—3)(—2) = [5)(—3) (—2) = (—15)(—2) = 30 
= (5)[(—3)(—2)] = (5)(6) = 30 


The arrangement of the factors of a product does not affect the result. 
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(b) 8(—3)(10) = —240 
8( 2h ash 4)(—2) _ ce 


(c) =a =e sats 
12(—40)(—12) 12(—40)(—12) __ 12(—40)(—12) 
d = = = —960 
@) 5 3) — 3(—3) 15 — (—9) —6 
1.11 Evaluate the following. 
(a) 23=2-2-2=8 
(b) 53% =5-3-3=45 
(c) 24.26 = 2446 = 2! — 1024 
(d) 25 - 5? = (32)(25) = 800 
34 , 23 37 
aS 4r= a ea Pa 23 
65? SS 1 1 1 
1) a ne ae 
@) Gy =2"* =? 64 
2\* 24 16 
h = — ia oa 
®) (5) 34 81 
: 4) F (32)4 312 : 38 320 ; 
2) (—3))5 . 34 = —315 P 34 = 319 = 3 = 3 
38 42 . 24 42 
G) 35-e $3(-2" = B - + 3-8) = 27-4 - 24 = 1 


1.12 Write each of the following fractions as an equivalent fraction having the indicated denominator. 


(a) 1/3;6 (b) 3/4;20 (c) 5/8;48 (d) —3/7;63 (e) —12/5;75 


SOLUTION 
(a) To obtain the denominator 6, multiply numerator and denominator of the fraction 1/3 by 2. 
ie: Se 
3. 3 2 6 
3. .3-5 15 3 3-9 27 
@®) == 22-5 (@) -== = 
4 4-5 20 7 7-9 63 
5 5-6 30 12 12-15 180 
() [= 22 =F (e) = = 
8 8. 48 5 5-15 75 


1.13 Find the sum S, difference D, product P, and quotient Q of each of the following pairs of rational 
numbers: (a) 1/3, 1/6; (b) 2/5, 3/4; (c) —4/15, —11/24. 
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SOLUTION 


(a) 1/3 may be written as the equivalent fraction 2/6. 


r il 21 3 1 be 1\/1\_ 1 
3-6 6 6 6 2 ~ \3)\6 18 
a ee en ey ie 
3 6 6 6 6 1/6 3 1 3 


5a243_ 8,5 _23 me AY cee eed 
~5 4 20 20 20 ~ \5)\4 20 «10 

p=2 eee Ie: 
5 4 20 20 20 3/45 3° «15 


(c) —4/15 and —11/24 have a least common denominator 120: —4/15 = —32/120, 


Ges 4 i 11, 32,55 87D pe 4 0 ae 
> 15 24) ~=+120 «+120 ~=120~3= 40 ~ 15 24) ~~ 90 


11/24 = —55/120. 


4 11 32 55 23 —4/15 4 24 
15 24 120 120 120 —11/24 15 11 


—3, Zz 


Evaluate the following expressions, given x 
(a) 2x+y=2(2)+(-3) =4-3=1 

(b) 3x — 2y — 4z = 3(2) — 2(—3) — 4(5) = 6+ 6—-20=—-8 
(c) 4x°y = 4(2)°(—3) = 4-4. (—3) = —48 


we+4y 244-3) _ 8-12 4 
2a—3b 21/2) —3(-2/3) 1+2 3 


0 (PAB) AB) ~EBEY Ea) ACS) oS a Bod BoB 


See Chapter 34 for more solved problems and more supplementary problems. 


2, y 5, a= 1/2, b= —2/3. 


(d) 


SUPPLEMENTARY PROBLEMS 


1.15 Write the sum S, difference D, product P, and quotient Q of each of the following pairs of numbers: 
(a) 54, 18; (b) 4,0; (c) 0,4; (d) 12, 24; (e) 50, 75. 
1.16 Perform each of the indicated operations. 


(35 — 23)(28 + 17) 


(a) 38+57, 57+ 38 (h) B25 


(b) 15 + (33 + 8), (15 + 33) 4+ 8 


(c) (23+ 64) — (41 + 12) 
(d) 12+8, 8-12 

(e) 6(4-8), (6-4)8 

(f) 42-68 

(g) 1296 + 36 


(i) 45+15+ 84 + 12 

(Gj) 10+5—-4+2415+342-5 

(k) 112 + (4-7), (112 + 4)-7 
15+3-2 

L) 

© 9422 
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1.17 


1.18 


1.19 


1.20 


1.21 


1.22 


1.23 


1.24 


1.25 


1.26 


CHAPTER 1 Fundamental Operations with Numbers 


Place an appropriate inequality symbol (< or >) between each of the following pairs of real numbers. 


(a) 4,3 (c) -1,2 (e) -8,-7 = (g) -3, -V11 
(b) -2,0 (d) 3,-2 GY 1.72 (hi) —1/3,-2/5 


Arrange each of the following groups of real numbers in ascending order of magnitude. 
(a) —V3, —2, V6, —2.8,4,7/2 — (b) 27, —6, V8, —37, 4.8, 19/3 


Write the absolute value of each of the following real numbers: 2, —3/2, —/6, +3.14, 0, 5/3, V/4, 
—0.001, —7-1. 


Evaluate. 

(a) 6+5 (d) 6+(-4)  (g) (—18)+(—3)+4+ 22 (j) —(-16) — (—12) + (—5) — 15 
(b) (—4)+(-6)  (e) -844 (h) 40-1244 

(c) (-4) +3 (f) -44+8 @ —12-—(—8) 


Write the sum S, difference D, product P, and quotient Q of each of the following pairs of real numbers: 
(a) 12, 4; (b) —6, —3; (c) —8, 4; (d) 0, —4; (e) 3, -2. 


Perform the indicated operations. 


(a) (—3)(2)(—6) (c) 4(—1)(5) + (—3)2)(-4) (e) (—8) + (4) + (-3)2) 


(—4)(6) | (—16)(—9) (—3)(8)(—2) 
BON Ey HEH - OED 
Evaluate. 
56.53 i” 
(a) 3° (e) 53 (i) (3) 25 
; Mey « 2) -eP 
(b) 3(4) (f) 36.35 (/) 3 
he 3(-3)? + 4(-2° 
(c) 24.23 @) sama (k) Aa 
57 210 
2.32 2)3 4 
(d) 4.3 (h) (37) (1) 54 t g(a A=2) 


Write each of the following fractions as an equivalent fraction having the indicated denominator. 
(a) 2/5; 15 (c) 5/16; 64 (e) 11/12; 132 
(b) —4/7; 28 (d) —10/3; 42 (f) 17/18; 90 


Find the sum S, difference D, product P, and quotient Q of each of the following pairs of rational numbers: 
(a) 1/4, 3/8; (b) 1/3, 2/5; (c) —4, 2/3; (d) —2/3, —3/2. 


Evaluate the following expressions, given x = —2, y=4,z=1/3,a=—1,b=1/2. 


3y* — 4x 
(a) 3x —2y+ 6z (d) abe 

xy(x + y) 
b) 2. oe ee 
(b) 2xy + 6az (e) Ba dy 


3 2 
: 2.3 y a xy 
(c) 4b-x (f) (*) 4(5) 2 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 


1.15 (a) S=72, D= 36, P=972,Q0=3 (d) S = 36, D= —12, P= 288, Q= 1/2 
(b) S=4, D=4, P = 0, Q undefined (e) $= 125, D= —25, P = 3750, OQ = 2/3 
(c) S=4,D=-4,P=0,0=0 


1.16 (a) 95,95 (c) 34 (e) 192, 192 (g) 36 (i) 10 (k) 4, 196 
(b) 56,56 (d) 96,96 (f) 2856 (h) 30 Gj) 15 (3 
117 (a) 3<40r4>3 (d) -2<30r3>-2 (g) -V11 < —3 or —3 > —J11 


(b) -2<0or0>-2 (e) —8<-—7or—7>-8 (h) —2/5 < —1/3 or —1/3 > —2/5 
(c) -1<2o0r2>-1 (f) 1<V2o0rV2>1 


118 (a) -2.88<—-2<-V3< /6<7/2<4 (b) -397 < -6 < J/8 <4.8 < 27 < 19/3 


1.19 2, 3/2, /6, 3.14, 0, 5/3, V4, 0.001, 7+ 1 


1.20 (a) 11 (c) -1 (e) -4 (g) 1 (i) —4 
(b) —10 (d) 2 (f) 4 (h) 32 (j) 8 

1.21 (a) S=16,D=8,P=48,0=3 (d) S=—4,D=4,P=0,Q=0 
(b) S=—-9, D=-3, P=18,Q=2 (ce) S=1,D=5, P= —-6,Q = -3/2 


C §==4 Das Pa 37,0 = —) 


1.22 (a) 36 (b) 96 (c)4 (ad) 20 (e) -4 (f) 1 


1.23 (a) 27 (c) 128 (e) 54= 625 (g) 1/49 (i) 1/2 (kK) 5 
(b) 48 (d) 144 (f) 3 (h) 3°=729 (jf) -4/3 () —201 


1.24 (a) 6/15 (b) —16/28 (c) 20/64 (d) —140/42 (e) 121/132 (f) 85/90 
125 (a) S=5/8, D = —1/8, P = 3/32, Q = 2/3 

(b) S= 11/15, D = —1/15, P = 2/15, 0 = 5/6 

(c) S=—10/3, D = —14/3, P = -8/3, 0 = —6 

(d) S=—13/6,D = 5/6, P=1,Q9=4/9 


1.26 (a) —12 (b) -18 (c) -8 (d) 14 (e) 16/5 (f) 48 


Fundamental Operations with 
Algebraic Expressions 


2.1 ALGEBRAIC EXPRESSIONS 


An algebraic expression is a combination of ordinary numbers and letters which represent numbers. 


Thus 3x? —S5xy+2y*, 2a”, paced 
2a3 — 2 
are algebraic expressions. 

A term consists of products and quotients of ordinary numbers and letters which represent numbers. Thus 
6x’y?, 5x/3y*, —3x7 are terms. 

However, 6x” + 7xy is an algebraic expression consisting of two terms. 

A monomial is an algebraic expression consisting of only one term. Thus 7x°y*, 3xyz*, 4x’/y are 
monomials. 

Because of this definition, monomials are sometimes simply called terms. 

A binomial is an algebraic expression consisting of two terms. Thus 2x + 4y, 3x* — 4xyz? are binomials. 

A trinomial is an algebraic expression consisting of three terms. Thus 3x” — 5x + 2, 2x + 6y — 3z, 
x? — 3xy/z — 2x32’ are trinomials. 

A multinomial is an algebraic expression consisting of more than one term. Thus 7x + 6y, 3x* + 6xy — 
Txy + 6, 7x + 5x?/y — 3x7/16 are multinomials. 


2.2. TERMS 


One factor of a term is said to be the coefficient of the rest of the term. Thus in the term 5x0y*, 5x° is the 
coefficient of y?, 5y? is the coefficient of x*, and 5 is the coefficient of x+y’. 

If a term consists of the product of an ordinary number and one or more letters, we call the number the 
numerical coefficient (or simply the coefficient) of the term. Thus in —5x*y*, —5 is the numerical coefficient 
or simply the coefficient. 
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Like terms, or similar terms, are terms which differ only in numerical coefficients, For example, 7xy and 
—2xy are like terms; 3x*y* and — Sx°yt are like terms; however, —2a7b* and —3a7b’ are unlike terms. 

Two or more like terms in an algebraic expression may be combined into one term. Thus 7x?y — 4x?y + 
2x*y may be combined and written 5x’y. 


A term is integral and rational in certain literals (letters which represent numbers) if the term consists of 


(a) positive integer powers of the variables multiplied by a factor not containing any variable, or 


(b) no variables at all. 


For example, the terms 6x7 y3, —5y*, 7, —4x, and /3x3y® are integral and rational in the variables present. 
However, 3,/x is not rational in x, 4/x is not integral in x. 

A polynomial is a monomial or multinomial in which every term is integral and rational. 

For example, 3x”y? — 5x*y + 2, 2x4 — 7x3 + 3x? — 5x+2,4xy +z, and 3x? are polynomials. However, 
3x" — 4/x and 4./y + 3 are not polynomials. 


2.3 DEGREE 


The degree of a monomial is the sum of all the exponents in the variables in the term. Thus the degree of 4x*y"z 
is 3+2-+1=6. The degree of a constant, such as 6, 0, —./3, or 7, is zero. 

The degree of a polynomial is the same as that of the term having highest degree and non-zero 
coefficient. Thus 7x*y? — 4xz°> + 2x°y has terms of degree 5, 6, and 4 respectively; hence the degree of the poly- 
nomial is 6. 


2.4 GROUPING 


A symbol of grouping such as parentheses ( ), brackets [ ], or braces { } is often used to show that the terms 
contained in them are considered as a single quantity. 

For example, the sum of two algebraic expressions 5x*—3x+y and 2x—3y may be written 
(5x? — 3x+y)+(2x— 3y). The difference of these may be written (5x7 — 3x+y) — (2x — 3y), and their 
product (5x7 — 3x+ y)(2x — 3y). 

Removal of symbols of grouping is governed by the following laws. 


(1) Ifa-+ sign precedes a symbol of grouping, this symbol of grouping may be removed without affecting the 
terms contained. 


Thus (3x + Ty) + (4xy — 3x7) = 3x + Ty + 4xy — 3x7. 


(2) Ifa-— sign precedes a symbol of grouping, this symbol of grouping may be removed if each sign of the 
terms contained is changed. 


Thus (3x + Ty) — (4xy — 3x7) = 3x4 Ty — 4xy + 32°. 
(3) If more than one symbol of grouping is present, the inner ones are to be removed first. 


Thus 2x — {4x° — (3x7 — S5y)} = 2x — {4x7 — 3x7 + Sy} = 2x — 4x? 4 3x7 — Sy. 


2.5 COMPUTATION WITH ALGEBRAIC EXPRESSIONS 


Addition of algebraic expressions is achieved by combining like terms. In order to accomplish this addition, 
the expressions may be arranged in rows with like terms in the same column; these columns are then added. 
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EXAMPLE 2.1. Add 7x + 3y? — 4xy, 3x — 2y? + 7xy, and 2xy — 5x — 6y°. 
Write. 7x 3y> —4xy 

Sx Sly" 

=o =6y" 


Addition: 5x —Sy 


Sxy. Hence the result is 5x — Sy? + 5xy. 


Subtraction of two algebraic expressions is achieved by changing the sign of every term in the expression 
which is being subtracted (sometimes called the subtrahend) and adding this result to the other expression 
(called the minuend). 


EXAMPLE 2.2. Subtract 2x? — 3xy + Sy’ from 10x” — 2xy — 3y’. 
10x? — 2xy — 3y" 
2x* — 3xy + Sy? 


Subtraction: 8x7 + xy — By? 


2 


We may also write (10x* — 2xy — 3y*) — (2x* — 3xy + 5y*) = 10x” — 2xy — 3y* — 2x7 + 3xy — 5y* = 


8x7 + y= Sy, 
Multiplication of algebraic expressions is achieved by multiplying the terms in the factors of the 
expressions. 


(1) To multiply two or more monomials: Use the laws of exponents, the rules of signs, and the commutative 
and associative properties of multiplication. 


EXAMPLE 2.3. Multiply —3xy*z, 2x+y, and —4xy*z”. 
Write (— 3x7 y>z)(2x4y)(—4xy42’). 
Arranging according to the commutative and associative laws, 
(-IAADULAMAMOHLOMNO HOC). () 
Combine using rules of signs and laws of exponents to obtain 
24x78 23, 
Step (7) may be done mentally when experience is acquired. 


(2) To multiply a polynomial by a monomial: Multiply each term of the polynomial by the monomial and 
combine results. 


EXAMPLE 2.4. Multiply 3xy — 4x° + 2xy? by 5xy4. 


Write (5x7 y*)(3xy — 4x7 + 2xy?) 
= (5x°y*\Bxy) + (5x7 y4)(— 427) + (Sx? y*)(2xy") 
= 5x3 - 20x°y* + 10x7y°. 


(3) To multiply a polynomial by a polynomial: Multiply each of the terms of one polynomial by each of the 
terms of the other polynomial and combine results. 
It is very often useful to arrange the polynomials according to ascending (or descending) powers of one 
of the letters involved. 
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EXAMPLE 2.5. Multiply —3x+9+4+ x? by 3—x. 
Arranging in descending powers of x, 


x = 3x49 (2) 
= 3 
Multiplying (2) by —x, —x3 4 3x7 — Ox 
Multiplying (2) by 3, 3x? — 9x +27 
Adding, —x3 + 6x" — 18x +27 


Division of algebraic expressions is achieved by using the division laws of exponents. 


(1) Todivide a monomial by a monomial: Find the quotient of the numerical coefficients, find the quotients of 
the variables, and multiply these quotients. 


EXAMPLE 2.6. Divide 24x*y*z* by —3xy+z. 
. 24x4y?23 24\ (x4) (y*\ (2 1\ , 8x2 
Wie =ave (a) G)G) = coo Gjo=— 


(2) To divide a polynomial by a polynomial: 


(a) Arrange the terms of both polynomials in descending (or ascending) powers of one of the variables 
common to both polynomials. 

(b) Divide the first term in the dividend by the first term in the divisor. This gives the first term of the 
quotient. 

(c) Multiply the first term of the quotient by the divisor and subtract from the dividend, thus obtaining a 
new dividend. 

(d) Use the dividend obtained in (c) to repeat steps (b) and (c) until a remainder is obtained which is either 
of degree lower than the degree of the divisor or zero. 

(e) The result is written: 

dividend remainder 


— = quotient + ——- 
divisor 4 divisor 


EXAMPLE 2.7. Divide x* + 2x* — 3x3 +. x — 2 by x? — 3x42. 


Write the polynomials in descending powers of x and arrange the work as follows. 


Qx* +3x +6 
x? —3x4+2)2x4-—334 2 + x-— 2 
2x* — 6x? + 4x? 
3x3 — 3x2 + x-— 2 


3x3 — 9x? + 6x 
6x2 — 5x— 2 
6x? — 18x +12 
13x— 14 
2xt — 3x3 4397 4+x-—2 13x — 14 


H = 2x? + 3x+6+——__ 
saa 23x42 Pn Sa Bye 


16 


CHAPTER 2 Fundamental Operations with Algebraic Expressions 


SOLVED PROBLEMS 


21 Evaluate each of the following algebraic expressions, given that x= 2,y=—1,z=3,a=0, 
b=4,c= 1/3. 
(a) 2x* — 3yz = 2(2) — 3(-1)3) = 8+ 9=17 
(b) 224 — 323 + 47? — 22 4+ 3 = 2(3)4 — 33)? + 4(3)° — 2(3) + 3 = 162 — 814+ 36-6 +3 = 114 
(c) 4a? — 3ab + 6c = 4(0)? — 3(0)(4) + 6(1/3) =0-0+4+2=2 
Sxy+3z 5(2)(—1) +303) —-10+9 = 
(d) = 3 2 = = — 
2a3 — c? 2(0)° — (1/3) -1/9 —1/9 
3x°y be 3(2)°(—1)  4(1/3) 
= = —4— 4/9 = —40/9 
RFI 3 3 / / 
(f) 4°y(zZ—1)_ 4(2)°(-DB-1)_ 44\(-DQ)_ 32 
a+b—3c 0+4-3(1/3) 4-1 °°} 3 
2.2 Classify each of the following algebraic expressions according to the categories: term or monomial, 
binomial, trinomial, multinomial, polynomial. 
(a) x° + 3y’z (d) y+3 (g) Jr+y?+2 
(b) 2x7 — 5x43 (e) 42° +3z2-2z (h) Jy + Jz 
(c) 4x*y/z (f) 5x3 + 4/y (@) a+b?+03 —3abc 
SOLUTION 
If the expression belongs to one or more categories, this is indicated by a check mark. 
Term or 
monomial Binomial Trinomial Multinomial Polynomial 
ee v J v 
2x” — 5x +3 J <j J 
Axy/z VJ 
y+3 v v v 
A? +32 — 2/2 v v 
5x3 +4/y 4 al 
Jy+ Vz J Vv 
a+bh+c —3abe “i, J 
2.3. Find the degree of each of the following polynomials. 


(a) 2x°y + 4xyz*. The degree of 2x*y is 4 and that of 4xyz* is 6; hence the polynomial is of degree 6. 

(b) x? + 3x° — 4. The degree of x” is 2, of 3x? is 3, and of —4 is 0; hence the degree of the polynomial 
is 3. 

(c) y> — 3y* + 4y — 2 is of degree 3. 

(d) xz3 + 3x? — 4x3z + x*. Each term is of degree 4; hence the polynomial is of degree 4. 

(e) x2 — 10° is of degree 2. (The degree of the constant 10° is zero.) 
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2.4 


2.5 


2.6 


Remove the symbols of grouping in each of the following and simplify the resulting expressions by 
combining like terms. 
(a) 3x7 + (y* — 42) — (x —3y +42) = 3x7 + y? — 4z — 2x + 3y—4z= 3x? + y? — 2x + 3y — 8z 
(b) 2(4xy + 3z) + 3(« — 2xy) — 4(z — 2xy) = 8xy + 62 + 3x — Oxy — 4z 4+ 8xy = 10xy + 3x + 2z 
(c) x -—3-—2{2-—3(@-—y)} =x-—3 -—2{2-—3x+4+ 3y} =x-—3-—44 6x — by = 7x — 6y—-7 
(d) 4x* — {3x? — 2[y — 302 — y)] +4} = 42 — [32° — 2[y — 3x7 + 3y] +4} 
= 4x? — (3x? — 2y + 6x? — 6y +4} = 4x? — [9x7 — 8y + 4} 
= 4x? — 977 + 8y —4 = —5x* + By — 4 


Add the algebraic expressions in each of the following groups. 
(a) x? +y? —2 + 2xy — 2yz, Yte—x° +2yz— 22x, 2+x —y? + 2zx— 2xy, 


1-e-y-2 
SOLUTION 
Arranging, x+y? — 2 + Axy — 2yz 
—P+y~4z + 2yz — 2zx 
vy +27 —2xy + 22x 
—~iyi2 +1 
Adding, 0+0+0+0 4+0 +40 +1 The result of the addition is 1. 


(b) 5x3y — dab + c?, 3c? + 2ab — 3x7y, xy + xy —4c*—3ab, 4c? — 2x7 + ab? — 3ab 


SOLUTION 
Arranging, Sy —4ab+ c? 
—3x7y + 2ab + 3c? 
xy + xy — 3ab — 4c? 
—2x°y — 3ab + 4c? + ab? 
Adding, —4;?y + 6x3y — 8ab + 4c? + ab? 


Subtract the second of each of the following expressions from the first. 
(a) a—b+c-—d, c-—a+d-—b. 


SOLUTION 
Write a—b+c-— d 
-a-—b+c+d 
Subtracting, 2a+0+0-— 2d The result is 2a — 2d. 


Otherwise: (a -—b+c—d)—(c—a+d—b)=a—b+c—d—c+a—d+b=2a-—2d 


(b) 4x"y — 3ab + 2a? — xy, Axy + ab* — 3a? + 2ab. 


SOLUTION 


Write 4x°y — 3ab+2a*— xy 
2ab — 3a* + 4xy + ab’ 


Subtracting,  4x°y — Sab + 5a? — 5xy — ab? 
Otherwise: (4x*y — 3ab + 2a* — xy) — (4xy + ab* — 3a? + 2ab) 
= 4x?y — 3ab + 2a” — xy — 4xy — ab? + 3a” — 2ab 
= 4x"y — 5ab + 5a” — 5xy — ab* 
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2.7 


2.8 
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In each of the following find the indicated product of the algebraic expressions. 


(a) (—2ab?)(4a*b°) (e) (x? — 3x+ 9)(x + 3) 

(b) (—3x’y)(4xy?)(—2x7y*) (f) G4 423y +2°y? 439° + ya y) 
(c) (3ab?)(2ab + b?) (g) GP -—xy ty)? +2y4+-y) 

(d) (x? — 3xy + y?)(4xy’) (h) (2x+y—2Bx-—z+y) 
SOLUTION 


(a) (—2ab?)(4a7b°) = {(—2)(4) }{(@(@*)}{ (D7 )(b*)} = —8a2 8 
(b) (—3x*y)(4xy*)(— 2x94) = {(—3)(4)(-2) HOIWOAH{0I07)0%)} = 24x8y’ 
(c) @Bab*)(2ab + b*) = Bab*)(2ab) + Bab*)(b?) = 6a*b? + 3ab* 


(d) (2? — 3xy + y?)(Axy?) = (7)(Axy”) + (—3xy)(4xy7) + 07 )Axy?) = 4x3 y? — 1227? + 
(e) P —3x+9 (f) B+xytxy’ +a +y4 
x+3 x-y 
x3 — 3x2 + Ox + xty + x3y?2 + x2y3 + xy4 
3x7 — 9x + 27 xty — 8 y? — x7 — xyt — 
e+ 040427 Oo+0+0 + 0+0-Y5 
Ans. x° +27 Ans. ° —y° 
(g) x2 —xy+y* (h) 2x+y—z 
P+rxyty 3x+y—Z 
x4 — x3y + xy? 6x? + 3xy — 3xz 
wy — xy? +xy° 2xy + — ye 
ey? —rxy + y4 ee ~yt+2 
t+ 0 4+x2y2+ 0 +y4 6x2 + 5xy — 5xzt+ y2 -2yz+ 22 


Ans. x* + x*y? + y4 


Perform the indicated divisions. 
WAeyz (24\ (P\ (P\ (z ‘ 1\  6x*y 
= = (6 Si 
@ Fe GG) @) - 0) -5 
—16a*b® —16)\ (a*\ (b®\ (1 2a3b* 
®) == s(=}= 
—8abc —8 a b Cc c 


4xy4 


(c) 3x°y + 16xy* — 12x*yz* _ 3x3y 16xy? —12x4yz4 _ 3x 4 8y gue 
2x* yz 2x2 yz 2x? yz 2xyz 220 XZ 
(a) 4a*b? + 16ab—4a* _ ( 4a°b? 4 ( 16a) a 42 
—2a2b ~ \ 9% 2b 2026) ab 
2x4 + 3x3 -— 2? -—1 16y* —1 
(e) (f) 2 — 
x—2 2y—1 
2x7 + Tx? + 13x + 26 By? + 4y? + 2y+1 
x—2)2x4+4+3x3-— x2 —1 2y — 1)16y4 —1 
2x* — 4x3 loy* — 8y° 
le = e —1 8y° —1 
Te — 14x? 8y> — 4,7 
13x2 =i 4y =] 
13x? — 26x Ay? — 2y 
26x —- 1 2y—1 
26 = 52 yl 
51 0 
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4 3 2 4 
Siig Sa a ie nt er 
x—2 x—2 2y—1 
2x6 + 5x4 — 3 4.1 
(g) : 
—x*+x+1 
Arrange in descending powers of x. 
2x* — 2x3 — 9x7 — 10x — 19 
=x? + x + 1)2x6 +54-— 33 +1 
2x® — 2x9 — 2x4 
2 +7x4-— 3 +1 
2x9 — 2x4 — 2x3 
Ot + x3 +1 
9x4 — 9x3 — 9? 
10x3 ++ 9x? +1 


10x? — 10x? — 10x 
19x7 + 10x+ 1 


19x2 — 19x — 19 

29x +20 
2x6 4+ 5x4 — 3 41 29x +20 
ig ee Se oe ee 
—x+x4+1 —x2+x+1 


Oxy +x? y* + 2x?y — Ixy’ + 2y? 


h 
®) P= y 


Arrange in descending powers of a letter, say x. 
x? + 2y 
x — xy + y*)x4 — By + x2y? + 2x2y — Ixy? + 2y3 
yt xry 


2x7y — 2xy? + 2y3 
2x?y — Ixy? + 2y3 
0 


4_ 3 252 a, FOR: 3 
Thus 2 xy + xey” + 2x*y — 2xy* + 2y a ghhioy 
Pm—x+y 


2.9 Check the work in Problems 2.7(1) and 2.8(g) by using the value x = 1, y= —1, z= 2. 


SOLUTION 


From Problem 2.7(/), (2x + y — z)(3x-—z+y)= 6x2 + Sxy — 5xz— 2yz+ 2+ y. 
Substitute x = 1, y= —1, z= 2 and obtain 


[21) + (-1) — 2113) — 2) — 1] = 6(1)? + 5(1(— 1) — 5(1)(2) — 2(-1)2) + 2)? + (- 1 
or [-1][0] = 6-5—10+44+4+1, ie. 0=0. 


From Problem 2.8(g), 


2x6 aes cee 2 20 
aS SS Se 0 
—e4tx+1 —?+x+1 
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Put x = | and obtain 


245-141 29 + 20 


2—2-—9-10—19+ 


-—14+14+1— —1+1+1 


or 7=7. 


Although a check by substitution of numbers for variables is not conclusive, it can be used to indicate possible 


errors. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


2.10 


2.11 


2.12 


2.13 


2.14 


2.15 


Evaluate each algebraic expression, given that x = —1, y=3,z=2,a 


z(x+y) 3ab 
8a? y-x+l1 


4 , 111 
(a) 4x°y* — 3xz (e) (g) —-+-+ 
x y & 


(6) @-—yw-DE— x) 


1/2, b 


2 — (x— yy? +2z (x— DO —Diz—-D 
(c) Sab? + 6ab — 4a (f) aE (h) ae 
2 
xy” — 3z 
@) a+b 


Determine the degree of each of the following polynomials. 


(a) 3x4 — 2x7 +27? —5 (c) P+ y +o- Sxyz (e) —10° 
(b) 4xyt — 3x33 (d) /3xyz—5 


(f) y -3y -—y+2y-4 


—2/3. 


Remove the symbols of grouping and simplify the resulting expressions by combining like terms. 


(a) («+ 3y— 2) — Qy —x 4+ 3z) + (42 — 3x + 2y) (c) 3x + 4y + 3{x —2(y —x) -— y} 


(b) 3° — 2yzt+ y*) — 40? — y* —3yz) 47 +y?  (d) 3- {2x -[1 -@+y)] + fe — 2y]} 


Add the algebraic expressions in each of the following groups. 


(a) 2? +y—x+y, 3y+x—-2, x—2y4+2? —4y? 


(b) a —ab+2be+3c*, 2ab+b? —3bc—4c?, ab—4bce+C — a’, 


(c) 2a2be — 2acb? + 5c2ab, 4b2ac + 4bca? — Tac*b, 4abc? — 3a*bc — 3ab?c, 


Subtract the second of each of the following expressions from the first. 
(a) 3xy — 2yz+4zx, 3zx+ yz—2xy 
(b) 4° 4+ 3y? —6x+4y—2, 2x—y? 43x? —4y43 


(c) P —3rs+4rs? — 8, 253 +3527 — 2sr?2 — 37 


Subtract xy—3yz+4xz from twice the sum of the following 
3yz — 4zx — 2xy. 


expressions: 


@ + 2c? + 5bce — 2ab 


b?ac — abc? — 3a2bc 


3xy — 4yz + 2xz 


and 
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2.16 


2.17 


2.18 


2.19 


Obtain the product of the algebraic expressions in each of the following groups. 


(a) 4x°y?,  —3x3y? (f) vy —4y+16,  y+4 

(b) 3abc?, —2a3b?c*, 6ab? (g) OC +xy+trxy?+y3, x-y 

(c) —4x’y, 3xy" — 4xy (h) 7 +4x+8, x7 —4x4+8 

(d) rs +3rs? —4rs +3, 2r?st @ 3r—-s—f#, 2st+r4+3 

(e) y—4, y+3 (Gj) 3-x-y, Ix+yt41, x-y 


Perform the indicated divisions. 


—12xtyz3 —1873s7¢ 4ab> — 3a*be + 12a°*b*c+ (a) 43 — 5x? 4+3x—2 
(63 Ss 
3x2y4z —4r st? —2ab?c3 x+1 


(a) 


Perform the indicated divisions. 


275° — 64 1—x?+x4 2 +y—3y—2 
(a) (b) (= 
3s—4 1-x yo —3y+1 


Axty + 5x?y? + x4 + 2xy3 
x? + 2y? + 3xy 


(d) 


Perform the indicated operations and check by using the values x = 1, y = 2. 


tory +xoy 4222 +4 
xyte+y 


(a) OA t+xey+y)ot—xy?+x4)  (b) 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


2.10 


2.11 


2.12 


2.13 


2.14 


2.15 


2.16 


2.17 


2.18 


2.19 


(a) -24 (b) -12 ()-1 (d) 90 (11/5 (f) -8 (g) -1/6 (h) —24/5 
(ay4 (6)6 (c)5 (d)3 ()0 (f)5 

(a) 3y—x (b) 8° +6yz (ec) 12x—Sy (d) y—4x 4-4 

(a) 2? +x-y (bd) @& +h 42? (c) abc? 


(a) Sxy—3yz+ex  (b) 2° + 4y? —8x4+8y—5 (ce) 4 —r’strs? — 38° 


xy + yz — 8xz 
(a) —12x5y7 (f) +64 
(b) —36a°b5c° (g) x*-y4 
(c) —12x7y3 + l6x3y? (h) x*+ 64 
(d) 2rt+s + 6rs’ — 835° + 27s’ (i) 3r? + 5rs + 8rt? — 2s? — 5st? — 344 
(e) y —y—12 Gj) y? —2y? — 3y +. 3x + 5x? — 3xy — 2x7 — xy 4 2xy? 
(a) 4x72? (b) 9s (c) aun 3a ee (d) 4x2 — 9x4 124 —14 
. y 2r2t ¢ GC 2bc2 si * . x+1 
1 68y — 29 
(a) 9s? +12s4+16 (b) -P—xr4+— (©) ¥4+3y? + 10y +274 ee (d) x? +xy 
l—-x y* —3y+1 


(a) x8 + x4y4 + y®. Check: 21(13) = 273. (b) x? + y’. Check: 35/7 = 5. 
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Properties of Numbers 


3.1 SETS OF NUMBERS 


The set of counting (or natural) numbers is the set of numbers: 1, 2, 3, 4,5,.... 

The set of whole numbers is the set of counting numbers and zero: 0, 1, 2, 3, 4,.... 

The set of integers is the set of counting numbers, zero, and the opposites of the counting numbers: ..., —5, 
=4,=3, = 2, —1,.0, 1,.2,. 3945 Dd y4-002 

The set of real numbers is the set of all numbers that correspond to the points on a number line. The real 
numbers can be separated into two distinct subsets: the rational numbers and the irrational numbers. 

The set of rational numbers is the set of real numbers that can be written in the form a/b, where a and 
b are integers and b is not zero. The rational numbers can be thought of as the set of integers and the 
common fractions. The numbers —4, 2/3, 50/7, J/9, 10/5, —1/2, 0, 145, and 15/1 are examples of rational 
numbers. 

The set of irrational numbers is the set of real numbers that are not rational numbers. The numbers 
V2, s/5, 10, /3 + 4, 7/6 — 5, and the mathematical constants 7 and e are examples of irrational numbers. 


3.2) PROPERTIES 


A set has closure under an operation if the result of performing the operation with two elements of the set is also 
an element of the set. The set X is closed under the operation * if for all elements a and b in set X, the result a*b 
is in set X. 

A set has an identity under an operation if there is an element in the set that when combined with each 
element in the set leaves that element unchanged. The set X has an identity under the operation * if there is 
an element j in set X such that j*a = a*j = a for all elements a in set X. 

A set has inverses under an operation if for each element of the set there is an element of the set such that 
when these two elements are combined using the operation, the result is the identity for the set under the oper- 
ation. If a set does not have an identity under an operation, it cannot have the inverse property for the operation. 
If X is a set that has identity 7 under operation *, then it has inverses if for each element a in set X there is an 
element a’ in set X such that a*a' = j and a’*a = j. 

Sets under an operation may also have the associative property and the commutative property, as described 
in Section 1.4. If there are two operations on the set then the set could have the distributive property, also 
described in Section 1.4. 


EXAMPLE 3.1. Which properties are true for the counting numbers, whole numbers, integers, rational numbers, 
irrational numbers, and real numbers under the operation of addition? 
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+ Counting Whole Integers Rational Irrational Real 
Closure Yes Yes Yes Yes No Yes 
Identity No Yes Yes Yes No Yes 
Inverse No No Yes Yes No Yes 
Associativity Yes Yes Yes Yes Yes Yes 
Commutativity Yes Yes Yes Yes Yes Yes 


3.3. ADDITIONAL PROPERTIES 


There are some properties that sets of numbers have that do not depend on an operation to be true. Three such 
properties are order, density, and completeness. 

A set of numbers has order if given two distinct elements in the set one element is greater than the 
other. 

A set of numbers has density if between any two elements of the set there is another element of 
the set. 

A set of numbers has completeness if the points using its elements as coordinates completely fill a line or 
plane. 


EXAMPLE 3.2. Which properties are true for the counting numbers, whole numbers, integers, rational numbers, 
irrational numbers, and real numbers? 


Counting Whole Integers Rational Irrational Real 
Order Yes Yes Yes Yes Yes Yes 
Density No No No Yes Yes Yes 
Completeness No No No No No Yes 


SOLVED PROBLEMS 


3.1 Which of the properties closure, identity, and inverse does the set of even integers have under addition? 


SOLUTION 


Since even integers are of the form 2n where n is an integer, we let 2m and 2k be any two even integers. The sum of 
two even integers is 2m + 2k = 2(m+k). From Example 3.1 we know that m+ k is an integer, since m and k are 
integers. Thus, 2(m + k) is 2 times an integer and is even, so 2m + 2k is even. Therefore, the even integers are closed 
under addition. 

Zero is an even integer since 2(0) = 0.2m + 0 = 2m + 2(0) = 2(m+ 0) = 2m. Thus, 0 is the identity for the even 
integers under addition. 

For the even integer 2m, the inverse is — 2m. Since m is an integer, —m is an integer. Thus, —2m = 2(—™m) is an 
even integer. Also, 2m + (—2m) = 2(m+ (—™m)) = 2(0) = 0. Therefore, each even integer has an inverse. 


3.2. Which of the properties closure, identity, inverse, associativity, and commutativity are true under 
multiplication for the sets counting numbers, whole numbers, integers, rational numbers, irrational 
numbers, and real numbers? 
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3.3 


3.4 


3.5 
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SOLUTION 
Counting Whole Integers Rational Irrational Real 
Closure Yes Yes Yes Yes No Yes 
Identity Yes Yes Yes Yes No Yes 
Inverse No No No Yes No Yes 
Associativity Yes Yes Yes Yes Yes Yes 
Commutativity Yes Yes Yes Yes Yes Yes 


Which of the properties closure, identity, and inverse does the set of odd integers have under 
multiplication? 


SOLUTION 


Since the odd integers are of the form 2n+ 1 where n is an integer, we let 2m+1 and 2k+1 be any two 
odd integers. The product of two odd integers is represented by (2m+ 1)(2k+ 1) = 4mk+ 2m+ 2k+ 1= 
2(2mk +m-+k)+ 1. Since the integers are closed under both addition and multiplication, (2nk+m-+k) is 
an integer and the product (2m+1)(2k+ 1) is equal to 2 times an integer plus 1. Thus, the product is an 
odd integer. Therefore, the odd integers are closed under multiplication. 

One is an odd integer, since 2(0) + 1 = 0+ 1 = 1. Also (2m + 1)(1) = (2m)(1) + (1)(1) = 2m + 1. Thus, 1 is the 
identity for the odd integers under multiplication. 


Seven is an odd integer, since 2(3) + 1 = 7. Also, 7(1/7) = 1, but 1/7 is not an odd integer. Thus, 7 does not have 
an inverse under multiplication. Since there is at least one odd integer that does not have an inverse under multi- 
plication, the set of odd integers under multiplication does not have the inverse property. 


Does the set of even integers have the order, density, and completeness properties? 
SOLUTION 


Given two distinct even integers 2m and 2k where m and k are integers, we know that either m > k or k > m. If 
m>k, then 2m > 2k, but if k > m, then 2k > 2m. Thus, the set of even integers has the order property, since 
for two distinct even integers 2m and 2k either 2m > 2k or 2k > 2m. 

The numbers 2m and 2m+2 are even integers. There is no even integer between 2m and 2m+ 2, since 
2m+2=2(m-+1) and there is no integer between m and m+ 1. Thus, the even integers do not have the 
density property. 

Between the two even integers 8 and 10 is the odd integer 9. Thus, the even integers do not represent 
the coordinates for all points on a number line. Therefore the even integers do not have the completeness 


property. 


Let K = {—1, 1}. @ Is K closed under multiplication? (b) Does K have an identity under multipli- 
cation? (c) Does K have inverses under multiplication? 


SOLUTION 


(a) (A)C) = 1, (—1)(-1) = 1, A)(— 1) = — 1, and (— 1)(.) = — 1. For all possible products of two elements in K, 
the result is in K. Thus, K is closed under multiplication. 


(b) 1 isin K, (1)(1) = 1, and (1)(—1) = —1. Thus 1 is the identity for K under multiplication. 


(c) Since (1)(1) = 1 and (—1)(—1) = 1, each element of K is its own inverse. 


See Chapter 34 for more solved problems and more supplementary problems. 
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SUPPLEMENTARY PROBLEMS 


3.6 


3.7 


3.8 


3.9 


3.10 


3.11 


3.12 


Which of the properties closure, identity, and inverse does the set of even integers have under multiplication? 
Which of the properties closure, identity, and inverse does the set of odd integers have under addition? 

Does the set of odd integers have the order, density, and completeness properties? 

Which of the properties closure, identity, inverse, associativity, and commutativity are true under sub- 
traction for the sets of counting numbers, whole numbers, integers, rational numbers, irrational numbers, and 
real numbers? 

Which of the properties closure, identity, inverse, associativity, and commutativity are true under non-zero 
division for the set of counting numbers, whole numbers, integers, rational numbers, irrational numbers, and 


real numbers? 


Which of the properties closure, identity, inverse, associativity, and commutativity are true for the set of zero, {0}, 
under (a) addition, (b) subtraction, and (c) multiplication? 


Which of the properties closure, identity, inverse, associativity, and commutativity are true for the set of one, {1}, 
under (a) addition, (b) subtraction, (c) multiplication, and (d) division? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


3.6 


3.7 


3.8 


3.9 


3.10 


Closure: yes; identity: no; inverse: no. 
Closure: no; identity: no; inverse: no. 


Order: yes; density: no; completeness: no. 


= Counting Whole Integers Rational Irrational Real 
Closure No No Yes Yes No Yes 
Identity No No No No No No 
Inverse No No No No No No 
Associativity No No No No No No 
Commutativity No No No No No No 

a Counting Whole Integers Rational Irrational Real 
Closure No No No Yes No Yes 
Identity No No No No No No 
Inverse No No No No No No 
Associativity No No No No No No 
Commutativity No No No No No No 
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" Closure Identity Inverse Associativity Commutativity 
(a) + Yes Yes Yes Yes Yes 
(b) — Yes Yes Yes Yes Yes 
(c) - Yes Yes Yes Yes Yes 
ane Closure Identity Inverse Associativity Commutativity 
(a) + No No No Yes Yes 
(b) No No No No Yes 
(c) - Yes Yes Yes Yes Yes 
(d) + Yes Yes Yes Yes Yes 


CHAPTER 4 


Special Products 


4.1 SPECIAL PRODUCTS 


The following are some of the products which occur frequently in mathematics, and the student should become 
familiar with them as soon as possible. Proofs of these results may be obtained by performing the 
multiplications. 


I. Product of a monomial and a binomial 
a(c +d) = ac + ad 
II. Product of the sum and the difference of two terms 
(a+b\a—b)=a —b’ 
Il. Square of a binomial 
(a+ bP? =a’ +2ab+b? 
(a — by? =a —2ab +b’ 
IV. Product of two binomials 
(x + a)(x + b) =x +(a+b)x+ ab 


(ax + b)(cx +d) = acx’ + (ad + be)x + bd 
(a+ b)c+d)=ac+be+ad+ bd 


V. Cube of a binomial 
(a+ bP =a + 3a°b + 3ab? +b° 
(a — by = a — 3a°b + 3ab’* — 
VI. Square of a trinomial 


(atb+cP =a +b +c? + 2ab + 2ac + 2be 
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4.2 PRODUCTS YIELDING ANSWERS OF THE FORM a’"+ b” 


It may be verified by multiplication that 


(a—b\a +ab+b)=a—b* 

G=D@ tebe’ t+ rjsd =H 
(a—b\a+ab+ab +ab +b) =a —b 
(a—by\a+a'b+ab’+ab’ + ab4 +b) =a° — b® 


etc., the rule being clear. These may be summarized by 
VIL. @=iid@' 47" b+ fOr ee tat ar Yaw = 5" 
where n is any positive integer (1,2,3,4,...). 
Similarly, it may be verified that 
(a+ b\a -—ab+b?)=a4+b 
(a+b\at—-ab+acb —ab+h)=ae+b 


(a+ b\(a°-—a@b+a —ab +a -—ab’+b%)=a' +b! 


etc., the rule being clear. These may be summarized by 
VIIL (a a bya"! _ a’ 2b ae a’ 3p Danae eee ab"~2 4 b’-!) = a 4 br 


where n is any positive odd integer (1,3,5,7,...). 


SOLVED PROBLEMS 


Find each of the following products. 


4.1 (a) 3x(2x + 3y) = (3x)(2x) + 3x)3y) = 6x7 + Oxy, using I with a = 3x, c = 2x, d = 3y. 
(b) x*y3x3 — 2y + 4) = (yx) + (?y)(—2y) + @?y)(4) = 3x°y — 2x2y? + 4x?y 
(c) Gxty* + 2xy — 5)Q?y7) = Bx y*)(@a?y3) + (2xy)@?y3) + (-5) Gy?) 
= 3x y? + 2x74 — 5x7? 
(d) (2x + 3y)(2x — 3y) = (2x)* — (By)? = 4x? — 9y?, using II with a = 2x, b = 3y. 
(e) (1 — 5x)(1 + 5x7) = (1)? — (5x7)? = 1 — 25x 
(f) (Sx + 7y?)\(Sx — xy?) = (Sx)? — Gy’)? = 25x? — xby4 
(g) (3x + 5y)? = (3x)* + 2(3x)(Sy) + (Sy)* = 9x7 + 30xy + 25y”, using II with a = 3x, b = Sy. 
(h) (x +2) = 2x? + 2(0)(2) + 2? = 27 + 4x44 


(i) (7x? — 2xy) = (7x7)? — 2(7x?)(2xy) + (2xy)? 
= 49x+ — 28x3y 4 4x’y?, using III with a = 7x’, b = 2xy. 


(j) (ax — 2byy = (ax)* — 2(ax)(2by) + (2by)? = a?x* — 4axby + 4b?y? 
(k) (x4 + 6)? = (x4)? + 2004)(6) + (6) = x8 + 12x4 + 36 
(I) (3y? — 2)? = (y*)’ — 2(3y”)(2) + (2° = 9y* — 129? +4 
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4.2 


4.3 


(m) («+ 3)\x+5) =x? +B 4+5)x 4+ (3)(5) = 2? + 8x4 15, using IV with a=3,b=5. 
(n) («—2)x+8) =x +(-24 8)x4+ (—2)(8) = x + 6x — 16 

(0) (© +2)(x— 8) = x7 + (2 — 8)x + (2)(—8) = x7 — 6x — 16 

(p) (2 + 10)? — 12) = (#2)? + (10 — 12)? + (10)(—12) = 4 — 2? — 120 


(g) Gx + 4)(2x — 3) = B)Q)x* + [B(-3) + Me + (4-3) 
= 6x° —x—12, using IV with a= 3,b=4,c =2,d= —-3. 


(r) (2x + 5)(4x — 1) = QA? + [2)(-D + GA + (5-1) = 8x7 + 18x — 5 


(s) (3x + y)(4x — 2y) = (3x)(4x) + (4x) + 3x)(—2y) + O)(-2y) 
= 12x? — 2xy — 2y’, using V with a = 3x, b=y,c = 4x, d = —2y. 


(t) (3t?s — 2)(4t — 3s) = (3¢7s)(4t) + (—2)(4t) + (3t?s)(—3s) + (—2)(—3s) 
= 12rs — 8r — 92? 52 + 6s 


(u) xy + 1)(2x* — 3y) = Bxy)(2x”) + Bxy)(—3y) + (1)(2x”) + (I(—3y) 
= 6x3 y — Oxy? + 2x? — 3y 


(vy) w+ty+3\(et+y—-3)=@+yP -PH=H=P4+2y+y-9 
(w) (2x —y — (2x —y + 1) = (2x —y)? — (I)? = 4x? — day +? - 1 
(x) (X? + Qxy + y?)(x? — xy + y*) = (7 + y? + Qxy)(QX? + y? — 2xy) 
— (x2 4 yey = (2xy)? — x4 ae 2x?y? 45" _ Ax? y? — x4 _ 2x7? ae y4 
(y) @+2+2y)C? —24 xy) = 0 +274 262 + xy — 2) 
= (x9 + xy) —2 = x6 + 2(x7 (xy) + (xy) —4= 79+ 2x4y + xy —4 


(a) («+ 2yyP = 23 + 3) Q2y) + 3@@)(2y)? + Qy)y? 
= x3 + 6x’y + 12xy* + 8y’, using V with a = x, b = 2y. 


(b) x +2) = Bx)? + 3(3x)?(2) + 3(3x)(2)* + (2)? = 27x? + 54x? + 36x + 8 


(c) Qy — 5)? = yy? — 3(2y)*(5) + 3(2y(5)* — (5)? 
= 8y* — 60y? + 150y — 125, using V with a= 2y,b =5. 


(d) (xy — 2) = (ay) — 3G@xy)?(2) + 3y) (2)? — (2)? = Py? — 6x?y? + 12xy — 8 
(e) Gy —y’)? = Gy) — 307 yy) + 307)? — 67)7 = x8y? — 3xty4 + 3x25 — yo 
Gf) @ — DG? +x4 1) =x — 1, using VII with a =x, b= 1. 


If the form is not recognized, multiply as follows. 
(x— Doe +xe4+ lI =x0? 4x4 1-10? +x4+ DH P4r4x-2% —x-1L=xr-1 


(g) &- 2y)\Q? + 2xy + 4y?) =x - (2y)? =x — 8y’, using VII with a = x, b = 2y. 


(h) (xy + 2)0?y? — 2xy + 4) = (xy)? + 2) = Py? + 8, using VIII with a = xy, b = 2. 
(i) (2x + 1)(4x? — 2x4 1) = 2x 41=841 


(j) Qx+ 3y + 2)? = (2x) + By)? + ©)? + 2(2x)(By) + 2(2x)(z) + 2Gy)) 
= 4x? + Oy? + 2 + 12xy + 4xz + yz, using VI with a = 2x, b = 3y,c =z. 


(k) (W — v2 +2w)? = WY + (—v? + Qw)? + 202)\(—0?) + 2(u3)(2w) + 2(—v?)(2w) 
= y§ + 4 + 4w? — 2u3 v2 + 4u3w — 402w 


(a) @—DO 4x44 4242441) =2° — 1, using VII with a=x,b=1,n=6. 


(b) (x— 2y)(xt + 2x3) + 4x7? + 8xy3 + 16y*) =P (2yy 
= x° — 32y°, using VII with a = x, b = 2y. 
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(c) By +x)(8ly* — 27y3x + 9y2x? — 3yx3 + x4) = By +. 
= 243y° +x, using VIII with a = 3y, b = x. 


4.4 (a) ~+y+2Z~«+y—2%—y+z)(« — y —2z). The first two factors may be written as 
@+y+0aty-D=@+yP-P ar +2wt+y-2, 
and the second two factors as 
(x-yt+2a-y-D)=@-yP - 2 =r -2Ay+y—-L. 
The result may be written 


P+y—-2+wWet+y—-2-BwW) =A +y—-7Y — (xy) 


H= (PP +0°P + (H 2) + 20°)0") + 207)(=2?) + 20° (= 2?) = 42°? 
= xh t yt t At Oxy? — 2x72? - 2y?2? - 4x? 
=xt+yt4 24 — 2 — 2072 — 27 
(b) wt+ytzt+ I? =[@t+y) tet DP =O4+yP +204 y+ D464)" 
= x2 4 Ixy + y? + 2xz+ 2x + 2yzt 2yv+242z4+1 
(c) U—vhu+ vy = [Cu vtut v)P = W — 0°) 
= WwW) — 30?) + 302)? — (v?)? = U8 — 3u4v? + 3u?v4 — v° 
(d) (? —x+ IPO? 4x41 =[0? —x4+ DOP 4x4 DP =(0C? 41-9? +140) 
=[0?+ 1% —2P = ft 42? 41-2P = 0442417 
= O42 +0? + 1 + 20407) + 204) + 207)(1) 
= x84 44414 2x6 4 2x4 4 2x? = x8 4+ 2x9 4+ 3x4 44-27 +1 
(e) (e? + Ie” — Ie” + Ie? + Ie +. 1) = ©? — Ie? + De” + De® + 1) 
= (ce? — 1)(e% + 1y(e® +1) = (e® — 1)(e +1) =e! - 1 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


Verify each of the following products. 
4.5 (a) 2xyBx"*y — 4y3) = 6x3 y* — Bxy4 
(b) 3x°y3(2Qxy — x — 2y) = 6x7 y* — 3x7 y? — bx’y4 
(c) (2st — 4rs* + 3s°t)(Srst?) = 10rs*P — 2077831? + 15rst3 
(d) a+ 5b)(3a — 5b) = 9a* — 25b* 
(e) (Sxy + 4)\(Sxy — 4) = 25x7y? — 16 
(f) (2 — 5y)(2 + Sy”) = 4 — 25y4 
(g) Gat 5a’b)(3a — 5a*b) = 9a? — 25a*b? 
(h) (x +6)? =x? + 12x + 36 
() (yt 3x" =y? + Oxy + 9x? 
Gi) @-4f = 2 — 82+ 16 
(k) (3 — 2x? =9 — 12x? + 4x4 
(D) @?y — 22)? = xty? — ax?yz + 42° 
(m) (x + 2)(x+4) =x? + 6x48 
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4.6 


4.7 


(n) (x-4X+7) =x? + 3x — 28 

(0) 0 +3)y—-5)=y* — 2y— 15 

(p) (xy + 6)(xy — 4) = xy? + 2xy — 24 

(gq) (2x — 3)(4x + 1) = 8x* — 10x — 3 

(r) (443nr)(2—1r) =8+2r—-3r 

(s) (5x + 3y)(2x — 3y) = 10x? — 9xy — 9y” 

() 2 +s)GP + 4s) = 6 + 11Ps4 4s 

(u) (x? + 4y)(2x*y — y*) = 2xty + Tx2y? — Ay? 
(v) xQx—3)Gx+4) = 68 — x? — 12 

(w) (rts—l(rtst¢)D =r +2r5+8? -1 
(x) («-—2y+ z2)(x — 2y — z) =x —4xy + 4y -— 2 
(y) (? + 2x+ 4)? — 2x + 4) = x44 40? + 16 


(a) (2x +1)? = 8x94 12x7 + 6x41 

(b) (3x + 2y)? = 27x3 + 54x2y + 36xy? + 8y? 
(c) (r—2syP =P — 6r’s + 12rs? — 85° 

(d) G2 —1% = x° — 3x4 432-1 

(e) (ab* — 2b) = a°b® — 6a*b° + 12ab* — 8b° 
(f) ¢-2)? +2t+4) =f -8 

(9) G-NC 4x24 7) = 3-H 

(h) (x + 3y)@? — 3xy + Sy’) =F + 279? 


(a) («—2yt2? =x —4ay 4 4y +2 -Azy+ 2 

(b) (S§—1(8 +s? +541) =s*-1 

() d+A01-f4+47-4=1-28 

(d) (3x + 2y)(Bx — 2y)? = 81x+ — 72x?y? + 16y4 

(e) (x2? +2x + 1)? — 2x4 1)? = x8 — 4x6 + 6x4 — 47 4-1 
(f) 0-180 + 1° = — 394 +3 - 1 

(g) (ut 2)(u — 2)(u? + 4)(u4 + 16) = u® — 256 
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Factoring 


5.1 FACTORING 


The factors of a given algebraic expression consist of two or more algebraic expressions which when multiplied 
together produce the given expression. 


EXAMPLES 5.1. Factor each algebraic expression. 


(a) x7? —7Tx+6=(x— 1)(x-6) 

(b) x* + 8x = x(x + 8) 

(c) 6x* — 7x —5 = (3x —5)(2x + 1) 
(d) x* + 2xy — 8y? = (x+ 4y)\(x — 2y) 


The factorization process is generally restricted to finding factors of polynomials with integer coefficients 
in each of its terms. In such cases it is required that the factors also be polynomials with integer coefficients. 
Unless otherwise stated we shall adhere to this limitation. 

Thus we shall not consider (x — 1) as being factorable into (,/x + 1)(,/x — 1) because these factors are 
not polynomials. Similarly, we shall not consider (x7 — 3y’) as being factorable into (x — V3y)(x + /3y) 
because these factors are not polynomials with integer coefficients. Also, even though 3x + 2y could be 
written 3(x + 2 y) we shall not consider this to be a factored form because x + 3 y is not a polynomial with 
integer coefficients. 

A given polynomial with integer coefficients is said to be prime if it cannot itself be factored in accordance 
with the above restrictions. Thus x* — 7x + 6 = (x — 1)(x — 6) has been expressed as a product of the prime 
factors x — 1 and x — 6. 

A polynomial is said to be factored completely when it is expressed as a product of prime factors. 

Note 1. In factoring we shall allow trivial changes in sign. Thus x* — 7x + 6 can be factored either as 
(x — 1) — 6) or (1 — x)(6 — x). It can be shown that factorization into prime factors, apart from the trivial 
changes in sign and arrangement of factors, is possible in one and only one way. This is often referred to as 
the Unique Factorization Theorem. 

Note 2. Sometimes the following definition of prime is used. A polynomial is said to be prime 
if it has no factors other than plus or minus itself and +1. This is in analogy with the definition of 
a prime number or integer such as 2, 3, 5, 7, 11,... and may be seen to be equivalent to the previous 
definition. 

Note 3. Occasionally we may factor polynomials with rational coefficients, e.g., x° —9/4 = 
(x + 3/2)(x — 3/2). In such cases the factors should be polynomials with rational coefficients. 
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Note 4. There are times when we want to factor an expression over a specific set of numbers, e.g., x7 — 2 = 
(x + V2)(x = J/2) over the set of real numbers, but it is prime over the set of rational numbers. Unless the set 
of numbers to use for the coefficients of the factors is specified it is assumed to be the set of integers. 


5.2 FACTORIZATION PROCEDURES 


In factoring, formulas I-VHI of Chapter 4 are very useful. Just as when read from left to right they helped to 
obtain products, so when read from right to left they help to find factors. 
The following procedures in factoring are very useful. 


A. Common monomial factor. Type: ac + ad = a(c + d) 


EXAMPLES 5.2. (a) 6x°y — 2x° = 2x°(3y — x) 
(b) 2x3y — xy? + 3x2y = xy(2x? — y + 3x) 


B. Difference of two squares. Type: a —b? =(a+b\a—b) 


EXAMPLES 5.3. (a) x* — 25 =x? —5? = (x+5)(x—5) wherea=x,b=5 
(b) 4x7 — 9y? = (2x) — (By)? = (2x + 3y)(2x — 3y) where a = 2x, b = 3y 


C. Perfect square trinomials. Types: a? + 2ab + b* = (a+ by 
a —2ab+b? = (a— by? 


It follows that a trinomial is a perfect square if two terms are perfect squares and the third term is 
numerically twice the product of the square roots of the other two terms. 


EXAMPLES 5.4. (a) x°+6x+9=(x+3/ 
(b) 9x* — 12xy + 4y* = (3x — 2y) 


D. Other trinomials. Types: x +(at+b)x + ab = (x+a\(x+b) 
acx* + (ad + bc)x + bd = (ax + b)(cx + d) 


EXAMPLES 5.5. (a) x7 —5x+4=(«—4)(x— 1) where a = —4, b = —1 so that their sum (a+b) = —5 and 
their product ab = 4. 
(b) x7 +. xy — 12y? = (x — 3y)(x + 4y) where a = —3y, b = 4y 
(c) 3x7 — 5x — 2 = (x — 2)(3x + 1). Here ac = 3, bd = —2, ad + bc = —5; and we find by trial 
that a = 1,c =3,b = —2, d = | satisfies ad + bc = —5. 
(d) 6x? +x — 12 = 3x — 4)(2x +3) 
(e) 8— 14x + 5x* = (4—5x)(2—») 


E. Sum, difference of two cubes. Types: e+b= (a+ b)(a? —ab+ b?) 
a —b? =(a—b)(a* +ab+b’) 


EXAMPLES 5.6. (a) 8x° + 27y? = (2x)? + Gy) 
= (2x + 3y)[(2x) — (2) By) + By’) 
= (2x + 3y)(4x? — Oxy + Oy’) 
(b) 8x3 y3 -l= (2xy)3 —-P= (2xy — 1)(4x7y? + 2xy + 1) 
F. Grouping of terms. Type: ac + be + ad + bd = c(a+ b)+d(a+b) = (a+b)(c+d) 
EXAMPLE 5.7. 2ax — 4bx + ay — 2by = 2x(a — 2b) + wa — 2b) = (a — 2b)(2x + y) 


G. Factors of a” + b”. Here we use formulas VII and VIII of Chapter 4. 
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EXAMPLES 5.8. (a) 32° +1 = (2x)° + 1 = (2x + Lf(2x)* — (2x)? + (2x)? — 2x + 1] 
= (2x + 1)(16x* — 8x3 + 4x? — 2x + 1) 
(b) x7 —1L=(x-—NOS+eP 424447 4x41) 


H. Addition and subtraction of suitable terms. 


EXAMPLE 5.9. Factor x* + 4. 
Adding and subtracting 4x? (twice the product of the square roots of x* and 4), we have 


44 = (x4 4+ 47 44) — 4° = 0? +2) — (2° 
= (x2 +24 2x? +2 — 2x) = (xX? + 2x + 2)(x? — 2x + 2) 


I. Miscellaneous combinations of previous methods. 


EXAMPLES 5.10. (a) x4 — xy? — y+ yt = (at — xy) — Gy — y4) 
= x(x3 — y*) — ye -y*) 
= -yY)e-y=@-yWe+ry+Y)@-y) 
= (x—yP@? +xy4+y’) 

(b) xy — 3x? —y+3 = (ey — 3x*) + (y+ 3) 
= r(y—3)-(y-3) 
= (y — 3)@ - 1) 
= (y-—3)a4+ Dw- 1) 

(x? + 6x+9)—y? 

(x+3P—-y 

=[@+ 3)+ yl@+ 3) —y] 

=(+yt+3)a—y+3) 


(c) 7 +6x+9-y? 


5.3 GREATEST COMMON FACTOR 
The greatest common factor (GCF) of two or more given polynomials is the polynomial of highest degree 
and largest numerical coefficients (apart from trivial changes in sign) which is a factor of all the given 


polynomials. 

The following method is suggested for finding the GCF of several polynomials. (a) Write each polynomial 
as a product of prime factors. (b) The GCF is the product obtained by taking each factor to the lowest power to 
which it occurs in any of the polynomials. 


EXAMPLE 5.11. The GCF of 233*(x — y)3(x+ 2y)’, 2733(x — y)?(« + 2y)*, 3?(a — y)?(x + 2y) is 32(x — y)?(x + 2y). 


Two or more polynomials are relatively prime if their GCF is 1. 


5.4 LEAST COMMON MULTIPLE 


The least common multiple (LCM) of two or more given polynomials is the polynomial of lowest degree 
and smallest numerical coefficients (apart from trivial changes in sign) for which each of the given polynomials 


will be a factor. 

The following procedure is suggested for determining the LCM of several polynomials. (a) Write each 
polynomial as a product of prime factors. (b) The LCM is the product obtained by taking each factor to the 
highest power to which it occurs. 


EXAMPLE 5.12. The LCM of 2337(x — y)(x + 2y)’, 223° (x — y)?(x + 2y)*, 32x — yw + 2y) is 2333(x — yR(x + 2y)?. 
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SOLVED PROBLEMS 


5.1 


5.2 


5.3 


Common Monomial Factor 
Type: ac + ad =a(c+d) 


(a) 2x* — 3xy = x(2x — 3y) 

(b) 4x+ 8y + 12z = 4(x + 2y + 3z) 

(c) 3x? + 6x3 + 12x4 = 3x7(1 + 2x + 4x7) 

(d) 9s3t + 15878 — 3s??? = 357135 + 51? — 1) 

(e) 10a7b3c4 — 15a3b*c* + 30a*b3c? = 5a?b*c?(2bc* — 3ac* + 6a7b) 
(f) Aq’t! _ 8a2" — 4a" (1 _ 2a"“!) 


Difference of Two Squares 
Type: a —b? =(a+b\(a—b) 


(a) xP —9 =x? —3? = (x4 3)(x— 3) 

(b) 25x? — 4y? = (5x)? — (2y)? = (5x + 2y)(5x — 2y) 

(c) 9x7y? — 16a* = (3xy)? — (4a)? = Bxy + 4a)(3xy — 4a) 

(d) 1 —m?n* = 1? — (mn? = (1 + mn?)(1 — mn?) 

(e) 3x2 — 12 = 3(x* — 4) = 3(x + 2)(x — 2) 

(f) xy? — 36y* = y"[x? — (6y)"] = y?(x + By) — 6y) 

(9) ty aPeYP-OYP =H 4yC-—y)=C?+yI0+ya-y) 

(hk) 1- P= 04x) -x) = 0429014 Od - 7) = (14+ 4+) +01 - 2) 

(i) 32a‘*b — 162b° = 2b(16a* — 81b*) = 2b(4a? + 9b?)(4a? — 9b?) = 2b(4a* + 9b?)(2a + 3b)(2a — 3b) 
(j) ey — yx = xy? — y’) = x(a +-y)—y) 

(k) («+ 1)? — 36y? = [4+ 1) + (6y) [4+ LD — 6y)] = & + 6y + Da — by + 1) 

(1) (5x + 2y)? — x — Ty)? = [Sx + 2y) + (Bx — Ty)I[(Sx + 2y) — (3x — Ty)] = (8x — Sy)(2x + 9y) 


Perfect Square Trinomials 


Types: a? + 2ab+b* = (a+b) 
@ —2ab+b? =(a—b)? 


(a) x2 +8x+16=2x°4 2(0x)(4)4+ 4 = (x4 47 

(b) 14+ 4y4+ 4y? = (1 + 2yy 

(c) P—444+4=P —201)(2)4+2? =(t— 2) 

(d) x? — l6xy + 64y* = (x — 8y)* 

(e) 25x? + 60xy + 36y? = (5x + 6y)" 

(f) 16m? — 40mn + 25n? = (4m — 5n) 

(g) 9x4 — 24x?y + 16y* = (3x? — 4y)? 

(h) 2x3y3 + 16x2y* + 32xy> = 2xy3(x? + Bxy + 16y?) = 2xy?(x + 4y)? 

(i) 16a* — 72a2b? + 81b* = (4a? — 9b)? = [(2a + 3b)(2a — 3b) = (2a + 3b)*(2a — 3b)? 
(Gj) («+ 2y)? + 10(« 4+ 2y) + 25 = (x + 2y +5)? 

(k) a*x* — 2abxy + b*y” = (ax — byy 

(1) 4m°n® + 32mt*nt + 64m2n? = 42? (mnt + 8m7n? + 16) = 4m2n?2 (m2? + 4) 


Other Trinomials 


Types: x +(at+b)x+ab=(x+ta\(x+b) 
acx” + (ad + bc)x + bd = (ax + b)(cx +d) 


CHAPTER 5 Factoring 


(a) x7? +6x+8 = (x+4)(x4+2) 
(b) x2 -—6x+8 =(x—4)(x— 2) 
(c) x7 +2x—-8=(44+ 4)(x — 2) 
(d) x°—2x-8 =(«—4)\(x4+ 2) 
(e) x* —7Txy + 12y? = (x — 3y)(x — 4y) 
(f) x7 +xy — 12y? = @ + 4y)\@ — 3y) 
(g) 16—10x+27 = (8 — x)(2—x) 
(h) 20—x—2x7 = (5+ x)(4—x) 
(i) 3x° — 3x7 — 18x = 3x(x? — x — 6) = 3x(x — 3)(x +4 2) 
Gi) y+ +7y? +12 = 6? +4)6? +3) 
(kK) m+n? —2 = (mM? + 2)? — 1) = (mr +: 2)(m + I(m— 1) 
Q) wt+1°4+3@4+142=[64+)D42[@4+ I+ 1) =64+3)04+2) 
(m) s°t? — 2st? — 6314 = 7 (s* — 2st — 6317) = P(s — Of)(s + 78) 
(nr) A- 102 4$+9= (2-12 -N = C+ VE—-VDE+3—3) 
(0) 2x°y—6x4y3 —8x2 yy? = 2x7 y(x4 — 3x"? —4y4) = 2x? p(x? ++ y72) 07 —4y7) = 2x? yO? +7) +-2y)(x—2y) 
(p) x*—2xy+y?+10~—y)+9=(x—-y)? + 10(~—y) +9 
=[@—y)+ Ila-y)+9]=@-y+1Ia-yt+9) 
(q) 4x8y!® — 40x°y’ + 84x7y* = 4x7 y4 xy? — 10x3y? + 21) = 4x°y4aty3 — 7)(@3y? — 3) 
(r) x24 — x4 — 30 = (x4 — 6)(x7 +5) 
(s) x t2n 4 7304" 4 10x = x(x" + Tx" + 10) = x(x" + 2)(2" + 5) 
QQ) aO-) — 5@-146 = (@! —3)\(@~! - 2) 


(a) 3x7 + 10x +3 = (3x + I(x+ 3) 
(b) 2x? —7x+3 = (2x — 1)(x— 3) 
(c) 2¥ -y-6 = Qy+ 3) — 2) 
(d) 10s? + 11s — 6 = (5s — 2)(2s +3) 
(e) 6x? — xy — 12y* = (3x 4+ 4y)(2x — 3y) 
(f) 10 —x — 3x? = (5 — 3x)(2 +x) 
(g) 4 = 92 4-2 = (7 =2)42 = 1) =@ =2De2z2+ Nez=1 
(h) 16x3y + 28x*y* — 30xy? = 2xy(8x? + 14xy — 15y*) = 2xy(4x — 3y)(2x + 5y) 
(i) 12x+y)? + 8+ y) — 15 = [60 + y) — 5][2 + y) +3] = (6x + 6y — 5)(2x + 2y + 3) 
(j) 6b"+! 4 55"+! — 6b = b(6b”" + 5b” — 6) = b(2b" + 3)(3b" — 2) 
(k) 18x4P+™ = 66x27 Fy? _ Wg y* = 6x!"(3x°P = 11x? y? _ 4y*) — 6x" (3x°P te y? (xP _ Ay?) 
= 6x"(3x? + y*)\(XP + 2y)X? — 2y) 
@ 64x!2y3 — 68x8y? + 4x4y!! = 4x4y3 (1628 — 17x4y4 + y8) = 4x4 y3 (1604 — yo — y) 
= 4xty? (4x? + y?)(4x? — y?)O? + y*)(Q0? — y’) 
= 4x4? (4x? + yx + y)(2x — W@? + Va+ YO —y) 


Sum of Difference of Two Cubes 
Types: a3 + b? = (a+ b\(a* — ab+ b?) 
a —b> =(a—b)(a +ab+b’) 
(a) 8 +8=2°4+2)? = (x4 2)? — 2x + 27) = (WH + 2)? — 2x44) 
(b) @ —27 =a — 33 = (a— 3)(a? + 3a + 3”) = (a — 3)(a® + 3a + 9) 
(c) & +B =(PP +P =(C+ PCY -— Pb + 0’)] = (e+ b\(at — eb? + b+) 
(d) a&& —b8 = (2 + B*)\(a — B®) = (a+ bya — ab + b*)(a — b\(a + ab + b’) 
(ce) +09 =(8 4+ (PY =(84+ (ey — 2b? + (by) = (a+ b\(a* — ab+b*)\(a° — ab + b®) 
(f) q?2 ab p'2 _— (a*y 4 (b+ = (a* 4 b*y(ab = ab a b’) 
(g) 64x3 + 125y3 = (4x)? + (Sy)? = (4x + Sy)[(4x)? — (4x)(5y) + Sy)7] 
= (4x+ 5y)(16x7 — 20xy + 25y?) 
(h) @+yP~-—F2=@+y—-Me+y+@tyz24+ 27] =@+y— De? + 2y+y? +xz+yz4+2) 
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5.7 


5.8 


5.9 


@) (&— 2)? + By? = @— 2)? + Qy)? = @— 2 + 2y)[ — 2)? — @ — 2)Q2y) + 2y)7] 
= (x — 2+ 2y)QX? — 4x + 4 — Ixy + 4y 4 4y’) 
G) © -—-78 —8 = - 96 +) = @ -—P)C4) = 6-2? +264 44 DC -—x4+1) 
(k) x8y — 64x77 = x°y(x® — 64y°) = xy? + By9)03 — By?) = yf? + (2y)7 J? - 2y)'] 
= x’y(x + 2y)(X* — Qxy + 4y’)(x — 2y)Q? + 2xy + 4y’) 
(1) 54x°y? — 38x3y? — 16y? = 2y?(27x® — 19x3 — 8) = 2y?(27x? + 8)(x3 — 1) = 2y?[(3x)? +23} — 1) 
= 2y*(3x + 2)(9x? — 6x +4)(x — DQ? +x4+1) 


Grouping of Terms 
Type: ac+be+ad+bd=c(a+b)+d(a+b)=(a+b)(c+d) 


(a) bx — ab +x? — ax = b(x — a) + x(x — a) = (x — ab +x) = (x — a(x +b) 

(b) 3ax — ay — 3bx + by = a(3x — y) — b(3x — y) = (3x — y)(a— b) 

(c) 6x* — 4ax — 9bx + 6ab = 2x(3x — 2a) — 3b(3x — 2a) = (3x — 2a)(2x — 3b) 

(d) axtayt+xt+y=aat+y+@+y=@+y)at+ 1) 

(e) x? —4y? +44 2y = (4+ 2) — 2y) + @ 4 2y) = @F 2x 2y+ 1) 

(f) P4+xrytayty=ratyt+yVa+y=@+y0? +y’) 

(g) x’ + 27x* — 8 —27 = 408 +27 —-@ +27 = +2064 -1D 

= 03 + 39)0? + DO? — 1) = & 4: 3)? — 3x OF + D&+ D&- 1) 

(h) Py —y3 + 8x7 —8 = 308 — 1) + 807 — 1) = (2 — 1)? +8) 

= (x— LQ? +x+ D+2)* —2y+4) 

(i) a® +d — a2b* — ath? = a — a? b*§ +b — ath’? = a? (at — b*) — B*(a* — b*) = (a — D* (a — be’) 
= (a? + b*)(a? — b’)(a+ b)(a— b) = (a +b’ )(a + b)(a— b)(a + b)(a— b) 
= (a +b’)(a+ b)P(a— by 

(j) @ + 3a? — Sab + 2b? — b? = @ — b*) + Ga’ — Sab + 2b’) 

= (a — b)\(@ + ab + b*) + (a— b)Ba — 2b) 
=(a—b\(a +ab+b* +3a—2b) 


Factors of a” + b” 


a" +b" has a+b as a factor if and only if 7 is a positive odd integer. Then 
a ae pb’ = (a =e bya"! _ a’ 2b 4+ a’ 3p ee ab" 4 Bo), 


(a) @& +b? = (a+b)(a — ab+b’) 

(b) 444+y=F+y=4+y4—4y+y’) = (4+ y16 — 4y +’) 

(c) P+ 8y8 = + QP =F 2y)[? — x(2y*) + Qy’)"] = @ F 2y7)Q? — ay? + 4y*) 

(4d) & +b =(at+b\(at —ab+a’b? — ab + b*) 

(ec) 1+%y~ =P +@VP=(1+y\(l-atey — xy + x44) 

(f) 0+32= 0742 = (c+ 2)(et — 223 + 227? — 237+ 24) = (z+ 2)(7* — 22° + 42? — 8z + 16) 

(8) al +x =@Y +P =@ +2 Ma) —@YX 4 @LCY —(@VCY +. OY] 
=(a°+x°)(a — ax + ax" —axr +x’) 

(h) ul +0! = (u+v)(§ — Wot utv* — wv? + W204 — wv? + v°) 

@ Plat Ra=4 DOO—-P4t)D=04 DOC —x4+ DOS— P41) 


a" — b" has a— b as a factor if n is any positive integer. Then 
@—p= (a _ bya"! a a’ 7b + a 3p? oie eat + ab"? a b’-!), 


If 7 is an even positive integer, a” — b” also has a+ b as factor. 
(a) a® —b* =(a—b)\(a+b) 
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(b) @& —b =(a—b\(a +ab+b’) 

(c) 27x3 — y3 = (3x)° — yy = 3x — yx) + Buy +7] = Bx — y)(Ox? + 3xy +9”) 

(4) 1-P =(-x (1? 4 1x4’) = -— x) +442’) 

(ec) @—32=a —2 =(a—-2)(at +a? -2+a7-2?+a-23 +24) = (a—2)(at +207 + 4a? + 8a+ 16) 
() y-Z/J=-dO®’tyztyZ2tyetyttyet+H) 

(g) x — a = (08 + BP) -— a) = (4 al? — ax + a*)(x — a(x? + ax +a’) 

(ht) BW — 8 = (ut 4 ot — 04) = 4 oD)? 4 0)? = 0?) = (4 DD)? +) Ft vu — Vv) 
@) P-1=(PP-1=(-)DEP4+¢ P84) =@- DOAHx4 DOO4+2 41) 

Gj) x! -yP = +y~)OF —y~)=@t+y)O4t —xrytey’ —ay +y)@—y at te y+xry tay? +y*) 


Addition and Subtraction of Suitable Terms 


5.10 (a) at+a’b? +b* (adding and subtracting a”b’) 
= (a* + 2a*b*? + b*) — eb? = (a2 +. b*Y? — (aby? 
= (a? +b* + ab\(a? + b* — ab) 
(b) 36x* + 15x7 +4 (adding and subtracting 9x”) 
= (36x* + 24x? + 4) — 9x? = (6x? + 2)? — (3x)? 
= [(6x? + 2) + 3x][(6x2 + 2) — 3x] = (6x? + 3x + 2)(6x? — 3x 4+ 2) 
(c) 64x4+ y+ (adding and subtracting 16x”y) 
= (64x4 + 16x2y? + y4) — 16x?y? = (8x? + y’)? — (4xy)* 
= (8x? + y? + 4xy)(8x? + y? — 4xy) 
(d) u8 — 14u* + 25 (adding and subtracting 4u*) 
= (v8 — 10u* + 25) — 4u* = (ut — 5)? — (22) 
= (u4 —5 + 2u’)(ut — 5 — 2?) = (ut + 2u? — 5)(u* — 2u* — 5) 


Miscellaneous Problems 


5.11 (a) x? — 422 +. Sy? — 6xy = (X? — Oxy + 9y’) — 422 
= (x — 3y)* — (22)? = (x — 3y + 2z)(x — 3y — 2z) 
(b) 16a* + 10be — 25c* — b? = 16a? — (b? — 10bc + 25c”) 
= (4a)’ — (b— 5c)? = (4a + b — 5c)(4a — b + 5c) 
(c) Cy = Ty — ty 8 = (x? — Ixy + y*)+7(4"—y)— 8 
= (x-y) + 7-y)-8 =@-y+8@—-y-) 
(d) a? — 8ab — 2ac + 16b? + 8bc — 15c? = (a? — 8ab + 16b7) — (2ac — 8be) — 15¢? 
= (a — 4b)? — 2c(a — 4b) — 15c? = (a — 4b — 5c)(a — 4b + 3c) 

(e) m* — nt +m} = mn) — 1) + mn = (mt — mn?) + (mn — n*) + (mm? — 13) 

= mm — n>) + n(m} — n3) + (m3 — n°) 

= (nt? — )\(m+n+ 1) = (m— nym? + mn +77)(m +n 4+ 1) 


Greatest Common Factor and Least Common Multiple 


5.12 (a) Oty aR y, 12¢y = 2? - 3x79" 

GCF = 3x7", LEM = 27 349 = 36s" 

(b) 4874 = 24.3, 54% =2-.33, 607°? = 22.3.5? 
GCF = 2 - 3°? = 6r???, LCM = 21.33. 5r4#° = 2160r*1® 

(c) 6x—6y=2-3@-y), 4°-4% = 20? -y) =2@a+yx-y) 
GCF = 2(x—y), LCM =2?-3(x+y)(x— y) 

(d) y - 16=(67 +4 +2)0-2) y -—4=04+2)0-2) y-3y+2=0- D0 —-2) 
GCF = y-2, LCM=(°+40+20-20-D 

@. 3-345 Cr=s)",, 2 3?-564 Sy Cr=yr, 22: 3-5@4 tye = ay 
GCF = 3 - 5(x + 3y)?(2x — y)?,_ LCM = 23 - 3? - 52(x + 3y)*(2x — yp 


See Chapter 34 for more solved problems and more supplementary problems. 
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SUPPLEMENTARY PROBLEMS 


Factor each expression. 
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5.13 (a) 3x*y* +6 y (h) 18x3y — 8xy? (0) 3a* + 6a*b* + 3b4 
(b) 12s?72 — 6s°t4 + 454t () Qx+y)l -—Gy-2 (p) (m? — n?)? + 80m? — n?) + 16 
(c) 2x*yz — 4xyz? + 8xy?z3 (Gj) 4¢+3y)? —9(2x—y)?  (g) x7 +7x+ 12 
(d) 4y* — 100 (k) x°+4x+4 (r) y>—4y—5 
(e) 1—a* (1) 4-—12y+ 9y? (s) x2 = 8xy + 15y? 
(f) 64x —x° (m) xy? — 8xy + 16 (t) 22> + 102? — 28z 
(g) 8x* — 128 (n) 4x3y + 12x?y? + 9xy3 (u) 15+ 2x — x? 
5.14 (a) m* — 4m? — 21 (e) 2x2 +3x+1 (i) 362° — 1324+ 27 
(b) a* — 20a? + 64 (f) 3y? — lly +6 Gj) 12@—y)? +7@—y)- 12 
(c) 4s*t — 453? — 245783 (g) 5m? — 3m? — 2m (k) 4x2"+? — 4x? — 332 
(d) x24 4 544 _ 50 x4 (h) 6x? + Sxy — 6y" 
5.15 (a) y3+27 (d) 8z* — 272! (g) yo +1 
(b) xe -1 (e) 8x*y — 64xy4 (h) (x—- 2% +04 1° 
(c) xy +8 (f) m —n? (i) 8x°+ 7x3 — 1 
5.16 (a) xy+3y—2x-—6 (c) ax* +bx —ax—b (e) z’ — 276+ 24 — 223 
(b) 2pr — ps + 6qr — 3qs (d) xe —xy’—xy+y (f) nm — mr + nen — 1 +m? — r?* 
517 (a) 24+1 3 (b) © +329 () 32=<0 (d) m!°—1 (ec) 1-2’ 
5.18 (a) +64 (d) m — 4p* + 4mn + 4n? (f) 9x? — ry + 4y? + 12xy 
(b) 4x* + 3x°y? + yt (e) 6ab+4-—a? —9b* (g) ey? — 477 4 2xy + 3xz + 3yz 
(c) 2° =12%* +16 
5.19 Find the GCF and LCM of each group of polynomials. 


(a) 16y?z*, 24y>2? 

(b) 973s*P,12rs4P, = 219s? 

(c) x* —3xy+2y?, 4x? — loxy + 16y* 

(d) 6y? + 12y’z, 6y* — 2422, 4y? — 4yz— 242" 


(e) * —x, ex, Px 


ANSWERS TO SUPPLEMENTARY PROBLEMS 
5.13 (a) 3xy*(y+4 2x) 

(b) 2s?1(6t — 35°03 + 257) 
(c) 2xyz(x — 2z + 4yz*) 
(d) 4(y + 5)(y — 5) 

(e) d+a@)\(1 +a —a) 
(f) x(8 +x)(8 — x) 

(g) 8(x7 + 4)(x + 2) — 2) 


(h) 2xy(3x + 2y)(3x — 2y) 

(i) (2x+4y —z)(2x - 2y +2) 
(jf) (8x + 3y)Qy — 4x) 

(kK) (+29 

() (2—3y) 

(m) (xy — 4) 

(n) xy(2x + 3y)? 


(0) 3(a* +b?) 

(p) (m? =n? +4) 
(q) (x+ 3)(*+4) 
(r) O9-S)O+) 
(s) (x — 3y)(x — 5y) 
(t) 2z(z+ 7)(z — 2) 
(u) (5 —x)3 +x) 
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5.14 


5.15 


5.16 


5.17 


5.18 


5.19 


(a) (m* — 7)(m? + 3) 

(b) (a+ 2)(a— 2)(at+ 4)(a — 4) 
(c) 4s7t(s — 3t)(s + 20) 

(d) x4" — 5)(x" + 10) 


(a) +3)" - 3y4+9) 

(b) («x-— DO? +x4 1) 

(c) (xy + 2)Q?y* — 2xy + 4) 
(d) (2 — 3204 + 62+ 92") 

(e) 8xy(x — 2y)\(x2 + 2xy + 4y*) 
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(e) Qx+1I~+1) () 222+ DQz— )Bz+ I)Bz— 1) 
(f) Gy — 2)y — 3) (j) (4x — 4y — 3)(3x — 3y + 4) 

(g) m(S5m+2)m—1) (k) 22(2x" + 1)(2x" — 3) 

(h) (2x + 3y)(3x — 2y) 


(f) (m—- n)(m +mn+ n?)(m® + mn? + n°) 
(g) 6? + DO*-y +) 

(h) @+y— 1)? —xyt+y* —5x+4y+7) 
() (2x — D4? + 2x4+ Dat DO? -—x4+ YD 


(a) (x + 3) — 2) (c) (ax + b\x — 1) ) 7@=DEtDE’=24 ) 
(b) (2r— s)\(p + 3q) (d) @—yP@t+y) (f) (m+ n)\(m — nm +n + 1) 


(a) (2+1)(e4—-24+22—z+1) 


(b) (x+ aya" _ xy + 4x7y? — 8xy? + l6y*) 

(c) (2—u)(16 + 8u + 4u? + 2u3 + u+) 

(d) (m+ 1)(mt — nf} +n? — mt Lm — 1)0n*§ + nt + rr? + m+ 1) 
(e:) d-20 424+ 24+ 27474742) 


(a) (2 +42+ 8)(z2 —4z+ 8) 


(b) (2x? + xy + y’)(2x? — xy +9”) 


(c) Gt +22? — 4x4 — 2x? — 4) 
(d) (m+ 2n+ 2p)(m + 2n — 2p) 


(a) GCF = 23y*2? = 8y?z*, 
(b) GCF = 3r’s’, 

(c) GCF = x — 2y, 

(d) GCF = 2(y + 22), 

(e) GCF = x(x — 1), 


(e) (2+a—3b\(2 —a+ 3b) 
(f) (3x + xy + 2y)(3x — xy + 2y) 
(g) X®+y+4z)(x+y—2z) 


LCM = 21 . 3y3z4 = 48y3z4 

LCM = 252r°s*#5 

LCM = 4(« — y)(x — 2y/’ 

LCM = 12y*(y + 22)(y — 2z)(y — 3z) 

LCM = 84+ Da — DE? + DO? +x4+ 1) 


CHAPTER 6 


Fractions 


6.1 RATIONAL ALGEBRAIC FRACTIONS 


A rational algebraic fraction is an expression which can be written as the quotient of two polynomials, P/Q. 
P is called the numerator and Q the denominator of the fraction. Thus 


3x —4 x + 2y* 
a and _—_— 
x2—6x+8 x* — 3xy + 2y3 


are rational algebraic fractions. 

Rules for manipulation of algebraic fractions are the same as for fractions in arithmetic. One such funda- 
mental rule is: The value of a fraction is unchanged if its numerator and denominator are both multiplied by 
the same quantity or both divided by the same quantity, provided only that this quantity is not zero. In such 
case we call the fractions equivalent. 

For example, if we multiply the numerator and denominator of (x + 2)/(x — 3) by (x — 1) we obtain the 
equivalent fraction 


(x + 2)(x — 1) r+x-2 
(x—3)\(x—-1) x27 —4x4+3 


provided (x — 1) is not zero, i.e., provided x ¥ 1. 
Similarly, given the fraction (x? + 3x + 2)/(x? + 4x + 3) we may write it as 


(x+ 2)(x+ 1) 
(x + 3)(x + 1) 


and divide numerator and denominator by (x + 1) to obtain (x + 2)/(x + 3) provided (x + 1) is not zero, i.e., 
provided x # —1. The operation of dividing out common factors of the numerator and denominator is 
called cancellation and may be indicated by a sloped line thus: 


(X+2)a+T) x+2 
(x+3)\+t x+3° 


To simplify a given fraction is to convert it into an equivalent form in which numerator and denominator 
have no common factor (except +1). In such case we say that the fraction is reduced to lowest terms. This 
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reduction is achieved by factoring numerator and denominator and canceling common factors assuming they 
are not equal to zero. 


x —Axy+3y? x -3y)G—y) _ x — 3y 


Thus 5 5 — = 
-y (X+y)a=y x+y 


provided (x — y) ¥ 0. 
x 


Three signs are associated with a fraction: the sign of the numerator, of the denominator, and of the entire 
fraction. Any two of these signs may be changed without changing the value of the fraction. If there is no sign 
before a fraction, a plus sign is implied. 


EXAMPLES 6.1. 


-—a_a_a —a_a (=) a 
b  -—b bo =b by’ —b/b 
Change of sign may often be of use in simplification. Thus 
x —3x4+2 (*—-2«-1 @—2a—-1) x-1 1 
= — — — x. 


2—x 2—x ~  =(¢-2) — = 


6.2 OPERATIONS WITH ALGEBRAIC FRACTIONS 


The algebraic sum of fractions having a common denominator is a fraction whose numerator is the algebraic 
sum of the numerators of the given fractions and whose denominator is the common denominator. 


EXAMPLES 6.2. 


3.4 2, 1 3-4-2+1 -2. 2 
ae 5 a ee 

2 3xt4 +5 _2- Gxt H)+O'+5)_ x= 3x43 
x-3 x-3 x—3 x—3 x—3 


To add and subtract fractions having different denominators, write each of the given fractions as equivalent 
fractions all having a common denominator. 

The least common denominator (LCD) of a given set of fractions is the LCM of the denominators of the 
fractions. 

Thus the LCD of 3, 4, and < is the LCM of 4, 5, 10 which is 20, and the LCD of 


a> 10 
2. iB 
s.5>55 is 14x? 
x2? 2x’ 7 
EXAMPLES 6.3. 

3 4 7 38 16,14 15-164+14_ 13 

4 5 10 20 20 20 20 ~ 20 

2 3 x _ 2(14)—3(7x) —x(2x*) _ 28 — 21x — 2x3 

xe 7 14x2 ~ 14x? 

2x+1 3 — 2x+ Ia—1)— 3x _ 2x? — 4x — 1 


x(x+2) (et2\x—1) xx+2)x—-1) x(x +2)K—1) 


CHAPTER 6_ Fractions 43 


The product of two or more given fractions produces a fraction whose numerator is the product of the 
numerators of the given fractions and whose denominator is the product of the denominators of the given 
fractions. 


EXAMPLES 6.4. 
2 4 15_~2-4-15 1 
3 5 16 3-5-16 2 
eed. #3 G+3)@—3), a=—5 
w2—6x+5 x+3 (x-5)Q-1) x43 
_ G+ Hr-3asy_ x3 
G30 — Darar x1 


The quotient of two given fractions is obtained by inverting the divisor and then multiplying. 


EXAMPLES 6.5. 


See ge ee 
8 4 5/4. 8 5 10 
7. xy 7 X+2 _ 7 


e—4 x42 (+20—-2 x  xya—2) 


6.3 COMPLEX FRACTIONS 


A complex fraction is one which has one or more fractions in the numerator or denominator, or in both. To 
simplify a complex fraction: 


Method 1 
(1) Reduce the numerator and denominator to simple fractions. 


(2) Divide the two resulting fractions. 


EXAMPLE 6.6. 
1 x-1 
a 45 _xr-i x ee oe 
ia oe x xt] xt+1— 
x x 
Method 2 


(1) Multiply the numerator and denominator of the complex fraction by the LCM of all denominators of the 
fractions in the complex fraction. 


(2) Reduce the resulting fraction to lowest terms. 


EXAMPLE 6.7. 


1 
—— 4) 
24 (2 ae ee 
1_, (t-2)2 "7" x(1 — 2x) 
x 
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SOLVED PROBLEMS 


Reduction of Fractions to Lowest Terms 

1S. B+ Sexee Se (0) Mabie? 2a 

l2xy 3-4-x-y 4y eh ~ b 

4x’y  2-2-x-x-y 2x (d) 8x—8y 8-7) _ 1 

18xy3_2-9-x-y-y2 Oy? l6x—l6y 16(x—y) 2 

ey-yx  x@?-y) »2e—yIr+y) 

yxy xyx—-y) we 

(f) x —Axyt+3y?  («-3y)a-y) = @&-3y)G@-—) x -3y_ By — x 
yer ~~ Y-nO+X) VIX) yt oytx 

6x? — 3xy 3x(2x—y)  — 3x(Q2xr—y) ss 33 


6.1 (a) 


(b) 


(where x — y # 0) 


(e) 


=x-+y 


(8) —4x2y + 2xy? = Qxy(y— 2x) = Axy(Qe=p)—2y 
(n) rs + 3r’s + 9rs _ rs(r +3r+ 9) = rs(r + 3r+ 9) rs 
r—27 7 p — 33 ~ (r—3)r2+3r+9) r—3 
@ (8xy + 4y’)?  (4y[2x+y])? _ 16y?(2x + yy _ 16y(2x + y) 
Bxsytyt — y(8x3+y3) — y(2x + y)(4x? — 2xy+y?) 4x? — xy ty? 
yentl x2ny x2" (x —y) x(x —y) xh 
(j) = 


x3 — yy yt — 3) we — yO +tay+y) 2 txy+y 


Multiplication of Fractions 


62 (a) 2x 6y I2xy 4 (b) 9 xr 9 (x+1a~@—-1) x-1 
e. a ‘ — — . = i = 
By? x2 B3x2y2 xy 3x+3 6 3(x + 1) 6 2 
@ 4 2xy —@+2)@-—2) 2Axy — 2x+2) 
‘ xy? x2 -—4x +4 — xy? (x—2)?  y(x—2) 


6x — 12 y—1 — 64-2) O+DO-) 

Axy + 4x 2—3x4+x2 4xy+1 @—-n0—»x 

6G=FG64+H0-D  30-)D_ 30-) 

Axy+bDG—2(1—x) 2x(1—x) 2x(x— 1) 

ax +ab+cx+be x? — 2ax + a* — (atcy\atb) ~-ax—a) 

) ( 2 x2 GES) -S SS ES 
atoa+b) %-aa-a@ _ (a+e)x—a) (a+c)(a—x) 
(x—alatx) (~tax+b) — («ta ~— («+a 


(d) 


a—x 


Division of Fractions 


Ot Na 3 
9 4 97 9 
i ia cl a a 
3x 6x2 3x 4 1 
(c) = = 
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6.4 


6.5 


10xy? _ Sxy_ 10xy? 627 _ 
3z 638 3zsSxy — 


(d) Ayz? 
x+2xy .2y+] ox+2xy 6x — x1+2y) 6x 


‘ = =92 
©) 33 6x 3x2 Dy +1 32 yt D 


9-7 8-2°-3x 9-2 x74+7x+6 


# xt+6x3 ° x2 4+7x+6 ~ 4 4 6x3 3x3 — 2x? — 3x 
_B-NB+X) @+DA+6) _ 3+%x 
~ B(x +6)  x(x—3)x+1) eo 
G2 —Se42 OP —5e42) 3 Gr=11@=2) 3 
Sa oo a i rs 1 ‘Gai 
3 
x? — 5x +6 
x*7+7x—8 _ x —5x+6 64-x  (x-3)x—-2) (8 — x)(8 + x) 


(A) 


9-2\  24+7x—-8 9-2 &+80—-1 B-HB+tX 
(a=) 


(x—2)(8—x)  (®—2)(* — 8) 
(x-DGB+x) &-—D@+t+3) 


Addition and Subtraction of Fractions 


1.1 2.1.3 1 3° 4P 33) -4P(1) 5P P 
— = = d = — — 
@) a" 6 66 6 2 @) 5 15 15 15 3 
5 7  5(4) 73) 41 1 1 yt+x 
Oigta-a ta 7 ot as 
x 5x x(7)+5x(2) 17x 3 4 33y)+4x) 9y4+ 4x 
() 242 = = cape eee => 
6 21 42 42 x  3y 3xy 3xy 
G 5 S A2y—31) le 3 
8) oy 4 4x2 ~  Ay2 
2b 2b(b 24 2b? 
(h) oe, _ 3ala) + ( ) _ 3a + 
be ac abc abc 
( SSE ge 
10 ia 30 7 30 ~ 30 
(j) 3 2 2 3x@t+1)— 2x? 4+2@41) x? 4+5x4+2 
a x41 x x2(x + 1) ~ 32(x +1) 
5 10 50? —9)-—S5(Qx—3)+10 5Q*-x-4 
ae 4 10 5a? = 9) = 5x3) +10 _ SUP? = 4) 
x+3 x°-9 x —9 x —9 
3 2 y 3(y + 2) —2(y — 2) —y 10 
1) 2 = 2 52 
y=2 yo? yo4 = 4 : 


Complex Fractions 


7 4 2 2 2 
@ az sa (eS 
/4 73 = 21 a 3 


45 
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2 is 5 4 rs =) 9 2 
(d) ee) ee ee ee ee 8, () a—b} 2 1 2 
ee ee a—-b a-—ba-—b (a—by 
8 8 8 
(5) 
3x2 x+y x x+y 2a 2a x+1 
© x-y 3x2 x—y 3x(x—y) (8) a 1 el) 
x x+1 
1 1 
(4+1) (L+1)s kgs 
—Xx 
G-1) G-1} 
x 
See Chapter 34 for more solved problems and more supplementary problems. 
SUPPLEMENTARY PROBLEMS 
Show that: 
24x32 = 4x? 4x? — 16 = 4 + 2) ax* — ax — 6a3x? - x(x + 2a) 
@) 18xy3 By - x2—2x x (8) 9atx — a?x3 a(x + 3a) 
36xyt2 _ —12yz y—Sy+6 3-y xy-y _ 1 
©) —15x4y3z 5x3 (e) 4-y> ~ y+2 ) xy —xy4t x2 + xy + y?) 
Sa’ —10ab _ W+4xP — P@+4) , 3a° 2b4 b 
©) a—2b ae f) x2+6x+8 x42 @ 4b 903 6a 
8xyz Oxy*z by wad4y 2-2 Aw 2y)- 1) 
of @) 3x3 y2z “Axed ~ 3223 @) 3xy + 3x 2y? + xy — x2 3x(x + y) 
) ay ety @) yay-6 F434 OFDOTA 
2x—2y xy2 2x2 y—-2y+1 9-8  wWy— 1) +3) 


x2 43x 2x2 4+ 2x x—4x4+3 1 


P4+3P4+t4+3 8-f #43) +2t+4) 


(c) 


(f) 


4 —4 29 a) 42 —16t+16 P+t 412—h 
3x, Se 2 24x3y*  8x7y? _— 9xz? P= dy x ay — 6" =2 
(a. ee pe, ge ee _ ee 
8y loy 3 522 1524 y x2 + xy y? + xy x(x — 3y) 
(=a) e=a, 
ee a) 2 = = | _ 
6.9 (a) 6x" — x ~ (x41 (b) y? + 4y = = (y yy + 3) (c) x-y _ 
3x — 2 4-4y+y (y — 2)y +7) x+y x-—y 
2x+1 9-y? 
2k & xX 1 1 x x 
6.10 Se = 
@) 3 2 6 () tan x 2 x*-4 2-4 
4 5 1 r-1 r+2 1 rP+4r4 12 
) ~-> = Coe 5 +o 
3x 4x 12x rP+r—-6 74+4r4+3 3r—-6 3(r+3)\r—2)r4+1) 
3 8 3-Il6y x x-y y 3x7 + xy 
“52°. 2 (8) 55 27 12 2 2 2 
2y* oy 2y 2x° + 3xyt+y y—4x* Ox*+xy-y (2x + y)(2x — y)\(x+ y) 
x+y x-1 y~ a b c 
d 1 =- h = 
(@) x2 x x? (h) (c— aja BD G b\(b AG c\(c — a) " 
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6.11 @ = 
y 


x 


=y+2 
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(f) 2- 


Exponents 


7.1 POSITIVE INTEGRAL EXPONENT 


If n is a positive integer, a” represents the product of n factors each of which is a. Thus at = a-a-a-a. Ina", 
a is called the base and n the exponent or index. We may read a” as the “nth power of a” or “a to the nth.” If 
n= 2 we read a? as “a squared”; a is read “a cubed.” 


EXAMPLES 7.1. 


PSsee, PeBoehoIs- CI SeHeHei=—77 


7.2 NEGATIVE INTEGRAL EXPONENT 


If 1 is a positive integer, we define 


1 
a" =— assuming a ¥ 0. 
a 
EXAMPLES 7.2. 
it <4 1 i I 
Oa yee —— 3927 —4,-?2 = __ by! = 
24 16° 3-3 3 > x x? (a a ) (a+ b) 


7.3. ROOTS 


If 1 is a positive integer and if a and b are such that a” = b, then a is said to be an nth root of b. 
If b is positive, there is only one positive number a such that a” = b. We write this positive number </b and 
call it the principal nth root of b. 


EXAMPLE 7.3. 4/16 is that positive number which when raised to the 4th power yields 16. Clearly this is +2, so we write 
J16 = +2. 


EXAMPLE 7.4. The number —2 when raised to the 4th power also yields 16. We call —2 a 4th root of 16 but not the 
principal 4th root of 16. 


If b is negative, there is no positive nth root of b, but there is a negative nth root of b if n is odd. We call this negative 
number the principal nth root of b and we write it </b. 


EXAMPLE 7.5. </—27 is that number which raised to the third power (or cubed) yields —27. Clearly this is —3 and so we 
write ./—27 = —3 as the principal cube root of —27. 
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EXAMPLE 7.6. If 7 is even, as in /—16, there is no principal nth root in terms of real numbers. 


Note. In advanced mathematics it can be shown that there are exactly n values of a such that 
a” = b, b ¥ 0, provided we allow imaginary (or complex) numbers. 


7.4 RATIONAL EXPONENTS 


If m and n are positive integers we define 
a!" = x/a™ (assume a > 0 if n is even) 
EXAMPLES 7.7. 


B2- /8=/64=8, (27°7 =V/OTY =9 


If m and n are positive integers we define 
1 


—m/n __ 
a _ qm/n 
EXAMPLES 7.8. 
sofia 2 1 i. <7 opel 1 
Y 2. x le = = 
B73 R264 4 0/2/55 


We define a? = 1 ifa # 0. 
EXAMPLES 7.9. 


10° = 1, (—3)° = 1, (ax)? = 1 (if ax # 0) 


7. GENERAL LAWS OF EXPONENTS 


If p and q are real numbers, the following laws hold. 
A. @-al=ata 
EXAMPLES 7.10. 


Pe. Sls) Feeas as ae. Bal =e 
31/3 . 31/6 31/3+1/6 31/2 J3, 39 3-2. 3-3 — 34 = 81 


B. (a’)4 =a" 
EXAMPLES 7.11. 


(24)3 = AAHEB) = 21?) (51/3)3 = 5§(1/3)(-3) = 571 = 1/5, (32) _ 3(2)(0) = 30 = 


(x5)~4 x4) = 20, (a2BY/4 — g2/3/4) — gl 

@ 

—=q4 a#0 

ad 

EXAMPLES 7.12. 
ann 2 ae a 2-4 6 ea 
_ 76-4 _ 92 _ _ 3-2-4 __ 3- _ y1/2-(-1) _ 13/2 

Pa =4, aa ak ee a =x/ 
(x+ 15)*° 


G4 ye Ot 159-56 = (x + 15)? = Je +15 


D. (aby? = all? 
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EXAMPLES 7.13. 


(2-3)4 = 2+. 34, (2x) = 23x3 = 823, (a)? = 37a? = 


(4x)"/2 = 4l/2xl/?2 — 2y1/2 — 2% 


a\? @ 
E. -)/=— b#0 
Ge * 


EXAMPLES 7.14. 


Sy gyi st 2? 4 
26 ~ (28) 3 9-2 51 5 


7.6 SCIENTIFIC NOTATION 


Very large and very small numbers are often written in scientific notation when they are used in computation. 
A number is written in scientific notation by expressing it as a number N times a power of 10 where | < N < 10 
and N contains all of the significant digits on the number. 


EXAMPLES 7.15. Write each number in scientific notation. (a) 5 834 000, (b) 0.028 031, (c) 45.6. 


(a) 5 834 000 = 5.834 x 10° 
(b) 0.028 031 = 2.8031 x 1072 
(c) 45.6 = 4.56 x 10! 


We can enter the number 3.1416 x 10° into a calculator by using the EE key or the EXP key. When we 
enter 3.1416, press the EE key, and then enter 3 followed by pressing the ENTER key or the = key, we 
get a display of 3141.6. Similarly, we can enter 4.902 x 10? by entering 4.902, pressing the EE key, and 
then entering —2 followed by pressing the ENTER key to obtain a display of 0.049 02. The exponent can 
usually be any integer from —99 to 99. Depending on the number of digits in the number and the exponent 
used, a calculator may round off the number and/or leave the result in scientific notation. How many digits 
you can have in the number WN varies from calculator to calculator, as does whether or not the calculator displays 
a particular result in scientific notation or in standard notation. 

Calculators sometimes display the result in scientific notation, such as 3.69E-7 or 3.69~°”. In each case the 
answer is to be interpreted as 3.69 x 10~’. Calculators display the significant digits in the result followed by the 
power of 10 to be used. When entering a number in scientific notation into your calculator as part of a compu- 
tation, press the operation sign after each number until you are ready to compute the result. 


EXAMPLE 7.16. Compute (1.892 x 108) x (5.34 x 1073) using a calculator. 
Enter 1.892, press the EE key, enter 8, press the x sign, enter 5.34, press the EE key, enter —3, and press the ENTER 
key and we get a display of 1 010 328. 


(1.892 x 108) x (5.34 x 10-3) = 1010328 


SOLVED PROBLEMS 


Positive Integral Exponent 


71. @Gy2=2-0:226 (d) Byy’(2y)> = (3y)(3y)(2y)(2y)(2y) = 72y° 
(b) —3)* = ©3)-3)(-3)(-3) = 81 (e) (-3xy’)? = C3xy?)3xy*)(- 3x9”) 


“Q-Q0000-8 
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Negative Integral Exponent 
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1 1 4 
7.2 = = = Ape 
(a) = G (A) Pare Axty 
1 1 3) °° 4\*> 64 
b) 3 = 
0) =a=3 © (7) om (6) -5 
_ 1 1 x\~ y 
—4(4)? =-4 7 
ae (a) - “4 a 6) ae ()-3 
1 2 2\~' 100 
d) —2b-? = -2 =< Ota) ee 
(d) (3) = B (k) (0.02) (Ga) ais 
= il 1 ab  a-a@ a 
(e) (—26y* ~ 2b 42 Ob bebe 
_ 5 1 (x—1)?@+3)! = (x—4)0 +57 
5-103 =5 = = - 
f) (=) 1000 200 ) ox a4 5) Ga Det 3) 
(g) Fez = 8 107 = 800 
Rational Exponents 
730 (@) @YP =VBP =o =4 (6) 8) = V-8)P = V4 = 
iy ft 1 ee = 
a, 2 eee = = - 
er) a (i) i460 ( ) ( :) 64 4 
i 1 1 1 
as_!t ot — 3)-1/3 _ _ = = 
7.4 (a) x = TB Fe (d) (—x°) = Ox =a = = 
1 1 1 
b 8) 2/3 — —— = | —2/3 — — 
—g)-2/3 — = =-()22 = —__ = — 
(c) (8) - Cay = Toy 4 (f) —() DB 1 
(g) -C1Iy 7 = a5 = = 7 = =1 
Cyr Yen 1 -l 
75 (a) P=1, (3%=1, (©2/3)°=1 (e) 4-10°=4-1=4 
(b+) «-y=1, if x-y¥0 (f) (4+ 10)° = (40) = 1 
(c) 3x°=3-1=3, if x0 (g) —(1)° =-1 
(dZ) Bx) =1, if 3x 40,ie. ifx 40 (hk) (-1) =1 
(i) (Gx) (4y) =1-1=1, if 3x #0 and 4y 4 0, ie. if x40, y#O 
(j) —2(3x + 2y — 4)° = —2(1) = -2, if 3x+2y—-4 40 
5x+3 5x+3 
(k) eae — Da Seay iF Souk Gy ceig 
Q) 4? +y)0+y) =4¢ +yY)D=4e+y), if r+y 40 
General Laws of Exponents 
7.6 (a) a@-al=art4 (g) 10’- 10-3 = 107-3 = 104 
(b) 2B-@ =a =ab (h) (4-107%)(2- 104) = 8- 104 = 8 - 10-7 
(c) 34 . 35 — = 39 (i) a-@-qa=av- 
Qa ig = G) (VxFWe+y) = + y)'7O4+y)! =O +? 
(e) x! /2 xt/3 = xl/2+1/3 = 9/6 (k) 10!7 . 102-6 a 1043 
(f) x! /2 2x 7/3 = x'/2-1/3 — x!/6 (1) 107+! : 1035 - 10 all = 10 4.143.5—.1 _ = 10 | 
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b\3/2 (p\72/3 p\3/2-2/3 p\>/6 

» ("6 "-6)""-6) 
a a a a 

) Oe 
x+y x+y i x+y a x i x 


(0) (x? + 17? + 1G? + 17 = (x? + 1)73/2+042 — (x2 4 1)~ 1/2, 


1 1 
EDP V+ I 


(a) (a?)4 = a4 (f) (49)3/2 = (72)? = 723/2 — 73 = 343 
(b) 03)4 = 334 = x? (g) (37'/2)-? = 3! =3 

(c) (gy = qit2)n = qimt2n (h) Ce a = yu 2O-3) = no 

(d) dey? = 10°2 — 10° (i) (81)3/4 = (34)3/4 =3?=97 

@ (0 y = 10710" ) (fey? =[et+y!?P = Oty? 


(k) ve +y a = [68 +) = 0 +. y3)7° = +. 3)? 
(I) SL 3/ ge 3 &/q2/3 = = (a2/3)!/6 = ql? = Ya 


aP _ 2/3 
(a) =a? q (g) mB) y3-13 _ yl/3 

© 53_ 9 ipaaye — aij 
() Ga? =a Wy Spay acl 

74 7 ; (x a pe ~ 
Ogata? =7 @ ys = Oty) 7 

2n43 2 

P . 8-10 8 
d (2n+3)—(n+1) _. ,n+2 ==. 1026 —4. 108 
(d) ar =P =p ) 5496 =3 

10? 9-107 9 

—.=10°°9 = 107 k = =.10-7-4 =3.10-6 
©) 95 = © a0 73 

43 @p-/2 
(f) oid (D) pare =a’b 
3y-2,-3/2 
an er _ (je = 2x7/2y2z-5/2 
X 

8/Py5/T% ae ie 
(n) = = 4x1/3y-9/47-1 

2% Jz —2x1/3y5/2z1/2 
(a) (aby? = a?b? (c) (3- 102)* = 34- 108 = 81- 108 
(b) (2a)* _ 24 4 16a‘* (d) (4x8 y4y!/2 = ba 6p alee Oi a _ Day? 


(e) /64a!2b° = (64a!2p°)!3 = (64)!3 (q!2y!/3 (ps 1/3 = dab? 
(f) (x2ry-H/2gn-1y? — = a a a 2 
(g) (27x3P y94z!2ry/3 — — (2791/3 3P)'/3 (69) 1/3 (z!2ry 1/3 = 3x? y24z4" 


a\? @ x2 8 xn 

@ (j) “oF (5) = 
16 qt 1\ ™@ qa” +m 
(b) (; )=3 34-81 (e) ( = 5m 


b 
3a\3 e. 27a? ae\ >? (apr a 
© (%) = (4b)) 640°  (F) =e eee) 
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‘ 8x32 _ 8x3” 1/3 (8x3")1/3 gl/3yn 7 Ix” 
~ \27Ty6 


~ (27613 ~ ZTBy2 ~ 3y2 
qQ3 3/2 (a3 qi2 
(/) a ~ Glas? — AP 


~1/3..-2\ 3/2 
~ 1/3y, y / _@ 1/3y, 2) a Me 1/3) 3/2(y 2) ae alee 
~ (Gay ~~ 26 > 76 
1 
1 


Sx fy 3 Sy ae xh/Sy 3/4\ 1/2 xl/ 03/8 
1) Sa a a = 98 


Miscellaneous Examples 


oe ee 7 

GAL (ay 42) 2! 4 eA aaa = 153 
| 5 
(b) P4442 44172 4432 = 8+24+54+9= 105 


4° 4 
(c) 74 = ADC )=4-16= 64 


(d) 10* + 10° + 10? + 10! + 10° + 107! + 107? = 10000 + 1000 + 100+ 10+1+0.1+0.01 
=11111.11 
(e) 3-102? +5-102?+2-10! +4- 10° = 3524 
43n (22)3" 26n 


= = = gon-n = gin 
(f) Qn Qn Qn 
Y0.125 0.5 
0.125)'/3(0.25)-/? = =—_=] 
(g) ( y'(0.25) ECG 


7.12 (a) Evaluate 4x77 + 3x!/3+42x° when x= 8. 


4 4 
4-8°P 43-80 42-8 = ae+3- BC +28 =7+3-242-1=9 
(b) Evaluate 
(-3PC2x)* 
(x+1)7? 


1 3 
9 on 
C3y"C4y? (=) <6 f TV igen 8 
ge T= 8(-9) O=-% 


29 9-2 —1/2? 1-1/4 3/4 1 
2-202)? 2-2/2 2-2/4 6/4 2 


when x = 2. 


7.13 (a) 


53 


54 


7.14 
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( a C=") 
2a7! 0 Be on 2 
(b) a +a _\a _ a = 1B Oda apg 


ih “dat 1, 180 
w () eoteor(Sar ted 


1 —2/3 l 2/5 1 2/5 1 5 2/5 
= —~—) =(C27) —~-) =p—3372/3 _ 

0 A) aay sere (2) [9] 
i\* 37 
_ 722 a ea 
=) +( ;) : 

(3a)? -3a77/ _ (3a) 3 Qa)? _ -27a°-3-4a? 32407 

(a) (2a)? gh 7 @l3 . qi/3 — Qisti73 = a = a 

(b) (x?) 3 . (x71/3)9 x8 . x3 _ e - 


(12)3 . 328 = 3/2 gf y= EP ~ 9 


Pe) ee Pe 
x+ “|x . m i 
(c) ‘ MN? E = * 

Ot). Cee) ee 
VES) eLV Hs ; m " 

x x x x me is 


(Qxy + D)"G@y — D" 


yn +n nt n (:) m+n 
- (= + 1)"(xy - =) ~ yt Ny 


xinrn 


3PIt+d 32P = 3pqt+q+2p 
= = 3009+ 4+2p)—(patp+2q) — 3P-4 


(d) 


3patp | 32q  3pqtp+2q 


(3/4. xl/213— S/4y13 7 ayia 


(2/3. y8/3) 1/2 (yay 2 oy 


(3/4)2/3 — Gey x /2 aah? _ (x!/4)? _ Git 7 (x!/4 tay a4 =") _ lA 


Exponents 


(b) = = = yi’ 
(3/41/73 4 (y2/3)3/8 xl/4 4 yl/4 xi/4 4 yl/4 xl/4 4 yl/4 
il 1 1 1 xd xP xd + x? 
(c) — + — = + — + — = 
1+xP-9 14x97? xP xf XO 4+ xP XPT xd +4 xP 
1+ ai 1+ es 
x x 


xan _ 43n xf 2. at xt — yl xn 4 yl a 2n 
(4) ‘a aK ui a ye Gt yn : = yP oe fp xtyt 4 yn 
xray xv -y xt—y 


(e) a] qua — fate-D] Ve = ai! 


(f) a” = 9? _ 9512 
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7.16 (a) (0.004)(30000)? = (4 x 1073)(3 x 10*)* = (4 x 1073)(32 x 108) = 4-3? x 1073+8 
= 36 x 10° or 3600000 


48000000 48 x 10° _ 
1200. 12x 10 


0.078 78x 10-3 
0.00012. 12 x 10-5 


(b) 4x10°2=4x10* or 40000 


(c) = 6.5 x 10-745 = 6.5 x 10? or 650 


(80.000 000)?(0.000003) _ (8 x 107)°@ x 10") _ 82-3. 10'*. 10°6 


= = : =2»x 10!° 
(600 000)(0.0002)* (6 x 105)(2 x 10-4)* 6-24 :105- 10-!6 = 


(d) 


() 3/(0.004)*(0.0036) —_5/(4 x 1073)4(36 x 107+) yee 10-2. 10-4 
e = = <i 
(120 000)" (12 x 104)? 144 108 


= 764 x 10-4 =4 x 10-8 


7.17 For what real values of the variables involved will each of the following operations be valid and yield 
real numbers? 


GQ) V2 =O? =x) =x 

(b) Ja2+2a+1= J(at+1P? =a+t+1 

one Gee yee ee) os at os 
ai—p-| aq-! — po! = (a~! — b-!) =a +b 
(d) Jt 422415 7/024 12% =? 41 


x-1 — («-1)! 


(c) 


Ot eae eat 
SOLUTION 
(a) When x is a real number, Vx? must be positive or zero. Assuming Vx? = x were true for all x, then if x = —1 


we would have y (— 1) =-lorVl= —1l,i.e. 1 = —1, a contradiction. Thus x2 = x cannot be true for all 
values of x. We will have //x2 = x if x > 0. If x < 0 we have V2 = —x. A result valid both for x > Oandx < 
0 may be Ve = |x| (absolute value of x). 


(b) »/a* +2a+ 1 must be positive or zero and thus will equal a+ 1ifa+ 1 > 0, i.e. ifa > —1. A result valid for 
all real values of a is given by Va? + 2a+1=|a+ ll. 


(c) (a? —b-*)/(a~! — b“') is not defined if a or b or both is equal to zero. Similarly it is not defined if the 
denominator a“! — b-! = 0, ie. if a7! =b~! or a=b. Hence the result (a? — b-?)/(a“! — b“!) = 
a-|+b7! is valid if and only if a 4 0, b 4 0, anda # b. 


(d) Jx4 + 2x? + 1 must be positive or zero and will equal x + 1 if x7 + 1 > 0. Since x + 1 is greater than zero 
for all real numbers x, the result is valid for all real values of x. 


(e) <x —1 will not be a real number if x — 1 < 0, ie. if x < 1. Also, (x — 1)/(/x — 1) will not be defined if the 
denominator is zero, i.e. if x = 1. Hence (x — 1)/(./x — 1) = Vx — 1 if and only if x > 1. 


7.18 A student was asked to evaluate the expression x + 2y + V(x — 2y)? for x = 2, y = 4. She wrote 


x+2y+ /(e—2y’ =x+2y+x—2y = 2x 


and thus obtained the value 2x = 2(2) = 4 for her answer. Was she correct? 
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Putting x = 2, y = 4 in the given expression, we obtain 


x+2yt/(x— 2y)? =24+2(4) + /2—- 8)? =2484 V36=24+846=16. 


The student made the mistake of writing \/(x — 2y)* = x — 2y which is true only if x > 2y. If x < 2y, /(« — 2y)? = 
2y — x. In all cases, V(x — 2y)? = |x — 2y|. The required simplification should have been x + 2y + 2y — x = 4y, 


which does give 16 when y = 4. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


Evaluate each of the following. 


8-2/3 (82/3 


7.19 (a) 34 (e) (4x)? © —an (m) (x — yf — yy? 
(b) © 2x) Gf) @yt)" Gi) Cadb}) 78 (n) x +x 
3 3 3712 —4 
(c) (2) (g) ee (k) —3(-1) 1/5 (4)! (0) 3y2/3 3 
(da) 4% (A) (16)'4 (J) (10°)° (p) (4+ 10°)(3 - 10-°)6 - 10°) 
23.9-2 94 2/3 -1/6 4-!/2.42/3 p-1/6 --3/2 
7.20 (a) = ac oe 
2-1.20.2-3 [a+ y2y4 82/3 q-13p-2/3 5/2 
5 103 10.101 (10) 710°) mis) 
() 10°+! . 1927+! (e) 10 - (104)7!/? (h) 5-4 
ee a eee . Web 
(c) 3-172. 313 ) [@)y] i) Rp 
7.210 (a) V27-2/34.57/3 51/3 (g) x3/2 +.4x-! — 5x9 when x=4 
1 0 
(b) 4(5) 4+27!— 167!/?.4.3° (h) y7/34+3y7!—2y° when =y=1/8 
(c) 8/343? — 5 103" (i) 6472/3 . 165/4 . 29. (./3)4 
An 2/3 —5/6 
2/3 _ 40 12 . Ja-a a 
(d) 27 3(3x)° + 25 (j) Te + Yeah 
(e) 82/3 . 16-3/4 re) g-2/3 
(72 2n 
(f) V@—2)? when x=-6 (k) (2.0) (2y"*?)1 
7.22 (a) 25° + 0.25!/? — 81/3. 4-1/7 4 0.027178 (f) (64)-77 — 3(150)° + 12(2)-? 
1 
(b) gag — 30° + (3a)? + (27)-1/3 — 13 (g) (0.125) +5 ra 
3-7 + 5(2)° ,| 32 
(c) 34a) 1) 4/550 
39x 4xt 60 000)*(0.00 002)* 
(d) if x=8 w —! ( ) : 
x 2/3 1002(72 000 000)(0.0002) 
2427! 
(6) +8)" - 47 
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(x? + 3x + 4)'3[-4(5 — x77] — 6 — x)! [02 + 3x + 49-79 (2x + 3)/3] 
(x2 + 3x + 4) 


(9x2 — Sy)!/4(2x) — 2[1 (9x2 — 5y)3/4(18x)] 


7.23 (a) 


ew (Ox — 5y)!? = ae OS 
eri eH |= 6) ari] 
i «+ 
(d) x-14+~Jx2?+2x4+1 
(e) 3x — 2y — \/4x? — 4xy + y? 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
7.19 ) 81 (d) 1/64 ) a (j) : (m) ) 7200 
: (a / (g 3y7 D ap m rer (p 
1 
(b) —8x3 — (e) Tez |) (k) 3/2 (n) x” 
2Ty3 
(c) a G)y/2 W112 M1 (0) 3y? 
b 4 1/4p5/6 
7.20 (a2 (b) 1/10 (@1 @1 (e104 (f)x% (g) — Ms @ — 
16 7 1 1 89 nae J/2 
7m Ms Oy O4 MIU OF MZ OF HT OB DE OF 
4 46 13 1 26 1 ‘ 
7.22 (a) 0.8 (b) 3 (c) 15 (d) 34 (e) 5) (f) 16 (g) 5 (h) 5) (i) 150 
7.23 (a) -; 
7 
() 5 
(c) 7T—-—x 
Ga — 192: 1 
(d) 2x if x>-l, 2 #if x<-l 
(e) x-—y if 2x > y, 5x — 3y if 2x<y 
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CHAPTER 8 


Radicals 


8.1 RADICAL EXPRESSIONS 


A radical is an expression of the form ./a which denotes the principal nth root of a. The positive integer n is the 
index, or order, of the radical and the number a is the radicand. The index is omitted if n = 2. 

Thus J5, W/71x3 — 2y?, x + 10 are radicals which have respectively indices 3, 4, and 2 and radicands 5, 
7x — 2y?, and x+ 10. 


8.2 LAWS FOR RADICALS 


The laws for radicals are the same as the laws for exponents, since “/a = a!/". The following are the laws most 
frequently used. Note: If n is even, assume a, b > 0. 


A. (/a)"=a 
EXAMPLES 8.1. (</6 =6, G/e+y)yt=+4+y 


B. %/ab = x/a /b 


EXAMPLES 8.2. ./54 = «/27-2 = 27-2 = 3V2, Vx2y8 = x2 /y5 


a xa 
C. Y= b#0 
ta 


J/5 JS _ V5 sat? _ V@+iy_ «+1 


EXAMPLES 8.3. = = , = i 
32 4/322 G=2" Yo—ne G-—2) 


D.  x/a™ = (x/ay™ 
EXAMPLE 8.4. \/(27)* = (4/27) = 34 = 81 
BE. Vwvas Wa 


EXAMPLES 8.5. VV/5=%5, Vs/2=%2, VVeP= Ve 


8.3. SIMPLIFYING RADICALS 


The form of a radical may be changed in the following ways. 
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(a) 


(b) 


(c) 


(a) 
(b) 
(c) 


Removal of perfect nth powers from the radicand. 


EXAMPLES 8.6. 4/32 = ,/23(4) = V2}. 4/4 = 20/4 


V8x5y7 = JAA) (2xy) = 4x4 y./Dy = 2x?y?/ Day 


Reduction of the index of the radical. 


EXAMPLES 8.7. 4/64 0/28 — 29/4 — 93/2 — /23 /8 = 2/2 where the index is reduced from 4 to 2. 
W258 = (5x3) = (5x3)?! = (533)'3 = 5x3 = xv/5, where the index is reduced from 6 to 3. 
Note. \/(—4)° = </16 = 2. It is incorrect to write /(—4)° = (—4)?/4 = (—4)!? = /—4. 


Rationalization of the denominator in the radicand. 


EXAMPLE 8.8. Rationalize the denominator of ./9/2. 
Multiply the numerator and denominator of the radicand (9/2) by such a number as will make the denominator a 
perfect nth power (here n = 3) and then remove the denominator from under the radical sign. The number in this case 


is 2. Then 
pe P 2\ _ 3/9(2?) _ 36 
2 y2\e2)7) V3 ~~ 2° 


7, 3452 
EXAMPLE 8.9. Rationalize the denominator of ,/ ait 
V gh6x3 


To make 8b°x? a perfect 4th power, multiply numerator and denominator by 2b7x. Then 


ye 7 ye 2b2x — V/14a3y?b?x 
8box3 2b?x V 16b8x4 ~ —2b?2x 


8box3 
A radical is said to be in simplest form if: 


all perfect nth powers have been removed from the radical, 
the index of the radical is as small as possible, 


no fractions are present in the radicand, i.e., the denominator has been rationalized. 


8.4 OPERATIONS WITH RADICALS 


Two or more radicals are said to be similar if after being reduced to simplest form they have the same index and 
radicand. 


Thus /32, /1/2, and /8 are similar since 


732 = 716-2 = 4vV2, ie ee and =V8=V4-2=2v2. 


Here each radicand is 2 and each index is 2. However, 32 and s/2 are dissimilar since </32 = //8 - 4 = 20/4. 


To add algebraically two or more radicals, reduce each radical to simplest form and combine terms with 


similar radicals. Thus: 


/2 1 Z| 
V32 — V/1/2 — V8 = 4/2 ——- 22 = (4-5-2)vi=3v2. 
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When multiplying two radicals, we choose the procedure to use based on whether or not the indices of the 
radicals are the same. 


(a) To multiply two or more radicals having the same index, use Law B: 
Wa %/b = &/ab. 


EXAMPLES 8.10. (2\/4)(3/16) = 2 - 34/4 s/16 = 6\/64 = 6-4 = 24 
(3x/52y) (W239?) = 3,7 02 y) 0382) = 36/2593 = 3x/ x93. 


(b) To multiply radicals with different indices it is convenient to use fractional exponents and the laws of 
exponents. 


EXAMPLES 8.11. </5./2 = 5'/3. 21/2 = 52/6. 23/6 = (52. 23)!/6 — (25. 8)!/6 = 6/200. 
S4/2 = SP/2 = 27/3 21/2 — 24/6 . 93/6 — 97/6 — 27 — 24/2 


When dividing two radicals, we choose the procedure to use based on whether or not the indices of the 
radicals are the same. 


(a) To divide two radicals having the same index, use Law C, 
a ‘ 
and simplify. 


EXAMPLE 8.12. 


2 = 2 32 re </45 
332 3 


We may also rationalize the denominator directly, as follows. 


V5 _ V5 VR? V5-3 9/45 
J3 V3 J? 33 3 


(b) To divide two radicals with different indices it is convenient to use fractional exponents and the laws of 
exponents. 


EXAMPLES 8.13. 


V6 62 67/4 46236, a 
V/2 21/4 21/4 i) 2 
Je VSP 2B 24/6 


1/6 6 
J/2 J/2 21/2 23/6 2 v2 


8.5 RATIONALIZING BINOMIAL DENOMINATORS 


The binomial irrational numbers fa + Vb and ./a — Vb are called conjugates of each other. Thus 2./3 + 
V2 and 2./3 — 2 are conjugates. The property of these conjugates that makes them useful is the fact that 
they are the sum and difference of the same two terms, so their product is the difference of the squares of 
these terms. Hence, (./a + V/b)(./a — Vb) = (fay — (Vb = a—b 

To rationalize a fraction whose denominator is a binomial with radicals of index 2, multiply numerator and 
denominator by the conjugate. 
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EXAMPLE 8.14. 


5 5 2/3-J2 5273-72) 273-2 


REA 33 45/2 15242 12-2 2 


If the denominator of a fraction is {/a + /b, we multiply the numerator and denominator of the fraction by 
Va — Sab + s/t? and get a denominator of a + b. If the original denominator has the form 3/a — W/b, we mul- 
tiply the numerator and denominator of the fraction by Ja? + Sab + </b? and get a denominator of a — b. (See 
Section 4.2 for the special product rules.) 


EXAMPLE 8.15. 
3 3025427544) 30254275 +4) 


VS5—-2  (/5 — 26/25 + 26/5 +4) «/5y — 2° 


— 30V25 +2544) 3(/254+2V54+4) 
- 5-8 7 -3 7 


SOLVED PROBLEMS 


Reduction of a Radical Expression to Simplest Form 


25 —2/5—4 


81 (a) JI8=J79-2= V32-2=3V2 (d) /648 = </8-27-3 = /23-33-3 = 6.3 
(b) /80 = V8 -10 = V23- 10 = 26/10 (e) aV9b*3 = aV32b4c? - c = 3ab’c.J/c 


(6) VHB = SSG =SIF-9= 15/9 (f) VHB= VP =P = TP = 
(g) V8la? = 734a? = 34/6@?/6 — 37/3 ql/3 — Y9a Note that a > 0. See (k) below. 
(h) </64x7y~6 = /BX8- xy = 42 y 2 YX = al 
(i) SOD = 1D)*"5 = (8 - 94/5 = (23. PWS = 2S . 38/8 
=(2?. 22/5)(3 . 33/5) = 92 3/22. = 12/108 
(j) (1W/4ab)* = 49(4ab)*? = 49 1602? = 980/20? b? 
(k) 2aV@ + 6a +9 = 2a/(a + 3)? = 2a(a + 3). The student is reminded that (a + 3)’ is a positive 


number or zero; hence (a + 3° =a+3 only ifa+3 > 0. If values of a such that a+ 3 < O are 
included, we must write (a + 3)* =|a+ 3]. 


a= 25 _ (/e+5)Q/%—'5) 

Vx+5 Vx+5 

(m) /12x4 — 36x2y? + 27y4 = /3(4x4 — 12x27? + Oy4) = V/3(2x? — 3y2)? = (2x7 — 3y?)/3 
Note that this is valid only if 2x? > 3y?. See (k) above. 

(n) Xf qn pen cant] qn+2 a (at hen cent gnt2yiin = ab?3c!/"dd2/" — ab?-cd Vir 

(0) ¥V256 = V/16 = 8-2 = 20/2 

(p) V/6ab? = [(6ab?)'/]'4 = (6ab?)'/? = bab? 

(q) V729Va3 = 7294372 = (36a3/?)'/5 = 312/10g3/10 — 3 Y/Og3 


() 


Change in Form of a Radical 


8.2 Express as radicals of the 12th order. 
(@) SSS? asa J5 = 7605 
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8.3 


8.4 


8.5 


8.6 
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(b) Jab = (ab)'/? =(a bo? = Wa by = 12/6 56 
(c) Yat = x6 = onl? gn 


Express in terms of radicals of least order. 


(a) V9 = g!/4 — (32)'4 = 31/2 -_ J3 
(B) Vary = Yn?) = Qry)!? = Oxy) = Y/2y? 
(c) Va? +2ab+ bh? = J(a+ by = (a+ by = (a+b) = Yat+b 


Convert into entire radicals, i.e., radicals having coefficient 1. 


(a) 6/3 = /36-3 = V/108 
(b) 4° Vy? = V4 y? = /64x6y? 


_ f(2x\* 2y  fl6x4 2y — 4/32x3 

yV¥x Viyy 2 Vr x VX 
(a—bP a+b _ 

i a—b (a+b) a—b 


Determine which of the following irrational numbers is the greater: 


(a) Y2,4/3 (b)V5,V711 (©) 275, 32 


SOLUTION 

(a) VS2 21/3 94/12 (24)! /12 (16)!/!2; Wk} 31/4 33/12 (331/12 (27)'/!2, 
Since (27)'/? > (16)'/", 3 > 4/2. 

(b) J/5 51/2 53/6 (58)1/6 (125)!/6, 3/71 qa1y!2 qd’ (112)!/6 = (121)!/6, 
Since 125 > 121, /5 > V/11. 

(c) W5=V722-5=J/20; 3V2= V3?-2= 18. 
Hence 2/5 = 3./2. 


Rationalize the denominator. 


2 22 3 6 1 
(@) (e=\e5-ya-36 
3 3 Ve 376 3/36 1, 
Yo Seve Vee 6 2 
3 3 63 3.673 37 1, 


36 


Another method: Ve — SIR 6B = ral — 6 = 5 / 36 
/y y(2x)? afy(8x> y. 3x 3 
3 re = — /8x3y = —/ 8x3 
he) Oe 3) 20" = (2x)* = 2x a 2 a 


—b —b b 2 — 1 
(d) -/¢ a= fF = Va? — b? 
oor, a+b a+b (a+b? a+b 


) ay a AO 2 a Oxy?’ = 2, 4x? y4 = 2y/4x2y 
V2 2x? Jay 2m? 
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Addition and Subtraction of Similar Radicals 
8.7. (a) V1I8+ J/50— J72 = J9-24./25-2— 736-2 = 3245/2 —- 672 = (3 +5 —6)/2 = 2/2 
(b) 2/27 — 4/12 = 29-3 —4/4-3 = 2-373 —4-273 = 63 — 83 = —23 
4 2 
(c) 4/75 + 3YA73 — 2B = 4. 5V3-+ 35-5 —2-4V3 = (2043-5 —8) V5 = 143 


(a) BQ — 750 + 3/1732 = Yes .2 — 0/5324 Io5= (6 5+i\W2= 32 


2 
(e-) J3+ 7/81 — 7274 573 = V3 4 27-3 - J/9-34573 
= J/3 + 34/3 — 3/3 + 54/3 = 2/3 + 86/3 


(f) 2a/27x4y + 3b,/8x3y — 6c\/ —x3y = 6ax2/y + 6bx3/y + 6cx3/y = Ox(a +b + €)3/¥ 


2 &B r 23 20 6D i « 
(8) afr+4/2 s[p.=2/2-344)2-2 s/3,-° 


2. 1 5 5 
(5+ q ha V6 


Wm 


V5, 3 a ee: 
(h) at aeq7 V1 = 23 t re ¥O1900) 


1 
=5 10+ 3V 10 — 0.4710 = 3.1V10 


a b 4  . Ia b ba, 4 Jab 
” 5 See Naa Jab eB 


2 4 2 3 4 2a—3b+4 
=, ¥ab ay 4: pvab = ( + )va =(= = )vab 
a a 


b a_ ab ab 


Multiplication of Radicals 
8.8 (a) (2V7)3V5) = (2:3)V7-5 = 6735 

(b) 3.2)(5V6)(8V/4) = (3-5 -8)/2-6-4 = 1207/48 = 24076 
(c) (/18x2)(\/2x) = V736x3 = x0/36 
(d) Vab-'3. Y@eBcH! = Vath?ct = Va2bc2 = acV/b 
(e) V3 -</2 = 31/2 .21/3 — 33/6 . 92/6 — 33.92 — 108 
(f) C/TAW/686) = WT 2) 2) = (7. BTA. DNA) = (TAN? . DAMP? . 23/12) 

= UTN2 . 97/12) — 7 8/7227 = 7 2/896 
(g) (—V5/x)® = 59/2x6/3 = 53x? = 12532 
(hy) (V4 x 10-%)(x/8.1 x 103)(/0.0016) = (V4 x 10-6)(/81 x 102)(/16 x 10-4) 

= (2x 1073) x 10)(4 x 1072) = 72x 10-4 = 0.0072 
(i) (64 V3)(V/6 — 273) = V6V6 + V3/6 + (V6) —2V3) + (/3)(— 23) 
= 6+ V18 — 2V18 — 2-3 =—V18 = -3V2 
(i) (V5 + 29 = (V5) + 27572) + (V2 = 54+ 2710+ 2 = 742/10 
(k) (15 — 4/3) = (1/5)° — 2(7-/5)(4V3) + (43)? 
=7.5—2-7-4/15 + 42 -3 = 245 — 56/15 + 48 = 293 — 56/15 
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OQ V¥3+DV3-)=(/3¥ -(? =3-1=2 
(m) (273 — V5)2V73 + V5) = (23) — (5)? = 4-3-5 =12-5=7 
(n) (275 — 3/2)(2V'5 + 3/2) = (205)? — 3/2) = 4-5-9-2=20- 18 =2 
(0) (2+/3)2— 73) =4- V9 
(p) BV2 + 2V4BV2 — 274) = 3/2) — 274)" = 18 — 46/16 = 18 — 86/2 
(q) V2 —4V5)(2V3 + 3/6) = (3./2)(2V3) — 4V5)(2V3) + 3.V2)3./6) — (4V'5)(3V6) 

= 6/6 — 84/15 + 94/12 — 12/30 = 6/6 — 8/15 + 18/3 — 12/30 
(r) (/xtFy-DYxFytd=xt+y-2 
(s) (27x — 1 — x/2)37x — 1+ 2xJ/2) = 6(x — 1) — 3x./20 — 1) + 4x./20 — TD — 42x? 

= 6(x — 1) + x. /2@— 1D — 4x? 


(a) (V24+ V3 4+ V5)(V2 + V3 - 5) 
= [(V2 + V3) + V5I[(V2 + V3) - V5] 
= (J/24+ V3" — (/5)? = 24+2V643-5=2V6 
(b) (2V3 +3724 1)2V3 — 372 - 1) = [2V3 + BV2 + DI2V3 -— BV2 + DI 
= (2/3) — 6724 1)? = 12-(9-24+ 6/241) = -7-6V2 
(c) (VW24 V3 4+ V5) = (V2) + (V3)? + VS) + 2V/2)(V3) + 200/315) + 20725) 
=2434542/64+ 2/15 + 2/10 = 10 +2764 2/15 + 2/10 
(d) (vo+3V3) (vo —3V3) = /6+3V3)\6 — 3V3) = V36-9-3=V9 =3 
(e) (Vatb—Ja—by =at+b-2/at+bya—b)+a—-b=2a-2Wa — b? 


Division of Radicals. Rationalization of Denominators 


10/6 10 
@ 35 oe. 273 


) 2% ee a 
2, 


4x 4x afx2y? Ax ; 
©) —- SF =— Sry 
J XY y xy y 


y 

J/2 re 2 3 ioe 
@) R= 3 V33 ‘ec 

Be) - [2 9 ie 1, 
©) Fe-V3-V3 9-Va7—37 8 


at: all 16 316 Ws 

A) Ji=3- 2-8-3 He 

V3 +4/2—5V8 V3 +4V2-5V8 V2 V64+4-2-5V16_ V6—- 
/2 7 /2 /2 2 ~~ 2 


(g) 
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See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


3 3 


(h) 


_ V5 —V2 305 — V2) _ 
J5+/2 V54+V2 J5-V2 2 ee 
1+V2_ 1472 1472 14+2V2+2__ 


5. = 


= -(3+42Vv2 
@ lew? ta? 1440 i=? ‘ ) 
(j) I, 1 eye = = Gaga) Bye =e 
: x-JeP-y xtJ/P-y @-Je-ye+rJ/e-y 
3 3/6) 42/6 6/23. 42 
) Sa alle (4 )_ 33 4 2 ease 
AY2 4/2 X/4 8 8 
a i= en == Ja-Da+tD 
W) vx-1-—vx+1 vx-1 ve+1_G@-1)-2V6 D@e+D+@+D)_ aa 
Vx—-1Tt/x4+1 Vx-1—-JSx4+1 (x—1)-(@+1) 
(m) x+/x xt J/x 14+x-—/x x + fx x + fx 
m — . — — 
l+yxtx  Ll4+x+ Ju lt+x-JVx (l4xP?-x 1- x47 
1 = 1 — 31/3 — gl/3 
(n) Yan 4 TR 4aB Let x =3°°,y=4°”°. Then 
1 Pa—xyty xr-xyty 37 — 313413 4 47 _V9- S12 +.2/2 
e+y #=ay+y BIB 4 4IB PS 
gs UVe+yytJy) — VP + y+ Vy 
VE (YR Spl? + I+ VS) +) 


ae (m+ n\n? — 3/mn + Vn?) nt /nb = Yn + Sr?) 


Yat Ti Cm frien — fran + nd 
= Vm — mnt Sr? 


Show that: 
(b) /27 = 33 


(c) 3V20 = 6/5 


2 
(d) 5 ¥ 90a? = 2aV/2 (assuming a > 0) 


(e 


YS 


o Bae? = 5a’/3a 
b 


(f) = 98a2b3 = 28/2b 
a 


/640 = 4/10 
V 88x32 = Axy?20/112 


YS 


(g 
(h 


Naw 


J27 + V/48 — /12 = 5/3 
5/8 —3/18=/2 


(a 
(b 


Se YS 


(c 


Nee 


2/150 — 4/54 + 6/48 = 24,/3 — 2/6 


von 
(7) 14./277 = 2/14 
(k) 3x/273 = 18 


: 3 
(1) a gv 12a 


oa 


| 1 
(m) xyz, | — = 5 V 10yz 
2x-yz 2 


(n) 60/4/45 = 8/5 
(0) 3/479 = V6 


(m+n) 


(d) 5/2 — 3/50 + 74/288 = 744/2 


(e) V16a3—48a2b = 4aV/a—3b 


(f) 31603 + 8,/a3/4 = 10a/2 


(a2 0) 
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8.13 


8.14 


(9) VV128 = 2/2 
(h) Party = x2 /a/y 
@ 39-227 = V3 
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(kK) (+ IW16x? — 4xy/x?/4 = 2022? 
() 2/54 — 6/273 — /96 = 0 

4 
(m) 4Vx]) + zn - 57? = — 


x 


(j) 6,/8a3/3 — 2V24ab? + aV/54a = (Ja — 4b)V/6a a,b = 0 


(a) (3V8)(6V/5) = 36/10 
(b) V48x5 /3x3 = 12x4 


(c) 72 4/32 =4 
(d) J/2(/2 + 18) = 8 
(e) (5+ V2)(5 — V2) = 23 


(f) @+ YNE- Y= -y 


(g) (2V3 — V6)3V3 + 36) = 9/2 


(h) 3V2 —2V3)(4/2 + 373) = 64 V6 


@) 2-37 +(/2+ V3) = 10 


 V8—Wi/8 42/7 =6 


om 8 24 
(n) ea 


3 1 
(0) 4 gr 
SAV § 1403 


36 — 2781 
6 


(Pp) 


(q) =6-V3 


(Gj) fat5Va— b\.f/a+ Ja —b) = Ta — 5b + 7V a2 — ab 


&) W34+ V5 4 VI(V3 4 V5 — V7) = 14 2V15 


(a) 0 sev (x >0) @ of VA _ eR 
©) C4 14h as eee ee 

ca) Ba a G- 
0 a= gar (m) => = 4-23 
(g) are Oa (0) Wat svi 


—5 3 
BNE 


xy 


CHAPTER 9 


Simple Operations with 
Complex Numbers 


9.1 COMPLEX NUMBERS 


The unit of imaginary numbers is ./—1 and is designated by the letter 7. Many laws which hold for real numbers 
hold for imaginary numbers as well. 


Thus /—4 = VOC = 2-1 = 2i, J/-1 = VURVCD = V18/—1 = 3V2i. Also, since i = /—1, 
we have 7? = —1,P =? -i=Cli=-i,7 ae (— 17 1@=f-i=1-i=i, and similarly for any 
integral power of i. 

Note. One must be very careful in applying some of the laws which hold for real numbers. For example, 
one might be tempted to write 


J—4/—4 = /(-4)C4) = V16 = 4, which is incorrect. 


To avoid such difficulties, always express ./—m, where m is a positive number, as ,/mi; and use iw = —1 when- 
ever it arises. Thus: 


/—4,/—4 = (2i)(2i) = 472 = —4, which is correct. 


A complex number is an expression of the form a + bi, where a and b are real numbers and i = /—1. In the 
complex number a + bi, ais called the real part and bi the imaginary part. When a = 0, the complex number is 
called a pure imaginary. If b = 0, the complex number reduces to the real number a. Thus complex numbers 
include all real numbers and all pure imaginary numbers. 

Two complex numbers a + bi and c + di are equal if and only if a = c and b = d. Thus a+ bi = 0 if and 
only ifa=0,b=0. Ifc+di=3, thenc=3,d=0. 

The conjugate of a complex number a+ bi is a— bi, and conversely. Thus 5 — 3i and 5+ 3% are 
conjugates. 


9.2 GRAPHICAL REPRESENTATION OF COMPLEX NUMBERS 


Employing rectangular coordinate axes, the complex number x + yi is represented by, or corresponds to, the 
point whose coordinates are (x, y). See Fig. 9-1. 
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{h< 


3+4i 
e 


To represent the complex number 3 + 47, measure off 3 units distance along X’X and to the right of O, and 
then up 4 units distance. 


To represent the number —2 + 37, measure off 2 units distance along X’X and to the left of O, and then up 
3 units distance. 


To represent the number —1 — 4i, measure off | unit distance along X’X and to the left of O, and then down 
4 units distance. 


To represent the number 2 — 47, measure off 2 units distance along X’X and to the right of O, and then down 
4 units distance. 


Pure imaginary numbers (such as 2i and —2i) are represented by points on the line Y’Y. Real numbers (such 
as 4 and —3) are represented by points on the line X’X. 


9.3 ALGEBRAIC OPERATIONS WITH COMPLEX NUMBERS 


To add two complex numbers, add the real parts and the imaginary parts separately. Thus 


(a+ bi)+(c+di)=(a+c)+(b+a)i 
(5+ 41) +3421 =(5+3)+(442)i=8+4+6i 
(—6+ 21) + (4-51) = (64+ 4)4+ (2—5)i = —2 — 31. 


To subtract two complex numbers, subtract the real parts and the imaginary parts separately. Thus 


(a+ bi) —(c+di) =(a—0) + (b—- di 
(3 +21! —(5-3) =(3-5)+(2+3)i= —24+ 5i 
(-14+)-C€34+2) =€14+3)+(1-2=2-i. 


To multiply two complex numbers, treat the numbers as ordinary binomials and replace i* by —1. Thus 


(a+ bi)(c + di) = ac + adi + bci+ bdi* = (ac — bd) + (ad + bc)i 
(5 + 3i)(2 — 2’) = 10 — 101+ 6 — 677 = 10 — 4i — 6-1) = 16 — 4i. 
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To divide two complex numbers, multiply the numerator and denominator of the fraction by the conjugate 
of the denominator, replacing i* by —1. Thus 


2+i  2+4+i 34+4i_6+8i43i+4% 241i 2 U1, 
,24, 524 344 8-162 ~ 95 95. 35" 


SOLVED PROBLEMS 


9.1 Express each of the following in terms of i. 
(a) J—25 = J/Q5)CDN = V25V-1 = 5i 
(b) 3-36 = 3V36/-1 = 3-6-1 = 18% 
(c) —4/-81 = —4./81/-1 = -4-9-i= —36i 


I I a. al; 

(@) y b= fps i= i=, 
= [—4 4 7 . 4 a) 1 
25 100 5 10 5 10 10 = 10 a 


(f) J/-12 —J/-3 = J12i — V3i = 273i — V3i = V3i 

(g) 3V7—50 + 5/—18 — 6./—200 = 15./2i + 15/2: — 60./2i = —30/2i 
(hk) —-24+J-4= -24 J74i = -242i 

() 6-J-50 =6— J50i = 6 — 5V/2i 

(j) V8+/7-8 = V8 4+ V8i = 2V2 4 2V2i 

() C104 J=18) = 5 10-4 505i) = -2 + V3i 


(1) ; (/32 + /—128) = ; (4V2 + 8V2i) = V2 + 202i 


ia eam 14 0/3 


(m) 


9.2 Perform the indicated operations both algebraically and graphically: 
(a) (2+ 61) + (5 + 33), (b) (4+ 21) —-@ +5i). 


Fig. 9-2 Fig. 9-3 
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9.3 


9.4 
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SOLUTION 


(a) 


(b) 


Algebraically: (2+ 61) + (5+ 31) =74+9i 

Graphically: Represent the two complex numbers by the points P; and P2 respectively, as shown in Fig. 9-2. 
Connect P; and P> with the origin O. Complete the parallelogram having OP; and OP? as adjacent sides. The 
vertex P (point 7 + 97) represents the sum of the two given complex numbers. 
Algebraically: (—4 + 21) — (3 + 51) = —7 —3i 

Graphically: (-4+ 2i) — (3+ 5i) = (-4+ 21) + (3 — 51). We now proceed to add (—4+ 27) with 
(—3 — 5i). 

Represent the two complex numbers (—4 + 27) and (—3 — 5i) by the points P; and P2 respectively, as shown 
in Fig. 9-3. Connect P; and P2 with the origin O. Complete the parallelogram having OP; and OP? as 
adjacent sides. The vertex P (point —7 — 3%) represents the subtraction (-4 + 27) — (3 + 5i). 


Perform the indicated operations and simplify. 


(a) 


(k) 


(n) 


(0) 
(p) 


(5 — 21) + (6+ 31) = 11+i 
(6 + 3i) —(4—2i) = 6+ 31-44 2i=2+5i 
(5-3) -C2+4+5) =5-31+2-5Si=7-8i 


Cn te eee eee en ee 
2°38 ATA Yo ANS ay 
(a + bi) + (a — bi) = 2a 


(a+ bi) —(a— bi) =a+bi-—at+bi=2bi 
(5 — /—125) — (4— J/—20) = (5 — 5/51) — (4 — 251) = 1 — 3.5 


See 
4°83. 


J —2/—32 = (V2i)(/32i) = 2/32? = /64(—1) = -8 
3./—5./—20 = —3(V/5i)(/20i) = —3(V5/20)? = —3./100- 1) = 30 
(4i)(—3i) = —127? = 12 
(6i)” = 3672 = —36 
(2/—1) = (2i)? = 82 = 8i(i?) = —8i 
3i(i + 2) = 37 + 6i = —3 + 6 
(3 —21)(4+ i) =3-443-i- (204 — Qi)i = 124+ 3i- 814+. 2 = 14-5i 
(5 — 3G + 2) = 5i+ 10 — 37 —6i= 5i+ 10+3-—6i= 13 -i 
(5 + 3i)? = 52 + 2(5)3i + (3i)> = 25 + 301 + 97? = 16 + 30: 


(2-13 +2)0 — 4) = (6+ 4i — 33 -— 27) — 4) = (8 + DU — 40 
=8-—32i+i-—47 =12-3li 
2 


It ft” AI” SIDI ft 1. WV -: 
(F+%i) =(F) HS) )+(G A = 3+ 5 
(+i =143i4+3724+P =143i-3-i=-242i 


(3 — 21° = 33 + 3(32)— 21) + 3(3)(—28)? + 20° 
= 27 + 3(9)(—2i) + 3(3)(4?) — 82 = 27 — 54i — 36 + 81 = —9 — 463 


(3 +2i) = 3° + 3(32)(2i) + 3(3)(2i)* + (2i)° 
= 27+ 541+ 367 + 87 = 27 + 54i — 36 — 81 = —9 + 46: 


(1+2i)* =[0 + 21°P = (1 + 414+ 47)? = —3 + 47° = 9 — 241 + 167 = —7 — 241 
1418 =[(-14+ i} = — 21+ 2) = C23) = 1674 = 16 
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95 (@) Lei_ iti 3+i_343i4it? 244i _ 1,2, 
3-i 3-i 34i 32-7 10 5 5 
1 if-\\ -i_-i_ i, 
-=(3)-3-7- 
a 2/3 +V72i 2734+ V2i 3V24+4V3i_ (273 + V2)BV2 + 4V3i) 
3V2—4V3i 3/2 — 473i 32 + 4V3i 3/2) — (4/37? 
_ 6V6 + 8V9I+ 3V4i+4V6? _ 2V6+30i_ V6 = 
7 18 + 48 6633 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 
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9.6 Express each of the following in terms of i. ra 
(a) 2./—49 (d) 4./—1/8 (g a a = (i) 4./—81 — 3./—36 + 4/25 
(b) —4./—64 (e) 3V—25 — 5./—100 (h) = ao - /—288) (j) 312 — 3./—12 
(c) 6/—1/9 (f) 2-72 + 3./—32 
9.7 Perform the indicated operations both algebraically and graphically. 
(a) (3 + 21) + (2 + 3i) (c) (4—3i) -(-2+i) 
(b) 2—i)+C4+5i) (d) (24+ 2i) —(-2—i) 
9.8 Perform each of the indicated operations and simplify. 
(a) 3+4i)+ C1 —6i) (g) (2i)" (m) (3 — 4i)° 
(b) (-2+ 5i) — 3 — 2) (h) GV—3)° (n) (1+)2+4+2)G -i) 
; 2 1. tt. ) 5i(2—i /_ 13 
(©) (3-5! ata! (i) Si(2—i) (0.) G-1) 
(d) G+ /-8) — (2— /—32) @ @+)2-) (p) (2+3i) 
(e) J—3/-12 (k) 3+ 4i(-3 — 4) @ a-it* 
(f) (-iv2)(iV2) (1) (2—5i)(3 +23) ) G+2) 
2—5i 3— V/2i i+?+P4+i 
99 @zZ ar (d) me (g) ae 
-1 1 3 po _j 
) 5-3 © joa ia Tq 
3/2 + 2/3i 5 10 . (4 i 
Owe = 3-aae leery 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


9.6 (a) 14i (c) 2i (e) -35i (g) —24+i (i) 18i +20 
(by =32t «@) 2 (PAVE 2 6 — GSI 
9.7 (a) 5+ 5i and Fig. 9-4 (c) 6—4i and Fig. 9-6 


(b) —2 + 4i and Fig. 9-5 (d) 3i and Fig. 9-7 
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Fig. 9-5 
Yh 
+P 
3i 
-242i 
i | | it i on 
I T T T T t x 
Fig. 9-6 Fig. 9-7 
98 (a) 2-2i (d) 14+ 6V2i (g) 16 (j) 5 (m) —7 — 24i (p) —46 + 9i 
(b) —-5+7i (e) —6 (h) —27/64 (k) 25 (n) 4412: (q) —4 
(c) l-i (f) 2 (i) 5+ 10% (1) 16—11i (0) 242i (r) —38 441i 
26. fi Bs, 32 26. . 
99 (a) “seat gt evel (page! (g) 0 (i) 34.4: 


eo ; ; 
@) 25-3 (@) -1-5v2i(f) 578 (h) i 


CHAPTER 10 


Equations in General 


10.1 EQUATIONS 


An equation is a statement of equality between two expressions called members. 

An equation which is true for only certain values of the variables (sometimes called unknowns) involved is 
called a conditional equation or simply an equation. 

An equation which is true for all permissible values of the variables (or unknowns) involved is called an 
identity. By permissible values are meant the values for which the members are defined. 


EXAMPLE 10.1. x+5 =8 is true only for x = 3; it is a conditional equation. 
EXAMPLE 10.2. x? —y*? = (x—y)(x + y) is true for all values of x and y; it is an identity. 
EXAMPLE 10.3. 


1 1 2x —5 
x—-2 > x-3 (x—2)(x-3) 


is true for all values except for the nonpermissible values x = 2, x = 3; these excluded values lead to division by zero which 
is not allowed. Since the equation is true for all permissible values of x, it is an identity. 
The symbol = is sometimes used for identities instead of = . 


The solutions of a conditional equation are those values of the unknowns which make both members equal. 
These solutions are said to satisfy the equation. If only one unknown is involved the solutions are also called 
roots. To solve an equation means to find all of the solutions. 

Thus x = 2 is a solution or root of 2x ++ 3 = 7, since if we substitute x = 2 into the equation we obtain 
2(2) + 3 = 7 and both members are equal, i.e., the equation is satisfied. Similarly, three (of the many) solutions 
of 2x+y=4are:x=0, y=4;x=1,y=2;x=5, y= —-6. 


10.2; OPERATIONS USED IN TRANSFORMING EQUATIONS 


A. If equals are added to equals, the results are equal. 
Thus if x — y = z, we may add y to both members and obtain x = y + z. 
B. If equals are subtracted from equals, the results are equal. 
Thus if x + 2 =5, we may subtract 2 from both members to obtain x = 3. 
Note. Because of rules A and B we may transpose a term from one member of an equation to the other 
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member merely by changing the sign of the term. Thus if 3x + 2y —-5 =x — 3y+4 2, then 3x —x+2y+ 
3y =5+4+2 or 2x+ 5y = 7. 
C. If equals are multiplied by equals, the results are equal. 
Thus if both members of 4y = 2x’ are multiplied by 4 the result is y = 8x. 
Similarly, if both members of 2C = F — 32 are multiplied by 3 the result is C = 3 (F — 32). 
D. If equals are divided by equals, the results are equal provided there is no division by zero. 
Thus if —4x = —12, we may divide both members by —4 to obtain x = 3. 
Similarly, if E = IR we may divide both sides by R ¥ 0 to obtain J = E/R. 
E. The same powers of equals are equal. 
Thus if T = 27,/1/g, then T? = (277/1/gy = 477° 1/g. 


F. The same roots of equals are equal. Thus: 
3V 3 
ifre=—, thn r=,/—. 


G. Reciprocals of equals are equal provided the reciprocal of zero does not occur. 
Thus if 1/x = 1/3, then x = 3. Similarly, 


1 RpER RiR 
pos gay ges, 
R R, Ro Ri + Ro 


Operations A—F are sometimes called axioms of equality. 


10.3. EQUIVALENT EQUATIONS 


Equivalent equations are equations having the same solutions. 

Thus x — 2 = 0 and 2x = 4 have the same solution x = 2 and so are equivalent. However, x — 2 = 0 and 
x? — 2x = 0 are not equivalent, since x2 — 2x = 0 has the additional solution x = 0. 

The above operations used in transforming equations may not all yield equations equivalent to the original 
equations. The use of such operations may yield derived equations with either more or fewer solutions than the 
original equation. 

If the operations yield an equation with more solutions than the original, the extra solutions are called 
extraneous and the derived equation is said to be redundant with respect to the original equation. If the oper- 
ations yield an equation with fewer solutions than the original, the derived equation is said to be defective with 
respect to the original equation. 

Operations A and B always yield equivalent equations. Operations C and E may give rise to redundant 
equations and extraneous solutions. Operations D and F may give rise to defective equations. 


10.4 FORMULAS 


A formula is an equation which expresses a general fact, rule, or principle. 

For example, in geometry the formula A = mr’ gives the area A of a circle in terms of its radius r. 

In physics the formula s = 5 gt”, where g is approximately 32.2 ft/ s’, gives the relation between the 
distance s, in feet, which an object will fall freely from rest during a time ¢, in seconds. 

To solve a formula for one of the variables involved is to perform the same operations on both members of 
the formula until the desired variable appears on one side of the equation but not on the other side. 

Thus if F = ma, we may divide by m to obtain a = F/m and the formula is solved for a in terms of the other 
variables F and m. To check the work, substitute a = F'/m into the original equation to obtain F = m(F'/m), an 
identity. 
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10.5 POLYNOMIAL EQUATIONS 


A monomial in a number of unknowns x, y, z,... has the form ax? y? z”--- where the exponents p, q, r,... are 
either positive integers or zero and the coefficient a is independent of the unknowns. The sum of the exponents 
p+q+r+4--- is called the degree of the term in the unknowns x, y, z,... 


EXAMPLES 10.4. 3x223, 5x4, 6 are monomials. 
3x223 is of degree 2 in x, 3 in z, and 5 in x and z. 
5x4 is of fourth degree. 6 is of degree zero. 
4y/x = 4yx7! is not integral in x; 3x /ye is not rational in y. 


When reference is made to degree without specifying the unknowns considered, the degree in all unknowns 
is implied. 

A polynomial in various unknowns consists of terms each of which is rational and integral. The degree of 
such a polynomial is defined as the degree of the terms of highest degree. 


EXAMPLE 10.5. 3x3 y4¢ + xyz? — 8x 4+ 3 is a polynomial of degree 3 in x, 4 in y, 5 inz, 7 inx andy, 7 iny and z, 6in 
x and z, and 8 in x, y, and z. 


A polynomial equation is a statement of equality between two polynomials. The degree of such an equation 
is the degree of the term of highest degree present in the equation. 


EXAMPLE 10.6. xyz? + 3xz = 2x3y + 32° is of degree 3 in x, 1 in y, 2 in z, 4 in x and y, 3 in y and z, 3 in x and z, 
and 4 in x, y, and z. 


It should be understood that like terms in the equation have been combined. Thus 4x°y + x?z — xy? = 
4x3y + z should be written x7z — xy” = z. 


An equation is called linear if it is of degree 1 and quadratic if it is of degree 2. Similarly the words cubic, 
quartic and quintic refer to equations of degree 3, 4, and 5 respectively. 


EXAMPLES 10.7. 2x + 3y = 7z is a linear equation in x, y, and z. 
x? — 4xy + 5y? = 10 is a quadratic equation in x and y. 
x? + 3x? — 4x — 6 = 0 is a cubic equation in x. 
A polynomial equation of degree n in the unknown x may be written 


Gg +a! tax or tae ta, = 0 ayo #0 


where do, d1,...,@, are given constants and n is a positive integer. 
As special cases we see that 


aox+a;=0 or ax+b=0 is of degree | (linear equation), 
dox* +ayxt+aro=0 or ar?+bx+c=0 is of degree 2 (quadratic equation), 
dox? + ax? +axta;,=0 is of degree 3 (cubic equation), 
dox* + ayx? + ax? +.a3x+ a, =0 is of degree 4 (quartic equation). 


SOLVED PROBLEMS 


10.1. Which of the following are conditional equations and which are identities? 


(a) 3x—(x+4) = 2x — 2), 2x — 4 = 2x — 4; identity. 
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(b) 
(c) 
(d) 
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(x — Di + 1) = w— 1), x? — 1 = x? — 2x + 1; conditional equation. 
(y -— 3% +3Q2y-—3)=yy+)D-y,  —6y+9+6y-9=y'+y-y,y =y’; identity. 
x+3y—5 = 2(x+ 2y)+3,x+ 3y —5 = 2x+ 4y + 3; conditional equation. 


Check each of the following equations for the indicated solution or solutions. 


(a) 


(b) 


(c) 


Use 
(a) 


(b) 


(c) 


(d) 


(e) 


x x 12... 12 
~+=-=10;x= 12. —+—= 10,6+4= 10, and x = 12 is a solution. 

2 3 2° 3 

x + 6x 2? + 6(2) 16 . . 
x+2 a a la 242 = 3(2) — 2, a8 and x = 2 is a solution. 
—1)?+6(-1 = 

ae d= 3(-1) -2, ° = —5, and x = —1 is a solution. 


P—xyty=19x=-2,y=3;x=4,y=24V73x=2,y=-1. 

x= —2, y = 3: (—2) — (—2)3+ 3? = 19, 19 = 19, and x = —2, y = 3 is a solution. 
x=4,y=24 77: 4-424 V77)4+24 V7) = 19, 16-8 —4/7+ 444V/7+7) = 
19, 19 = 19, and x = 4, y = 2+ V7 is a solution. 

4= 2, = 1: 22 2(-1) + ( 1)? = 19, 7 = 19, and x = 2, y = —1 is not a solution. 


the axioms of equality to solve each equation. 

2(x + 3) = 3(x — 1), 2x +6 = 3x —3. 

Transposing terms: 2x — 3x = —6 — 3, —x = —9. Multiplying by—1: x = 9. 
Check: 2(9 + 3) = 3(9 — 1), 24 = 24. 


atea. 
Multiplying by 6: 2x + x = 6, 3x = 6. Dividing by 3: x = 2. 

Check: 2/3 + 2/6=1,1=1. 

3y — 2Cy — 1) = 404-2), 3y — 2y+2=4y4+8, y+2=4y+8. 
Transposing: y — 4y = 8 — 2, —3y = 6. Dividing by —3: y = 6/(—3) = —2. 
Check: 3(—2) — 2(—2 — 1) = 4(—2 + 2),0=0. 

2x—3 4x—5 


x-1l x-1° 


Multiplying by x — 1, 2x -3=4x—Sorx—1. 


Check: Substituting x = | into the given equation, we find —1/0 = —1/0. This is meaningless, 
since division by zero is an excluded operation, and the given equation has no solution. 
Note that 


. 2x-3 4x-5 
(i) = 


= and Gi) 2x —-3 =4x—5 
x-—1 x-1 


are not equivalent equations. When (i) is multiplied by x — 1 an extraneous solution x = | is 
introduced, and equation (ii) is redundant with respect to equation (i). 

x(x — 3) = 2(x — 3). Dividing each member by x — 3 gives a solution x = 2. 

Now x — 3 = 0 orx = 3 is also a solution of the given equation which was lost in the division. The 
required roots are x = 2 and x = 3. 

The equation x = 2 is defective with respect to the given equation. 


CHAPTER 10 Equations in General 77 


10.4 


10.5 


(ff) Vvx+2=-1. Squaring both sides, x + 2 = 1 orx = —1. 
Check: Substituting x = —1 into the given equation, 1 = —1 or 1 = —1 which is false. 
Thus x = —1 is an extraneous solution. The given equation has no solution. 
(g) V2x-4=6. Squaring both sides, 2x — 4 = 36 or x = 20. 
Check: If x = 20, /2(20) — 4 = 6 or /36 = 6 which is true. 
Hence x = 20 is a solution. In this case no extraneous root was introduced. 


In each of the following formulas, solve for the indicated letter. 
(a) E=IR, for R. Dividing both sides by J 4 0, we have R = E/I. 


(b) s=vot+ sar’, for a. 
Transposing, sat = s —vot. Multiplying by 2, at? = 2(s — vot). 
Dividing by 7° ¥ 0, 


2(s — vot) 
a= ~ 
1 1 1 
(c) ~=-+-, for p. Transposing, 
f Pp 4 
Ll 1 @=7 
Pf 4a fa 
Taking reciprocals, 
p= ze (assuming gq # f). 
gad 
(d) T =27,/1/g, for g. Squaring both sides, 
re dal 
& 


Multiplying by g, g7* = 47. Dividing by T? 4 0, g = 477°1/T’. 


In each of the following formulas, find the value of the indicated letter, given the values of the other 
letters. 


(a) F=2C +32, F = 68; find C. 68 = 2C + 32, 36 =2C, C = 3 (36) = 20. 
Another method: 2C = F — 32, C = X(F — 32) = 2(68 — 32) = (36) = 20. 
1 1 tf ot. € 2 4 Sa 


1 
Wo Roe ee ade, = poe = me as 1) 
© e-RtR : meh is’ Bm 6 i 30. i” 


Another method: 
1 1 1 R,—R RB RR, 6(15) 
Ry RR, RR,” a Ri=R 1 =6 
4 4 
(c) V= ya V = 2887; find r. 2887 = ya pP=——_=216, r=6. 
v9 


= 10. 


Another method: 


V [3V _ 3/3(2 : 
24a Se r= je = AY 16 = 
T 


Aa 
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10.6 


10.7 


10.8 


10.9 


CHAPTER 10 Equations in General 


Determine the degree of each of the following equations in each of the indicated unknowns. 
(a) 2x? +xy—3 =0:x; y; x and y. 

Degree 2 in x, | in y, 2 in x and y. 
(b) 3xy? _ Ay?z +5x-3y= x4 42: x3 y and z; x, y, and z. 

Degree 4 in x, 1 in z, 3 in y and z, 4 in x, y, and z. 


(c) r= 


: x; x and z; x, y, and z. 
VrZ 


As it stands it is not a polynomial equation. However, it can be transformed into one by multiplying 
by y+z to obtain x?(y + z) = 3 or x*y + x*z = 3. The derived equation is a polynomial equation of 
degree 2 in x, 3 in x and z, and 3 in x, y, and z. 


(d) Jx+3=x+y: y;x and y. 

As given it is not a polynomial equation, but it can be transformed into one by squaring both sides. 
Thus we obtain x + 3 = x? + 2xy + y*, which is of degree 2 in y and 2 in x and y. 

It should be mentioned, however, that the equations are not equivalent, since e+ 2xy + y? =x+3 
includes both /x+3=x+y and —/x+3=x+y. 


Find all values of x for which (a) x? = 81, (b) (x — 1)? = 4. 
SOLUTION 


(a) There is nothing to indicate whether x is a positive or negative number, so we must assume either is possible. 
Taking the square root of both sides of the given equation, we obtain Ve = /81 = 9. Now Vx? represents 
a positive number (or zero) if x is real. Hence we have Vx = x if x is positive while Vx? = —x if x is 
negative. Thus when writing </x2 we must consider that it is either x (if x > 0) or —x (if x < 0). Therefore 
the equation Ve =9 may be written as either x = 9 or —x = 9 (i.e. x = —9). The two solutions may be 
written x = +9, 


(b) (x- 1° =4, +(x — 1) = 2 or (x— 1) = £2, and the two roots are x = 3 andx = —1. 


Explain the fallacy in the following sequence of steps. 


(a) Letx=y: x=y 

(b) Multiply both sides by x: xe Say 

(c) Subtract y* from both sides: v-yaxn-y 
(d) Write as: (x — y)(x + y) = yx — y) 
(e) Divide by x — y: x+y=y 

(f) Replace x by its equal, y: yty=y 

(g) Hence: 2y=y 

(h) Divide by y: 2=1. 
SOLUTION 


There is nothing wrong in steps (a), (b), (c), (d). 
However, in (e) we divide by x — y, which from the original assumption is zero. Since division by zero is not 
defined, everything we do from (e) on is to be looked upon with disfavor. 


Show that ./2 is an irrational number, i.e., it cannot be the quotient of two integers. 


SOLUTION 


Assume that /2 = p/q where p and q are integers having no common factor except +1, i-e., p/q is in lowest terms. 
Squaring, we have p?/q* = 2 or p? = 2q’. Since 2q? is an even number, p? is even and hence p is even (if p were 
odd, p* would be odd); then p = 2k, where k is an integer. Thus p? = 2q? becomes (2k)* = 2q* or q? = 2k; hence 
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¢ is even and q is even. But if p and q are both even they would have a common factor 2, thus contradicting the 
assumption that they have no common factor except +1. Hence J2 is irrational. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


10.10 State which of the following are conditional equations and which are identities. 


(@) +3-—2—x)= 40-1 (f) &— 3)? + 3x49) = 23 - 27 
(b) Qy— 1+ Qy+ 1? = QyP +6 0 
() +75 =* 
(c) 2{x+4—3(2x — 1)} = 3(4-—3x) +2—x 4 12 
(d) (x + 2y)(x — 2y) — («— 2y)’ + 4y(2y — x) = 0 (h) @ -y + Quy =O? +y¥/P 
9x? — Ay? _ 
(e) ag 


10.11 Check each of the following equations for the indicated solution or solutions. 


(@ hay hys3 (© it+peor3 

(6) ° —3x=4;-1,-4 (f) y+ —Sy-5=0; +¥5, -1 

(c) /3x —2—J/x+2 =4; 34, 2 (g) 2° —2y =3y3x=4,y=2;x=1,y=-l 

(d) 8 — 6x2 + lx —6 =0; 1, 2,3 (h) (x+y? +(x — yy? = 202 + y?); any values of x, y 


10.12 Use the axioms of equality to solve each equation. Check the solutions obtained. 


(a) 5(x—4) =2%x4+ 1-7 (e) ane tte (h) /2x-—3+1=0 
2 

@) 2-2=2 (f) V3x-2=4 @) V+IP=16 

(c) 578-5 (g) /2x+1+5=0 (/) (x +1 + (2x — 1)? = 34 
xt+1l <x«-1 

roi eae 


10.13 In each of the following formulas, solve for the indicated letter. 


PiVv, _ P2V2_ 


(a) Tr rh To (d) P= vu + 2as; a 
28 m 
(b) t= [Fs (e) T= 2m/ k 
g k 
1 
(c) m = 5V/2a* + 2b* — c*; ¢ (f) $= Rat(n— Id]; d 


10.14 In each formula find the value of the indicated letter given the values of the other letters. 
(a) v=vo tat; find a if v = 20, vp = 30, t= 5. 
(b) S=F (ata): find d if S = 570, n = 20, a = 40. 
1 


1 1 
(c) ==-+-; find q if f= 30, p= 10. 
f Pp 4 


1 
(d) Fs= 5 mv’; find v if F = 100, s =5, m= 2.5. 


1 
e = ———_; find C to four decimal places if f = 1000, L= 4-10~°. 
(e) f NTs Pp f 
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10.15 Determine the degree of each equation in each of the indicated unknowns. 
(a) *—3x+2=0:x 
(b) x +xy4+ 3yt = 6: x; y; x and y 
(c) 2xy? — 3x?y? + 4xy = 2x3: x5 y; x and y 


(d) xytyz+az+2x=y*: x;y; z x and z; y and z; x, y, and z 


10.16 Determine whether each of the following is (or can be transformed into) an equation which is linear, quadratic, 
cubic, quartic or quintic in all of the unknowns present. 


(a) 2x4 +3x3-—x-5=0 (e) fer +y2?-l=xt+y 


2x+y 
(b) x—2y=4 (f) —==4 

x — 3y 
(c) 2x? +3xy+ y? = 10 (g) 3y? —4y +2 = 2%y — 3) 
(d) xy? —2xyz=44+y (h) (+ 1?°(z—-2) =0 


10.17 Is the equation /(x + 4)° = x + 4 an identity? Explain. 


10.18 Prove that /3 is irrational. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


10.10 (a) Conditional equation (d) Identity (g) Conditional equation 
(b) Conditional equation (e) Conditional equation (h) Identity 
(c) Identity (f) Identity 
10.11. (a) y=3 isa solution. (e) x = 3 is a solution. 
(b) x = —1 is a solution, x = —4 is not. (f) y= +5, —1 are all solutions. 
(c) x = 34 is a solution, x = 2 is not. (g) x=4,y=2;x=1,y 1 are solutions. 
(d) x = 1, 2, 3 are all solutions. (h) The equation is an identity; hence any values of x and y 


are solutions. 


10.12 (a) x=5 (c) y=1/2 (e) no solution (g) no solution @) y=3, -5 
(b) y=4 (d) x=3 (f) x=6 (h) x=1 (7) x= +2 
P2VoT\ 47m 
10.13 (a) Ty = PV, (c) c= +V2a24+2b7-—4m? (e) k= DB 
a) 
ee _v-% _ 2S —2an 
(b) s= 38 (d) a= om (f) = ane 


10.14 (a)a=-2 (b)d=17 ()q=-15 (Md) v= +20 (ec) C=0.0063 
10.15 (a3 (244 (©) 3.3.4 = (d) 1,4,2,3,4,4 


10.16 (a) quartic (c) quadratic (e) quadratic (g) quadratic 
(b) linear (d) quintic (f) linear (h) cubic 


10.17) J/(x+4 =x4+4 only ifx+4>0; (x +4) = -—(x44) ifx+4 <0. 


The given equation is not an identity. 


10.18 Assume /3 = p/q where p and q are integers having no common factor except +1. Squaring, we get p?/q? = 3 or 
p~ = 3q’. So p* is a multiple of 3 or p = 3k where k is an integer (if p = 3k +1 or p = 3k +42, then p? is not a 
multiple of 3). Thus p? = 3q* becomes (3k)? = 3q” and q* = 3k’. Since q? is a multiple of 3, g is a multiple of 
3. But if both p and g are multiples of 3, then they have a common factor of 3. This contradicts the assumption 
that they have no common factor except +1. Hence, J/3 is irrational. 


Ratio, Proportion, and Variation 


11.1 RATIO 


The ratio of two numbers a and b, written a: b, is the fraction a/b provided b # 0. 
Thus a:b =a/b,b 4 0. Ifa=b # 0, the ratio is 1:1 or 1/1 = 1. 


EXAMPLES 11.1. 


(1) The ratio of 4 to 6 = 4:6 = 7 = 5 

24 2/3 5 3y 5x 20x 
2) Sip SSS (. = > TUF=a 
Q) 35-4576 CP a = aya By 


11.2 PROPORTION 


A proportion is an equality of two ratios. Thus a:b = c:d, or a/b = c/d, is a proportion in which a and d are 


called the extremes and b and c the means, while d is called the fourth proportional to a, b, and c. 


In the proportion a:b =b:c, c is called the third proportional to a and b, and b is called a mean 


proportional between a and c. 


Proportions are equations and can be transformed using procedures for equations. Some of the transformed 


equations are used frequently and are called the laws of proportion. If a/b = c/d, then 


a b a—b 
(1) ad=hbc (3) 7 (5) ; = 
b ad a+b c+d a+b 
(2) =. (4) i; = a (6) a 


11.3 VARIATION 


c-d 
d 
c+d 


c—d 


In reading scientific material, it is common to find such statements as “The pressure of an enclosed gas varies 
directly as the temperature.” This and similar statements have precise mathematical meanings and they 
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represent a specific type of function called variation functions. The three general types of variation functions are 
direct, inverse, and joint. 


(1) If x varies directly as y, then x = ky or x/y = k, where k is called the constant of proportionality or the 
constant of variation. 

(2) If x varies directly as y*, then x = ky’. 

(3) If x varies inversely as y, then x = k/y. 

(4) If x varies inversely as y*, then x = k/y. 

(5) If-x varies jointly as y and z, then x = kyz. 

(6) If x varies directly as y* and inversely as z, then x = ky*/z. 


The constant k may be determined if one set of values of the variables is known. 


11.4 UNIT PRICE 


When shopping we find that many items are sold in different sizes. To compare the prices, we must compute the 
price per unit of measure for each size of the item. 


EXAMPLES 11.2. What is the unit price for each item? 


(a) 3 ounce jar of olives costing 87¢ 


x¢ Loz _ 87 
87¢ 302 3 


(b) 12 ounce box of cereal costing $1.32 


a loz 132 
132¢ 12 0z we 1D. 


EXAMPLES 11.3. What is the unit price for each item to the nearest tenth of a cent? 


(a) 6.5 ounce can of tuna costing $1.09 


x¢ 1 oz 109 
ala == 168 16: 
109¢ 6.502 65 . eee 


(b) 14 ounce can of salmon costing $1.95 


x¢ _ loz a 99% 13.9 
195¢ 1402 * 14 i ae 


11.5 BEST BUY 


To determine the best buy, we compare the unit price for each size of the item and the size with the lowest unit 
price is the best buy. In doing this, we make two assumptions — a larger size will not result in any waste and the 
buyer can afford the total price for each of the sizes of the item. The unit price is usually rounded to the nearest 
tenth of a cent when finding the best buy. 
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EXAMPLE 11.4. Which is the best buy on a bottle of vegetable oil when | gallon costs $5.99, | pint costs 89¢, and 24 
ounces costs $1.29? 


1 
ae a a= a2 = 4,7 4.7¢ per oz 
599¢ 128 0z 128 
b¢ 1 oz 89 
G00 eur b= ie 5.6 5.6¢ per oz 
c¢ _ loz ol oe A 5.4 
129¢ 24 0z ae) i ee aa 


The best buy is one gallon of vegetable oil for $5.99. 


SOLVED PROBLEMS 


Ratio and Proportion 


11.1. Express each of the following ratios as a simplified fraction. 


9% 3 2 
(a) 96:128 = =F (b) 


2.3_2/3_8 

3°4° 3/4 9 

_wory yo-yo 
(x-yy 


2 
© 4 ) 
(c) xe: eys a2 

xy x 


(d) (@y’ — xy): — yl? 


Q—xP  y-% 
11.2 Find the ratio of each of the following quantities. 


(a) 6 pounds to 12 ounces. 
It is customary to express the quantities in the same units. 
Then the ratio of 96 ounces to 12 ounces is 96:12 = 8:1. 


(b) 3 quarts to 2 gallons. 
The required ratio is 3 quarts to 8 quarts or 3: 8. 


(c) 3 square yards to 6 square feet. 
Since 1 square yard = 9 square feet, the required ratio is 27 ft”: 6 ft? = 9:2. 


11.3 In each of the following proportions determine the value of x. 


3-x 2 1 
—x):0 Hh =221 == do x=. 
(a) (3—x):@+1) ‘ oft oS ee 
= 
(b) («+ 3):10 = Gx —2):8, a and x=2. 
x-1l 2x-4 2 


(c) @-1):@4+)D=2x-4):0@4+4), eed yaa” x —5x=0, 


x(x—5)=0O and x=0,5. 


11.4 Find the fourth proportional to each of the following sets of numbers. In each case let x be the fourth 
proportional. 


(a) 2, 3, 6. Here 2:3 = 6: x, = 
(b) 4,—5,10. Here4: -5=10:x and x=—-—. 


(c) a’, ab, 2. Here a? :ab=2:x, a@x=2ab and x=—. 
a 
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11.6 


11.8 


11.10 


11.11 
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Find the third proportional to each of the following pairs of numbers. In each case let x be the third 
proportional. 


(a) 2, 3. Here 2:3=3:x and x=9/2. 
32 


(b) 5 Here -2: 55 c and x= 9° 


3 
Find the mean proportional between 2 and 8. 


SOLUTION 


Let x be the required mean proportional. Then 2:x = x:8, x7 = 16 and x = +4. 


A line segment 30 inches long is divided into two parts whose lengths have the ratio 2:3. Find the 
lengths of the parts. 


SOLUTION 
Let the required lengths be x and 30 — x. Then 


Bic” nd ei. Ate 184a: 
He 3 


Two brothers are respectively 5 and 8 years old. In how many years (x) will the ratio of their ages 
be 3:4? 
SOLUTION 


In x years their respective ages will be 5+ x and 8 + x. 
Then (5 + x):(8 +x) = 3:4, 4(5 + x) = 3(8 + x), and x = 4. 


Divide 253 into four parts proportional to 2, 5, 7, 9. 


SOLUTION 


Let the four parts be 2k, 5k, 7k, 9k. 
Then 2k + 5k+ 7k + 9k = 253 and k = 11. Thus the four parts are 22, 55, 77, 99. 


If x:y:z=2:—5:4 and x — 3y+z= 63, find x, y, z. 


SOLUTION 


Let x = 2k, y = —5k, z= 4k. 
Substitute these values in x — 3y + z = 63 and obtain 2k — 3(—5k) + 4k = 63 or k= 3. 
Hence x = 2k = 6, y 5k 15,z=4k = 12. 


Variation 
For each of the following statements write an equation, employing k as the constant of proportionality. 
(a) The circumference C of a circle varies as its diameter d. Ans. C = kd 


(b) The period of vibration T of a simple pendulum at a given place is proportional to the square root 
of its length J. Ans. T = kv/1 
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11.12 


11.13 


11.14 


(c) The rate of emission of radiant energy FE per unit area of a perfect radiator is proportional to the 
fourth power of its absolute temperature 7. Ans. E = kT* 


(d) The heat H in calories developed in a conductor of resistance R ohms when using a current of J 
amperes, varies jointly as the square of the current, the resistance of the conductor, and the time 
t during which the conductor draws the current. Ans. H = kI?Rt 


(e) The intensity 7 of a sound wave varies jointly as the square of its frequency n, the square of its 
amplitude r, the speed of sound v, and the density d of the undisturbed medium. Ans. I = kn*r?vd 


(f) The force of attraction F between two masses m, and m3 varies directly as the product of the masses 
and inversely as the square of the distance r between them. Ans. F = kmjm)/r? 


(g) At constant temperature, the volume V of a given mass of an ideal gas varies inversely as the 
pressure p to which it is subjected. Ans. V= k/p 


(h) An unbalanced force F acting on a body produces in it an acceleration a which is directly pro- 
portional to the force and inversely proportional to the mass m of the body. Ans. a = kF/m 


The kinetic energy E of a body is proportional to its weight W and to the square of its velocity v. An 8 Ib 
body moving at 4 ft/sec has 2 ft-lb of kinetic energy. Find the kinetic energy of a 3 ton (6000 Ib) truck 
speeding at 60 mi/hr (88 ft/sec). 


SOLUTION 


E 2 1 
To find k:E= kWv" or 


k = y =—_, 
Wr? 8(42) 64 

We _ 6000(88)" 

64 —sO64 


Thus the kinetic energy of the truck is E = = 726 000 ft-lb. 


The pressure p of a given mass of ideal gas varies inversely as the volume V and directly as the absolute 
temperature 7. To what pressure must 100 cubic feet of helium at 1 atmosphere pressure and 253° temp- 
erature be subjected to be compressed to 50 cubic feet when the temperature is 313°? 


SOLUTION 
ery i _ pV _ 1(100) _ 100 
To find k:p =k— or k= T = 953 = 953° 


100T 100 (3 


Thus the required pressure is p = 


= = 2.47 atmospheres. 
253V 253 =a) sad aa 


Another method: Let the subscripts 1 and 2 refer to the initial and final conditions of the gas, respectively. 


Then k 


_ PiVi _ p2V2 PiVi — p2Vr 1(100) _ p2(50) 
~ Ty Ty’ T, Tr’ 253.3313 


and P2 = 2.47 atm. 


If 8 men take 12 days to assemble 16 machines, how many days will it take 15 men to assemble 50 
machines? 


SOLUTION 


The number of days (x) varies directly as the number of machines (y) and inversely as the number of men (z). 


where k=— =6. 


Then ga2 xz _ 128) _ 
Zz y 16 


6 
Hence the required number of days is x = oy = -™ = 20 days. 
Zz 
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Unit Price and Best Buy 
11.15 What is the unit price for 12 oranges costing 99¢? 
SOLUTION 


x¢ | orange pases as 
99¢ «12 oranges ae 2°. .29¢ per orange 


11.16 What is the unit price for trash bags when 20 bags cost $2.50? 


SOLUTION 


i =70 125  12.5¢ per b 
250¢ 20bags ~ 20. ~~ a 


11.17 Which is the best buy when 7 cans of soup cost $2.25 and 3 cans of soup cost 95¢? 


SOLUTION 
a¢ 1 can 225 
= =— = 32.1 Qik 
225¢ 7 cans . a aca 
b¢ 1 can 95 
— = b=—=31.7 31.7 
95¢ 3cans 3 : laa 


The best buy is 3 cans of soup costing 95¢. 


11.18 Which is the best buy when a 3 ounce package of cream cheese costs 43¢ and an 8 ounce package of 
cream cheese costs 87¢? 


SOLUTION 
a¢ 1 oz 43 
7 Se 14, 
Ge 3 ee a 3 3 3¢ per oz 
BE er p= 2100 10.9 
87¢ Boz ee alla 


The best buy is the 8 ounce package of cream cheese costing 87¢. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 
11.19 Express each ratio as a simplified fraction. 
(a) 40:64 (b) 4/5:8/3 (c) x7y3:3xyt  (d) (b+ ab?) : (7b? +.a3b*) 


11.20 Find the ratio of the following quantities. 
(a) 20 yards to 40 feet (c) 2 square feet to 96 square inches 
(b) 8 pints to 5 quarts (d) 6 gallons to 30 pints 

11.21 In each proportion determine the value of x. 


(a) (x +3):(¢—2) = 3:2 (c) (@+1):4= (4+ 6): 2x 
(b) (x +4):1=(2—x):2 (d) (2x +1):(¢ +1) = 5x:(4 +4) 
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11.22 


11.23 


11.24 


11.25 


11.26 


11.27 


11.28 


11.29 


11.30 


11.31 


11.32 


11.33 


11.34 


Find the fourth proportional to each set of numbers. 


(a) 3,4, 12 (b) —2,5,6 (c) a, b,c (d) m+2,m— 2,3 


Find the third proportional to each pair of numbers. 


(a) 3,5 (b) -2,4 (c) a,b (d) ab, Jab 


Find the mean proportional between each pair of numbers. 


(a) 3,27. =(b) -4,-8 ~=(c) 3V2. and 6/2 = (d) m+2 and m+1 
If a+y):@—y)=5:2, find x:y. 
Two numbers have the ratio 3 : 4. If 4 is added to each of the numbers the resulting ratio is 4:5. Find the numbers. 


A line segment of length 120 inches is divided into three parts whose lengths are proportional to 3, 4, 5. Find the 
lengths of the parts. 


Ifx:y:z=4:—3:2 and 2x + 4y — 3z = 20, find x, y, z. 


(a) If x varies directly as y and if x = 8 when y = 5, find y when x = 20. 
(b) If x varies directly as y* and if x = 4 when y = 3, find x when y = 6. 


(c) If x varies inversely as y and if x = 8 when y = 3, find y when x = 2. 


The distance covered by an object falling freely from rest varies directly as the square of the time of falling. If an 
object falls 144 ft in 3 sec, how far will it fall in 10 sec? 


The force of wind on a sail varies jointly as the area of the sail and the square of the wind velocity. On a square foot 
of sail the force is 1 lb when the wind velocity is 15 mi/hr. Find the force of a 45 mi/hr wind on a sail of area 
20 square yards. 


If 2 men can plow 6 acres of land in 4 hours, how many men are needed to plow 18 acres in 8 hours? 


What is the unit price to the nearest tenth of a cent for each item? 


(a) 1.36 liter can of fruit punch costing $1.09 
(b) 283 gram jar of jelly costing 79¢ 

(c) 10.4 ounce jar of face cream costing $3.73 
(d) 1 dozen cans of peas costing $4.20 

(e) 25 pounds of grass seed costing $27.75 
(f) 3 doughnuts costing 49¢ 


Which is the best buy? 
(a) 100 aspirin tablets for $1.75 or 200 aspirin tablets for $2.69 


(b) a 6 ounce jar of peanut butter for 85¢ or a 12 ounce jar of peanut butter for $1.59 

(c) a 14 ounce bottle of mouthwash for $1.15 or a 20 ounce bottle of mouthwash for $1.69 

(d) a9 ounce jar of mustard for 35¢ or a 24 ounce jar of mustard for 89¢ 

(e) a 454 gram box of crackers for $1.05 or a 340 gram box of crackers for 93¢ 

(f) a 0.94 liter bottle of fabric softener for 99¢ or a 2.76 liter bottle of fabric softener for $2.65 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


11.19 


11.20 


(a) 5/8 (b) 3/10 (c) x/3y (d) 1/ab 
(a) 3:2 (b) 4:5 (c) 3:1 (@ 8:5 
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11.21 (a) 12 (b) -2 (©) 4,-3 (@) 2, -2/3 

11.22 (a) 16 (b) -15 (c) be/a (d) 3(m—2)/(m +2) 
11.23 (a) 25/3 (b) -8 (c) b’?/a (d) 1 

11.24 (a) +9 (b) +4V2 (©) £6 (d) Vm? +3m+2 
11.25 7/3 

11.26 12, 16 

11.27 30, 40, 50 in. 

11.28 —8, 6, —4 

11.29 (a) 124 (b) 16 (c) 12 

11.30 1600 ft 


11.31 16201b 


11.32 3 men 
11.33. (a) 80.1¢ per liter (c) 35.9¢ per ounce (e) 111¢ per pound 
(b) 0.3¢ per gram (d) 35¢ per can (f) 16.3¢ per doughnut 
11.34 (a) 200 aspirins for $2.69 (c) 14 ounce bottle for $1.15 (e) 454 gram box for $1.05 


(b) 12 ounce jar for $1.59 (d) 24 ounce jar for 89¢ (f) 2.76 liter bottle for $2.65 


Functions and Graphs 


12.1 VARIABLES 


A variable is a symbol which may assume any one of a set of values during a discussion. A constant is a symbol 
which stands for only one particular value during the discussion. 

Letters at the end of the alphabet, such as x, y, z, u, v, and w, are usually employed to represent variables, 
and letters at the beginning of the alphabet, such as a, b, and c, are used as constants. 


12.2) RELATIONS 


A relation is a set of ordered pairs. The relation may be specified by an equation, a rule, or a table. The set of the 
first components of the ordered pairs is called the domain of the relation. The set of the second components is 
called the range of the relation. In this chapter, we shall consider only relations that have sets of real numbers for 
their domain and range. 


EXAMPLE 12.1. What is the domain and range of the relation {(1, 3), (2, 6), (3, 9), (4, 12)}? 


domain = {1,2,3,4} range = {3,6,9, 12} 


12.3. FUNCTIONS 


A function is a relation such that each element in the domain is paired with exactly one element in the range. 


EXAMPLES 12.2. Which relations are functions? 
(a) {(1, 2), (2,3), (3,4), (4, 5)} 

function — each first element is paired with exactly one second element 
(b) {(1, 2), 1, 3), (2, 8), (3,9) 

not a function — | is paired with 2 and with 3 


(c) {C1 3), (2,3), (4,3), (9, 3) 
function — each first element is paired with exactly one second element 


Often functions and relations are stated as equations. When the domain is not stated, we determine the 
largest subset of the real numbers for which the equation is defined, and that is the domain. Once the 
domain has been determined, we determine the range by finding the value of the equation for each value of 
the domain. The variable associated with the domain is called an independent variable and the variable 
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associated with the range is called the dependent variable. In equations with the variables x and y, we generally 
assume that x is the independent variable and that y is the dependent variable. 


EXAMPLE 12.3. What is the domain and range of y = x* + 2? 

The domain is the set of all real numbers since the square of each real number is a real number and that a real number 
plus 2 is still a real number. Domain = {all real numbers} 

The range is the set of all real numbers greater than or equal to 2 since the square of a real number is at least zero and 
when you add 2 to each value we have the real numbers that are at least 2. Range = {all real numbers >2} 


EXAMPLE 12.4. What is the domain and range of y = 1/(x — 3)? 

The equation is not defined when x = 3, so the domain is the set of all real numbers not equal to 3. Domain = {real 
numbers # 3} 

A fraction can be zero only when the numerator can be zero. Since the numerator of this fraction is always 1, 
the fraction can never equal zero. Thus, the range is the set of all real numbers not equal to 0. Range = {real 
numbers # O}. 


12.4 FUNCTION NOTATION 


The notation y = f(x), read “y equals f of x,” is used to designate that y is a function of x. With this notation 
f(a) represents the value of the dependent variable y when x = a (provided that there is a value). 

Thus y = x7 —5x+2 may be written f(x) = x — 5x42. Then f(2), i.e., the value of f(x) or y when x = 2, 
is f(2) = 2? — 5(2) +. 2 = —4. Similarly, f(—1) = (—1)* — 5(-1) +2 = 8. 

Any letter may be used in the function notation; thus g(x), h(x), F(x), etc., may represent functions of x. 


12.5 RECTANGULAR COORDINATE SYSTEM 


A rectangular coordinate system is used to give a picture of the relationship between two variables. 
Consider two mutually perpendicular lines X’X and Y’Y intersecting in the point O, as shown in 
Fig. 12-1. 


y 
I 4+ I 
Fale 

2-pan---=---- :P(3, 2) 


-5 -4 -3 | pal 

at 

Q(-2, -3)!------+-3 
Ul “ IV 

y' 

Fig. 12-1 


The line X’ X, called the x axis, is usually horizontal. 
The line Y’ Y, called the y axis, is usually vertical. 
The point O is called the origin. 
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Using a convenient unit of length, lay off points on the x axis at successive units to the right and left of the 
origin O, labeling those points to the right 1,2,3,4,... and those to the left —1,—2,—3,—4,.... Here we have 
arbitrarily chosen OX to be the positive direction; this is customary but not necessary. 

Do the same on the y axis, choosing OY as the positive direction. It is customary (but not necessary) to use 
the same unit of length on both axes. 

The x and y axes divide the plane into 4 parts known as quadrants, which are labeled I, I, UI, IV as in 
Fig. 12-1. 

Given a point P in this xy plane, drop perpendiculars from P to the x and y axes. The values of x and y at the 
points where these perpendiculars meet the x and y axes determine respectively the x coordinate (or abscissa) of 
the point and the y coordinate (or ordinate) of the point P. These coordinates are indicated by the symbol (x, y). 

Conversely, given the coordinates of a point, we may locate or plot the point in the xy plane. 

For example, the point P in Fig. 12-1 has coordinates (3, 2); the point having coordinates (—2, —3) is Q. 

The graph of a function y = f(x) is the set of all points (x, y) satisfied by the equation y = f(x). 


12.6 FUNCTION OF TWO VARIABLES 


The variable z is said to be a function of the variables x and y if there exists a relation such that to each pair of 
values of x and y there corresponds one or more values of z. Here x and y are independent variables and z is the 
dependent variable. 

The function notation used in this case is z = f(x, y): read “z equals f of x and y.” Then f(a, b) denotes the 
value of z when x = a and y = D, provided the function is defined for these values. 

Thus if f(x, y) = x? + xy’ — 2x, then f(2, 3) = 27+ 2-3?-2-3=20. 

In like manner we may define functions of more than two independent variables. 


12.7 SYMMETRY 


When the left half of a graph is a mirror image of the right half, we say the graph is symmetric with respect to 
the y axis (see Fig. 12-2). This symmetry occurs because for any x value, both x and —x result in the same y 
value, that is f(x) = f(—x). The equation may or may not be a function for y in terms of x. 

Some graphs have a bottom half that is the mirror image of the top half, and we say these graphs 
are symmetric with respect to the x axis. Symmetry with respect to the x axis results when for each y, both y 
and —y result in the same x value (see Fig. 12-3). In these cases, you do not have a function for y in 
terms of x. 

If substituting for —x for x and —y for y in an equation yields an equivalent equation, we say the graph is 
symmetric with respect to the origin (see Fig. 12-4). These equations represent relations that are not always 
functions. 


Fig. 12-2 Fig. 12-3 Fig. 12-4 
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Symmetry can be used to make sketching the graphs of relations and functions easier. Once the type of 
symmetry, if any, and the shape of half of the graph have been determined, the other half of the graph can 
be drawn by using this symmetry. Most graphs are not symmetric with respect to the y axis, x axis, or the 
origin. However, many frequently used graphs do display one of these symmetries and using that symmetry 
in graphing the relation simplifies the graphing process. 


EXAMPLE 12.5. Test the relation y = 1/x for symmetry. 


Substituting —x for x, we get y = —1/x, so the graph is not symmetric with respect to the y axis. 
Substituting —y for y, we get —y = 1/x, so the graph is not symmetric with respect to the x axis. 
Substituting —x for x and —y for y, we get —y = —1/x which is equivalent to y = 1/x, so the graph is symmetric with 


respect to the origin. 


12.8 SHIFTS 


The graph of y = f(x) is shifted upward by adding a positive constant to each y value in the graph. It is shifted 
downward by adding a negative constant to each y value in the graph of y = f(x). Thus, the graph of y= f(x) +b 
differs from the graph of y = f(x) by a vertical shift of |b| units. The shift is up if b > O and the shift is down 
ifb<0. 


EXAMPLES 12.6. How do the graphs of y = x? + 2 and y = x* — 3 differ from the graph of y = x7? 
The graph of y = x’ is shifted up 2 units to yield the graph of y = x? + 2 (see Figs. 12-5(a) and (b)). 
The graph of y = x’ is shifted 3 units down to yield the graph of y = x* — 3 (see Figs. 12-5(a) and (c)). 


(a) y= x? (b) y= x? +2 (c) y=x?~3 


Fig. 12-5 


The graph of y = f(x) is shifted to the right when a positive number is subtracted from each x value. It is 
shifted to the left if a negative number is subtracted from each x value. Thus, the graph of y = f(x — a) differs 
from the graph of y = f(x) by a horizontal shift of || units. The shift is to the right if a > 0 and the shift is to the 
left ifa <0. 


EXAMPLES 12.7. How do the graphs of y = (x + 1)” and y = (x — 2)° differ from the graph of y = x°? 
The graph of y =x’ is shifted 1 unit to the left to yield the graph of y= (x+1)* since x + 1 =x —(—1) (see 
Figs. 12-6(a) and (b)). 
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The graph of y = x? is shifted 2 units to the right to yield the graph of y = (x — 2)? (see Figs. 12-6(a) and (c)). 


(a) y=x? (b) y = (x +1)? (c) y=(%-2) 
Fig. 12-6 
12.9 SCALING 


If each y value is multiplied by a positive number greater than |, the rate of change in y is increased from the rate 
of change in y values for y = f(x). However, if each y value is multiplied by a positive number between 0 and 1, 
the rate of change in y values is decreased from the rate of change in y values for y = f(x). Thus, the graph of 
y = cf(x), where c is a positive number, differs from the graph of y = f(x) by the rate of increase in y. Ifc > 1 
the rate of change in y is increased and if 0 < c < | the rate of change in y is decreased. 

The graph of y = f(x) is reflected across the x axis when each y value is multiplied by a negative number. 
So the graph of y = cf(x), where c < 0, is the reflection of y =|c| f(x) across the x axis. 


EXAMPLES 12.8. How do the graphs of y = —|x|, y = 3|x|, and y = 1/2|x| differ from the graph of y =|x|? 

The graph of y = |x| is reflected across the x axis to yield y = —|x| (see Figs. 12-7(a) and (b)). 

The graph of y = |x| has the y value multiplied by 3 for each x value to yield the graph of y = 3|x| (see Figs. 12-7(a) 
and (c)). 

The graph of y =|x| has the y value multiplied by 1/2 for each x value to yield the graph of y = 1/2|x| (see Figs. 
12-7(a) and (d)). 


12.10 USING A GRAPHING CALCULATOR 


In discussing graphing calculators the information given will be general, but a Texas Instruments TI-84 graph- 
ing calculator was used to verify the general procedures. Most graphing calculators operate in a somewhat 
similar manner to one another, but you need to use the instruction manual for your calculator to see how to 
do these operations for that particular make and model of graphing calculator. 

A graphing calculator allows you to graph functions easily. The key to graphing is setting the graphing 
window appropriately. To do this, you need to use the domain of the function to set the maximum and 
minimum x values and the range to set the maximum and minimum y values. When the domain or range is 
a large interval, it may be necessary to use the scale for x or y to make the graph smaller, increasing the 
size of the units along either or both axes. Occasionally, it may be necessary to view the graph in parts of 
its domain or range to see how the graph actually looks. 

To compare the graphs of y = x”, y = x” + 2, and y = x? — 3 ona graphing calculator, you enter each func- 
tion in the y = menu. Let y; = x, yo =x? +2, and y; = x7 — 3. Turn off the functions y. and y3 and set the 
graphing window at the standard setting. When you press the graph key, you will see a graph as shown in 
Fig. 12-5(a). Turn off the function y; and turn on the function yz, then press the graph key. The graph displayed 
will be Fig. 12-5(b). Now turn off function yz and turn on function y3. Press the graph key and you will see 
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Fig. 12-5(c). When you turn on functions y;, y2, and y3 and press the graph key and you will see all three func- 
tions graphed on the same set of axes (see Fig. 12-8). The graph of yx = x* +2 is 2 units above the graph of 
y, =x’, while the graph of y3 = x* — 3 is 3 units below the graph of y,. 


YA YA 
10+ 10+ 
8 8 
6+ 6+ 


-6-+ -6-+ 
-8 -8 
sol a 
(c) y = 3ixl (d) y =41xl 
Fig. 12-7 


In a similar fashion, you can compare the graph of y,; = f(x) and y2 = f(x) + b for any function f(x). Notice 
that when b > 0, the graph of y2 is b units above the graph of y;. When b < 0, the graph of y2 is | b| units below 
the graph of y;. 

Consider the graphs of y = x*, y = (x + 1)”, and y = (x — 2)”. To compare these graphs using a calculator, 
we need to set yj = x*, yx = (x + 1)’, and y3 = (x — 2)”. Using the standard window and graphing all three 
functions at once, we see that y, = (x + 1)” is | unit to the left of the graph of y, = x’. Also, the graph of y3 = 
(x — 2)° is 2 units to the right of the graph of y; (see Fig. 12-9). 

In general, to compare the graphs of y; = f(x) and y2 = f(x — a) for all functions f(x), we note that the 
graph of y2 = f(x — a) is a units to the right of yj = f(x) when a > 0. When a < 0, the graph of yo is |a| 
units to the left of y,. 
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Fig. 12-9 


EXAMPLE 12.9. Graph x7 + y? = 9. 
To graph x? + y* = 9 on a calculator, we first solve the equation for y and get y= +J/9 — x2. We let y) = +V9 — x? 


and y. = —/9 — x? and graph them on the same set of axes. If we use the standard window, we get a distorted view of this 
graph because the scale on the y axis is not equal to the scale on the x axis. By multiplying by a factor of 0.67 (for the TI-84), 
we can adjust the y interval and get a more accurate view of the graph. Thus using the domain [—10, 10] and a range of 
[—6.7, 6.7], we get the graph of a circle (see Fig. 12-10). 


wn 


Fig. 12-10 
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SOLVED PROBLEMS 


12.1 


12.3 


Express the area A of a square as a function of its (a) side x, (b) perimeter P, and (c) diagonal D (see 
Fig. 12-11). 


SOLUTION 
(a) A= xX? 


P P\? Pp? 
(b) P=4xorx=—.ThnA=x =(-) orA=—. 
4 4 16 
D D\? D 
(c) D=VP4+x22=%x Boe x=. Then =2 = (5) or A=—. 
V2 J2 2 


Express the (a) area A, (b) perimeter P, and (c) diagonal D of a rectangle as a function of its sides x and y. 
Refer to Fig. 12-12. 


SOLUTION 
(a) A=xy, (b) P=2x+ 2y, (c) D=/x+y? 


Fig. 12-12 Fig. 12-13 


Express the (a) altitude h and (b) area A of an equilateral triangle as a function of its side s. Refer to 
Fig. 12-13. 


SOLUTION 


2 2 
(a) h=,|s? (5) = Peat @ aatis=3(2).=22 
2 4 2 2 2D 4 
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12.4 The surface area S and volume V of a sphere of radius r are given by S = 4ar* and V=4ar 


3 TK. 
Express (a) r as a function of S and also as a function of V, (b) V as a function of S, and (c) S as a 
function of V. 


SOLUTION 


(a) From S = 4a? obtain 


From V = 4 mr obtain 


(b) Set 


inV= 4 ar and obtain 


(c) Set 


in S = 47? and obtain 


12.5. Giveny= 3x2 — 4x + 1, find the values of y corresponding to x = —2, —1, 0, 1, 2. 


12.6 


SOLUTION 


For x=-2, y=3(—2)—4(-2)+1=21; for x=-l, y=3(—1)—4(-1)+1=8; for x=0, 
y = 300 —400) +1 =1; for x=1, y=3(1)?-—40)+1=0; for x=2, y= 3(2)? —4(2)+1=5. These 
values of x and y are conveniently listed in the following table. 


x =2 = 0 1 2 


Extend the table of values in Problem 12.5 by finding the values of y corresponding to 
*= =3/2, =1/2, 1/2, 3/2. 


SOLUTION 


For x = —3/2, y = 3(—3/2)° — 4(—3/2) + 1 = 13 :; etc. The following table of values summarizes the results. 
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12.7 


12.8 


12.9 
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State the domain and range for each relation. 
@)y=3-x% (b)y=P41 }y=vxt2 WDMy=%% 
SOLUTION 
(a) Domain = {all real numbers} Since every real number can be squared, 3 — x is defined for all real numbers. 
Range = {all real numbers < 3} Since x? is non-negative for all real numbers, 3 — x” does not exceed 3. 
(b) Domain = {all real numbers} Since every real number can be cubed, x* + 1 is defined for all real numbers. 
Range = {all real numbers} Since x? yields all real numbers, x° + 1 also yields all real numbers. 
(c) Domain = {all real numbers > —2} Since the square root yields real numbers only for non-negative real 
numbers, x must be at least —2. 
Range = {all real numbers > 0} Since we want the principal square root, the values will be non-negative 
numbers. 
(d) Domain = {all real numbers} Since the cube root yields a real number for all real numbers, x can be any real 
number. 
Range = {all real numbers} Since any real number can be the cube root of a real number, we get all real 
numbers. 
In which of these equations is y a function of x? 
(a) y=3x3 (c) xy=1 (e) y= VA 4x 
(b) y =x (d)y=2e+5  (f) ~ =8x 
SOLUTION 
(a) Function For each value of x, 3x* yields exactly one value. 
(b) Not a function For x = 4, y can be 2 or —2. 
(c) Function y = 1/x. For every non-zero real number 1/x yields exactly one value. 
(d) Function For each value of x, 2x+ 5 yields exactly one value. 
(e) Function For each value of x > 0, V4x yields the principal square root. 
(f) Function For each real number, 8x is a real number and every real number has exactly one real 
cube root. 
If f(x) = x° — 5x — 2, find f(—2), f(—3/2), f(—1), FO), FA), FQ). 
SOLUTION 
f(—2) = (-2)° — 5(-2) -2 =0 f() = 0 —5(0)—2 = -2 
f(—3/2) = (—3/2)° — 5(—3/2) —2 = 17/8 f@) =P -50)-2=-6 
f(-1) = (-1) - 5(-1) -2 =2 fQ)=2 -—5@)-2=—4 


We may arrange these values in a table. 


x Fas 1 0 1 2 
f@) | oO | 17/8| 2 =2 | =6 | <a 


p+ 2t 


12.10 If F(t) =, find F(—2), F(x), F(—). 
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12.11 


12.12 


12.13 


12.14 


SOLUTION 
3 
F( 2) = § 2y + 2( 2) 8 i 
—2-1 —3 
3 
ee + 2x 
x—1 
3 3 3 
F( ja xy + 2( x) x 2x x + 2x 


—x-1 —x-1 x41 
Given R(x) = (3x — 1)/(4x + 2), find 


x+2 h , 


SOLUTION 


3 -—1 1 2x —5 
) x+2 x+2 2x —5 
x+2 7 


(a) n(S 
x+2 


Rwth)—R 1 1/3@+h)-1 3x-1 
() at = FR + y= RU) = 7 (GET 3) 
1 (BG +A) = 14x + 2] — Bx — 4G +h) +27) _ 5 
~ i( [4(x + h) + 2][4x + 2] ) ~ 2(2x + 2h + 1)(2x + 1) 


3x—-1 1 
7) = 4x+2 _sx-5 _ x-1 


4x+2})  (3x—1 ~ 20x 4x 
4 2 
(=)+ 


(c) RIR@]=R ( 


If F(x, y) = x3 — 3xy+ y’, find 


(a) FQ2,3), (b) F(-3,0), (¢ Peet F@» 


k 


SOLUTION 


(a) F(2, 3) = 2? — 3(2)(3)+3* =—-1 

(b) F(—3, 0) = (—3)° — 3(—3)(0) + 0? = —27 

(c) Fart Fey) _ B-3x9+ H+ +h? — 2 -3xy4+y] | 
k ~ k ~ 


3x+2y+k 


Plot the following points on a rectangular coordinate system: (2, 1), (4, 3), (—2, 4), (—4, 2), (—4, —2), 


SOLUTION 
See Fig. 12-14. 


Given y = 2x — 1, obtain the values of y corresponding to x = —3, —2, — 1,0, 1, 2, 3 and plot the points 
(x, y) thus obtained. 
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SS 
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y 
5 
(-2, 4)e 4 
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Fig. 12-14 Fig. 12-15 Fig. 12-16 
SOLUTION 


The following table lists the values of y corresponding to the given values of x. 


x == 32 ad 0 1 2 3 


y 7 5 3 1 1 3 5 


The points (—3, —7), (— 2, —5), (—1, —3), (0, —1), C, 1), (2, 3), (3,5) are plotted, as shown in Fig. 12-15. 

Note that all points satisfying y = 2x — 1 lie on a straight line. In general the graph of y = ax + b, where a and 
b are constants, is a straight line; hence y = ax + b or f(x) = ax + b is called a linear function. Since two points 
determine a straight line, only two points need be plotted and the line drawn connecting them. 


Obtain the graph of the function defined by y = x? — 2x — 8 or f(x) = x7 — 2x — 8. 


SOLUTION 


The following table gives the values of y or f(x) for various values of x. 


x 4 3 2 1] 0 1 a 3 4 5 6 
yorf(x) | 16 | 7 0 5 8 9 8 5 | 0 7 16 


Thus the following points lie on the graph: (—4, 16), (—3, 7), (—2,0), (—1, —5), ete. 

In plotting these points it is convenient to use different scales on the x and y axes, as shown in Fig. 12-16. The 
points marked x were added to those already obtained in order to get a more accurate picture. 

The curve thus obtained is called a parabola. The lowest point P, called a minimum point, is the vertex of the 
parabola. 


Graph the function defined by y = 3 — 2x — x”. 


SOLUTION 


CHAPTER 12 Functions and Graphs 101 


The curve obtained is a parabola, as shown in Fig. 12-17. The point Q(—1, 4), the vertex of the parabola, is a 
maximum point. In general, y = ax? -+bx+c represents a parabola whose vertex is either a maximum or 
minimum point depending on whether a is — or +, respectively. The function f(x) = ax* + bx + c is sometimes 
called a quadratic function. 


12.17 Obtain the graph of y = x° + 2x7 — 7x — 3. 


SOLUTION 


x 4 3 2 1 0 1 2 3 


y =] 9 11 5 =3 =7 =] 21 


The graph is shown in Fig. 12-18. Points marked x are not listed in the table; they were added in order to improve 
the accuracy of the graph. 

Point A is called a relative maximum point; it is not the highest point on the entire curve, but points on either 
side are lower. Point B is called a relative minimum point. The calculus enables us to determine such relative 
maximum and minimum points. 


<< 
fofdp bee 


HHH HE Phy 


Fig. 12-17 Fig. 12-18 


12.18 Obtain the graph of x* + y? = 36. 


SOLUTION 


We may write y? = 36 — x? or y = +36 — x2. Note that x must have a value between —6 and +6 if y is to be a 
real number. 


x 6 5 4 3 2 1 0 1 2 3 4 5 6 


y (0) +/S11 | +/20 | £727 | +732 | +735 | +6] +735 | £732 | +727 | 4/20] +V11 | 0 


The points to be plotted are (—6, 0), (—5, 11), (—5, —V11), (—4, 20), (—4,-/20), ete. 
Figure 12-19 shows the graph, a circle of radius 6. 


In general, the graph of xe y? =a 


is a circle with center at the origin and radius a. 
It should be noted that if the units had not been taken as the same on the x and y axes, the graph would not 


have looked like a circle. 
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O| 


Fig. 12-19 


12.19 Determine whether the graph is symmetric with respect to the y axis, the x axis, the origin, or none of these. 


(a) y= 4x (c) xy =1 (e:) y=x? 
Brt+y=8 @rz=yYtl Ny=avx 


SOLUTION 

(a) Origin Since —y = 4(—x) is equivalent to y = 4x. 

(b) y axis Since (—x)? + y* = 8 is equivalent to x* + y? = 8. 
X axis Since x? + (-y) = 8 is equivalent to e+ y = 8. 
Origin Since (—x)? + (—y)? = 8 is equivalent to x? + y? = 8. 

(c) x axis Since x(—y)* = 1 is equivalent to xy* = 1. 

(d) x axis Since x = (—yy + 1 is equivalent to x = y +1. 

(e) Origin Since (—y) = (—x)? is equivalent to y = x°. 

(f) None 


12.20 Use the graph of y = x° to graph y = x° + 1. 


SOLUTION 


The graph of y = x° is shown in Fig. 12-20. The graph of y = x° + 1 is the graph of y = x°1 unit up and is shown in 
Fig. 12-21. 
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12.21 Use the graph of y = |x| to graph y = |x + 2]. 


12.22 


12.23 


SOLUTION 

The graph of y = |x| is shown in Fig. 12-22. The graph of y = |x + 2| is the graph of y = |x| shifted 2 units to the 
left, since |x + 2| = |x — (—2)| and is shown in Fig. 12-23. 

Use the graph of y = x” to graph y = —x?. 

SOLUTION 


The graph of y = x* is shown in Fig. 12-24. The graph of y = —x? is the graph of y = x? reflected across the x axis 
and is shown in Fig. 12-25. 


ao ew SO, eee (oT 
> 
tio Sree a 


A man has 40 ft of wire fencing with which to form a rectangular garden. The fencing is to be used only 


on three sides of the garden, his house providing the fourth side. Determine the maximum area which 
can be enclosed. 


SOLUTION 


Let x = length of each of two of the fenced sides of the rectangle; then 40 — 2x = length of the third fenced side. 
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The area A of the garden is A = x(40 — 2x) = 40x — 2x”. We wish to find the maximum value of A. A table of 
values and the graph of A plotted against x are shown. It is clear that x must have a value between 0 and 20 ft if A is to 
be positive. 


x 0 | 8 10 12 15 20 
A 0 150 192 200 192 150 0 


From the graph in Fig. 12-26 the maximum point P has coordinates (10, 200) so that the dimensions of the garden 
are 10 ft by 20 ft and the area is 200 ft. 


House 


40 — 2x 


Fig. 12-26 


12.24 A rectangular piece of tin has dimensions 12 in. by 18 in. It is desired to make an open box from this 
material by cutting out equal squares from the corners and then bending up the sides. What are the 
dimensions of the squares cut out if the volume of the box is to be as large as possible? 


SOLUTION 


Let x be the length of the side of the square cut out from each corner. The volume V of the box thus obtained is 
V = x(12 — 2x)(18 — 2x). It is clear that x must be between 0 and 6 in. if there is to be a box (see Fig. 12-27). 


x | 0 1 2 | 22 | 3 | 3h] 4] 5 | 6 
Vv | 0 | 160 | 224 | 227] 216 | 1924] 160 | 80 | 0 


From the graph, the value of x corresponding to the maximum value of V lies between 2 and 2.5 in. By plotting 
more points it is seen that x = 2.4 in. approximately. 


Problems such as this and Problem 12.23 may often be solved easily and exactly by methods of the calculus. 
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12.25 A cylindrical can is to have a volume of 200 cubic inches. Find the dimensions of the can which is made 
of the least amount of material. 


SOLUTION 


Let x be the radius and y the height of the cylinder. 
The area of the top or bottom of the can is 7x? and the lateral area is 277xy; then the total area S = 27x + 2amxy. 
The volume of the cylinder is 7x’y, so that mx*y = 200 and y = 200/ax*. Then 


S = 2m? + 2m) or S=2nvr + gu 
= 5 = —, 
TIX x 


A table of values and the graph of S plotted against x (Fig. 12-28) are shown. We take 7 = 3.14 approximately. 


x 1 2 3 3.2 3.5 4 4.5 5 6 L 8 
S 406 225 190 189 191 200 216 237 293 365 452 


From the graph in Fig. 12-28, minimum S = 189 in? occurs when x = 3.2 in. approximately; and from y = 200/ ax? 
we have y = 6.2 in. approximately. 


Fig. 12-28 


12.26 Find approximately the values of x for which x° + 2x? — 7x — 3 = 0. 


SOLUTION 


Consider y = x? + 2x? — 7x — 3. We must find values of x for which y = 0. 

From the graph of y = x3 + 2x? — 7x — 3, which is shown in Fig. 12-18, it is clear that there are three real 
values of x for which y=O (the values of x where the curve intersects the x axis). These values are 
x = —3.7, x = —0.4, and x = 2.1 approximately. More exact values may be obtained by advanced techniques. 


12.27 The following table shows the population of the United States (in millions) for the years 
1840, 1850, ..., 1950. Graph these data. 


Year 1840 | 1850 | 1860 | 1870 | 1880 | 1890 | 1900 } 1910 | 1920 | 1930 | 1940 ) 1950 


Population 17.1 | 23.2 | 31.4 | 39.8 | 50.2 | 62.9 | 76.0 | 92.0 | 105.7 | 122.8 | 131.7 | 150.7 
(millions) 
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SOLUTION 
See Fig. 12-29. 
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12.28 The time 7 (in seconds) required for one complete vibration of a simple pendulum of length / (in centi- 
meters) is given by the following observations obtained in a physics laboratory. Exhibit graphically T as 
a function of /. 


l 16.2 | 22.2 | 33.8 | 42.0 | 53.4 | 66.7 | 74.5 | 86.6 | 100.0 


T | 0.81 | 0.95 | 1.17 | 1.30 | 1.47 | 1.65 | 1.74 | 1.87 | 2.01 


SOLUTION 


The observation points are connected by a smooth curve (Fig. 12-30) as is usually done in science and engineering. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


12.29 A rectangle has sides of lengths x and 2x. Express the area A of the rectangle as a function of its (a) side x, 
(b) perimeter P, and (c) diagonal D. 


12.30 Express the area A of a circle in terms of its (a) radius r, (b) diameter d, and (c) circumference, C. 
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12.31 


12.32 


12.33 


12.34 


12.35 


12.36 


12.37 


12.38 


12.39 


12.40 


12.41 


12.42 


12.43 


12.44 


12.45 


Express the area A of an isosceles triangle as a function of x and y, where x is the length of the two equal sides and 
y is the length of the third side. 


The side of a cube has length x. Express (a) x as a function of the volume V of the cube, (b) the surface area S of the 
cube as a function of x, and (c) the volume V as a function of the surface S. 


Given y=5+3x—- 2x?, find the values of y corresponding to x = —3, —2, —1, 0, 1, 2, 3. 


Extend the table of values in Problem 12.33 by finding the values of y which correspond to x= 
—5/2, —3/2, —1/2, 1/2, 3/2, 5/2. 


State the domain and range for each equation. 
(a) y=—-2x+3  (d) jan (g) y= V1 — 2x 


= 2 _ — = 
(b) y=x—-5 (e) y 716 (h) y 41 
4 
(c) y= —4 (f) y=vx-5 oD ae 
For which of these relations is y a function of x? 
@y="t+2 @y=xr—-5 (g) x=\yI 
(b) x=y42  (e) r4+y=5 (hk) y= Vx41 


(c)x=y+4 (f)y=tvx—-7 (@) y=VJV54x 


If f(x) = 2x" + 6x — 1, find f(—3), f(—2). f(0), f(1/2), f3). 


uw —2u 
If Fu) = —* find (@) FU), @) FQ), (© FO), — @) (=. 
If G(x) = find 
(a) o( : , (y SEO eee 1): 
x+1 h 


If F(x, y) = 2x? + 4xy — y’, find (a) F(1,2), (b) F(—2, —3), (c) Fa+1,y—1). 


Plot the following points on a rectangular coordinate system: 


@.0,3), ©) {-2,1); (4-1/2, =2), -@) (3.273), 1 (=9/3, 3). 


If y = 3x + 2, (a) obtain the values of y corresponding to x = —2, —1, 0, 1, 2 and (b) plot the points (x, y) thus 
obtained. 


Determine whether the graph of each relation is symmetric with respect to the y axis, the x axis, origin, or none of these. 
(a) y= 2x4 +3 (d) y=3 (g) Y=x+2 

(6) y=(@—3) (e) y= —5x° (h) y=3x-1 

()y=-V9-x (ff) y=TP+4 @ y=5x 


State how the graph of the first equation relates to the graph of the second equation. 


(a) y=—x4 and y= x4 (f) y = |x| + 1 and y = |x| 
(b) y=3x and y=x (g) y=|x+5| and y= |x| 
(c) y=2? +10 and y=2x? (h) y = —x° and y=x° 
(d) y=(x— 1) and y=X° (i) y=x?/6 and y=? 
(e) y=x* —7 and y=? (G) y=(«+8) and y =x? 


Graph the functions (a) f(x) = 1— 2x, (b) f(x) = x Ax + 3, (ce) f@®) =4-3x- x, 
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12.47 


12.48 


12.49 


12.50 


12.51 


12.52 


12.53 


12.54 


12.55 
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Graph y = x7 — 6x* + 11x — 6. 
Graph (a) x*+y*=16, — (b) x7 +.4y? = 16. 


There is available 120 ft of wire fencing with which to enclose two equal rectangular gardens A and B, as shown in 


Fig. 12-31. If no wire fencing is used along the sides formed by the house, determine the maximum combined area 
of the gardens. 


Find the area of the largest rectangle which can be inscribed in a right triangle whose legs are 6 and 8 in. respectively 
(see Fig. 12-32). 


6" 


Fig. 12-31 Fig. 12-32 


Obtain the relative maximum and minimum values of the function f(x) = 2x° — 15x* + 36x — 23. 
From the graph of y = x? — 7x + 6 obtain the roots of the equation x* — 7x +6 = 0. 
Show that the equation xe — x7 42x —-3=0 has only one real root. 


Show that x* — x* + 1 = 0 cannot have any real roots. 


The percentage of workers in the USA employed in agriculture during the years 1860, 1870,..., 1950 is given in the 
following table. Graph the data. 


Year 1860 | 1870 | 1880 | 1890 | 1900 | 1910 | 1920 | 1930 | 1940 | 1950 


% of all workers | 53.9 | 53.9 | 49.4 | 42.6 | 37.5 | 31.0 | 27.0 | 214 | 18.0 | 12.8 
in agriculture 


The total time required to bring an automobile to a stop after perceiving danger is composed of the reaction time 
(time between recognition of danger and application of brakes) plus braking time (time for stopping after appli- 
cation of brakes). The following table gives the stopping distances d (feet) of an automobile traveling at speeds 
v (miles per hour) at the instant danger is sighted. Graph d against v. 


Speed v (mi/hr) 20 30 40 50 60 70 


Stopping distance d (ft) 54 90 138 206 292 396 
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12.56 The time ¢ taken for an object to fall freely from rest through various heights / is given in the following table. 


Time f (sec) 


Height h (ft) 


16 


64 


144 256 400 


(a) Graph h against t. 


(b) How long would it take an object to fall freely from rest through 48 ft? 300 ft? 


(c) Through what distance can an object fall freely from rest in 3.6 seconds? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


12.29 


12.30 


12.31 


12.32 


12.33 


12.34 


12.35 


12.36 


ad 2D* 
A = 2x’, A=—, = 
18 5 
ard Ce 
A= 2 A=— = 
we a 4a 
Aai VP? y2/4 => /4x2 y? 
2 4 
x=VV, S=6xr V= Ee 7x 
= , > : ~ V216 36 
x —3 —2 —1 0 1 2 3 
y —22 —9 0 5 6 3 —4 
x 52°) =3/72 | —172 1/2 3/2 5/2 
y 15: —4 3 6 5 0 


(a) Domain = {all real numbers}; 

(b) Domain = {all real numbers}; 

(c) Domain = {all real numbers}; 

(d) Domain = {all real numbers}; 

(e) Domain = {all real numbers 4 — 6}; 
(f) Domain = {all real numbers > 5}; 
(g) Domain = {all real numbers}; 

(h) Domain = {all real numbers 4 — 1}; 
(i) Domain = {all real numbers ¥ 0}; 


(a) Function 
(b) Function 


(c) Not a function 


(d) Function 
(e) Not a function 


12.37 f(-3)=-1, f(-2)= 


12.38 


(a) —1/2, (6) 


0,  (c) 


(f) Not a function 


5, (0) =-l, 


x? — 2x 


l+x? 


(d) 


range = {all real numbers} 
range = {all real numbers >—5} 
range = {all real numbers} 
range = {all real numbers <5} 
range = {all real numbers # 0} 
range = {all real numbers >0} 
range = {all real numbers} 
range = {all real numbers 1} 
range = {all real numbers 4 0} 


(g) Not a function 
(h) Function 
(i) Function 


fCU/2) =5/2, f(3) = 35 


x? 4+ 2x 
—Xx 
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12.40 (a) 6, (b) 23, (c) 2x? +4xy—y?+6y—-3 


12.41 See Fig. 12-33. 


12.42 (a) —4,-1,2,5,8 (bd) See Fig. 12-34. 


25 


Fig. 12-33 


12.43 (a) y axis (d) y axis 
(b) Origin (e) Origin 
(c) None (f) y axis 


12.44 (a) Reflected across x axis 


(b) y increases 3 times as fast 


(c) Shifted 10 units up 
(d) Shifted 1 unit right 
(e) Shifted 7 units down 


-10 -8 -6 -4 -2e 2 4 6 8 10% 
2+ 


e4+ 


(g) x axis 
(h) None 
(i) Origin 


(f) Shifted 1 unit up 

(g) Shifted 5 units left 

(h) Reflected across the x axis 
(i) y increases 1/6 as fast 

(j) Shifted 8 units left 


Fig. 12-36 
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12.45 


12.46 


12.47 


12.48 


12.49 


12.50 


(a) See Fig. 12-35. — (b) See Fig. 12-36. (c) See Fig. 12-37. 


See Fig. 12-38. 
(a) See Fig. 12-39. (b) See Fig. 12-40. 
1200 ft? 


12 in? 


Maximum value of f(x) is 5 (at x = 2); minimum value of f(x) is 4 (at x = 3). 
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Fig. 12-39 
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12.52 


12.53 


12.54 


12.55 


12.56 


Roots are x = —3,x=1,x=2. 
See Fig. 12-41. 
See Fig. 12-42. 
See Fig. 12-43. 
See Fig. 12-44. 


(a) See Fig. 12-45; (b) 1.7 sec, 4.3 sec; (c) 207.36 ft 
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Linear Equations in One Variable 


13.1 LINEAR EQUATIONS 


A linear equation in one variable has the form ax + b = 0, where a ¥ 0 and bare constants. The solution of this 
equation is given by x = —b/a. 

When a linear equation is not in the form ax + b = 0, we simplify the equation by multiplying each term by 
the LCD for all fractions in the equation, removing any parentheses, or combining like terms. In some equations 
we do more than one of the procedures. 


EXAMPLE 13.1. Solve the equation x + 8 — 2(x+ 1) = 3x — 6 for x. 


x+8—-—2441)=3x-6 First we remove the parentheses. 
x+8—2x—2=3x-—6 We now combine like terms. 
—x+6=3x-6 Now get the variable terms on one side of the equation by 
—x+6—3x=3x—6-—3x subtracting 3x from each side of the equation. 
—4x+6=—-6 Now we subtract 6 from each side of the equation to get the 
4x+6—-6=-6-6 variable term on one side of the equation by itself. 
—4x = -12 Finally we divide each side of the equation by the coefficient of 
—4x  —12 the variable, which is —4. 
40-4 
x=3 Now we check this solution in the original equation. 
Check: 
34+ 8-—2(34+ 1)?3(3)-6 The question mark indicates that we don’t know for sure that 
11 —2(4)?9-6 the two quantities are equal. 
11—8?3 
3=3 The solution checks. 


13.2 LITERAL EQUATIONS 


Most literal equations we encounter are formulas. Frequently, we want to use the formula to determine a value 
other than the standard one. To do this, we consider all variables except the one we are interested in as constants 
and solve the equation for the desired variable. 
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EXAMPLE 13.2. Solve p = 2(/+ w) for /. 


p=2+w) Remove the parentheses first. 
p= 21+ 2w Subtract 2w from each side of the equation. 
p-2w=2l Divide by 2, the coefficient of /. 
(p — 2w)/2=1 Rewrite the equation. 
l= (p —2w)/2 Now we have a formula that can be used to determine /. 


13.3 WORD PROBLEMS 


In solving a word problem, the first step is to decide what is to be found. The next step is to translate the con- 
ditions stated in the problem into an equation or to state a formula that expresses the conditions of the problem. 
The solution of the equation is the next step. 


EXAMPLE 13.3. _ If the perimeter of a rectangle is 68 meters and the length is 14 meters more than the width, what are the 
dimensions of the rectangle? 
Let w = the number of meters in the width and w + 14 = the number of meters in the length. 


2[(w + 14) + w] = 68 
2w + 28 + 2w = 68 


4w + 28 = 68 
4w = 40 
w= 10 

w+14= 24 


The rectangle is 24 meters long by 10 meters wide. 


EXAMPLE 13.4. The sum of two numbers is —4 and their difference is 6. What are the numbers? 
Let n = the smaller number and n + 6 = the larger number. 


n+(n+6)=-—4 


n+n+6=-4 
2n+6=—4 
2n = —10 
n=-—5 
n+6=1 


The two numbers are —5 and 1. 


EXAMPLE 13.5. If one pump can fill a pool in 16 hours and if two pumps can fill the pool in 6 hours, how fast can the 
second pump fill the pool? 
Let h = the numbers of hours for the second pump to fill the pool. 


dt 
hte 6 
48h (; + a) = 48h (3) 
h' 16 6 
48 + 3h = 8h 
48 = 5h 
96=h 


The second pump takes 9.6 hours (or 9 hours and 36 minutes) to fill the pool. 
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EXAMPLE 13.6. How many liters of pure alcohol must be added to 15 liters of a 60% alcohol solution to obtain an 
80% alcohol solution? 
Let n = the number of liters of pure alcohol to be added. 


n+ 0.60(15) = 0.80(n + 15) (The sum of the amount of alcohol in each quantity is equal to 
the amount of alcohol in the mixture.) 
n+9=0.8n+4 12 
0.2n = 3 
n=15 


Fifteen liters of pure alcohol must be added. 


SOLVED PROBLEMS 


13.1. Solve each of the following equations. 
(a) x+1=5,x=5-1,x=4. 
Check: Put x = 4 in the original equation and obtain 4+1?5,5=5. 


(b) 3x -—7= 14, 3x = 1447, 3x = 21, x =7. 
Check: 3(7) —7 ? 14, 14 = 14. 


(c) 3x+2 = 6x —4, 3x — 6x = —4— 2, —3x = —6,x = 2. 

(d) x+3(* — 2) = 2x-—4,x+ 3x -—6= 2x —4, 4x —-2x = 6-4, 2x =2,x=1. 

(e) 3x -2=7-— 2x, 3x4+2x=742,5x=9,x=9/5. 

(f) 2¢+ 3) = 5(t— 1) — 7(t — 3), 2 +6 = 5t—5 —7t4+ 21, 4¢= 10, t= 10/4 = 5/2. 


(g) 3x+4@-—2) =x-—543(2x — 1), 3x+4x-8=x-—54+ 6x —3, 7x -—8 = 7x — 8. 
This is an identity and is true for all values of x. 


x-3 2x+4 
; en 
@ 3+ 2y—- Qy+2)] = 2 y+ Gy — 1], 3 + 2[y — 2y — 2] = 2[y + 3y — 1], 
34+ 2y—4y—-4=2y+6y—2, —2y—1=8y—2, -10y=—1, y= 1/10. 


(h) , (x — 3) = 2(2x + 4), 5x — 15 = 4x + 8, x = 23. 


(Gj) (6+3yY =(s—2) —5,8 +654+9=s? —454+4—-5, 654+45 =-9-1,5=-1. 


2S 6G) ea 
720 yaea x =(X% Xx got X =X X 5 4X nae, ‘ 
0-2.0-4 
: 9 = 7 
Check: 042 '044° 1 1 
1 =) 
gy 2 ee Grek ee Gree ea eae Se 
x+2 x+1 


There is no value of x which satisfies this equation. 
5.5 
(m) —+ a = 6. Multiplying by 2x, 5(2) +5 = 12x, 12x = 15,x = 5/4. 
x x 
OT: 5 
2x x-1 


1 
(n) =5° Multiplying by 2x(x — 1), the LCD of the fractions, 


(x + 3) —1)+52x)=x(e-1), 2° +2x-34+10x=—-—x, 13x =3, x= 3/13. 
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13.3 


2 4 
x-3 x+3 x-9 
164 9—=4¢=3)2 16, 2Wtb6—d4¥e 1S, =o 2 eS 1, 

| I (y+3)—y _ G+5)—(9+2) a 3 

y yt3 yt2 y+5> ywy+t3) (y+2)y+5) > ywyt3) (y+2y+5) 
Vy¥t+2Dvt+D=yyt+3), yv+7y+10=y4+3y, 4y=—-10, y= —5/2. 


(0) . Multiplying by (x — 3)(x + 3) or x = 9; 


(p) 


3 2 _ 9 3 2 9 
x2—4x 2x2? -—S5x—12 2x24 3x 4654) COxtDe=—4 xx 3) 


Multiplying by x(x — 4)(2x + 3), the LCD of the fractions, 
3(2x + 3) -—2x =9(x-—4), 6x+9-—2x=9x-36, 45=5x, x=9. 


(q) 


Solve for x. 


(a) 2x — 4p = 3x +4 2p, 2x — 3x = 2p + 4p, —x = Op, x = —Op. 

(b) axt+a=bx+b, ax —bx =b—a,x(a—b)=b axa 28 1 provided a # b. 
If a = b the equation is an identity and is true for all values of x. 

—Ab=Ad 4b+4d 

2c — 3a 3a — 2c 


(c) 2cx + 4d = 3ax — 4b, 2cx — 3ax = —4b — 4d, x = 


provided 3a # 2c. 


If 3a = 2c there is no solution unless d = — b, in which case the original equation is an identity. 
3 4x+b b* — a? 
(d) x Co ao Ae Ae ti Po ee ap (provided 3a # 4b). 
a a- 


Express each statement in terms of algebraic symbols. 
(a) One more than twice a certain number. 
Let x = the number. Then 2x = twice the number, and one more than twice the number = 2x + 1. 


(b) Three less than five times a certain number. 

Let x = the number. Then three less than five times the number = 5x — 3. 
(c) Each of two numbers whose sum is 100. 

If x = one of the numbers, then 100 — x = the other number. 


(d 


7 


Three consecutive integers (for example, 5, 6, 7). 
If x is the smallest integer, then (x + 1) and (x + 2) are the other two integers. 
(e) Each of two numbers whose difference is 10. 
Let x = the smaller number; then (x + 10) = the larger number. 
(f) The amount by which 100 exceeds three times a given number. 
Let x = given number. Then the excess of 100 over 3x is (100 — 3x). 
(g) Any odd integer. 
Let x = any integer. Then 2x is always an even integer, and (2x + 1) is an odd integer. 
(h) Four consecutive odd integers (for example, 1, 3, 5, 7; 17, 19, 21, 23). 
The difference between two consecutive odd integers is 2. 
Let 2x + 1 = smallest odd integer. Then the required numbers are 2x + 1, 2x+ 3, 2x+5, 2x+7. 
(i) The number of cents in x dollars. 
Since 1 dollar = 100 cents, x dollars = 100x cents. 
(j) John is twice as old as Mary, and Mary is three times as old as Bill. Express each of their ages in 
terms of a single unknown. 
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Let x = Bill’s age. Then Mary’s age is 3x and John’s age is 2(3x) = 6x. 


Another method. Let y = John’s age. Then Mary’s age = 4y and Bill’s age = 3 (3y) =zy. 


(k) The three angles A, B, C of a triangle if angle A has 10° more than twice the number of degrees in 
angle C. 
Let C = x°; then A = (2x + 10)°. Since A + B+ C = 180°, B= 180° — (A+ C) = (170 — 3x). 
(1) The time it takes a boat traveling at a speed of 20 mi/hr to cover a distance of x miles. 
Distance = speed x time. Then 


re distance xmi x h 
ime = = = r. 
speed 20mi/hr 20 


wm 


(m) The perimeter and area of a rectangle if one side is 4 ft longer than twice the other side. 


Let x ft =length of shorter side; then (2x+4)ft = length of longer side. The perimeter = 
2(x) + 2(2x + 4) = (6x + 8)ft, and the area = x(2x + 4) ft’. 


(n) The fraction whose numerator is 3 less than 4 times its denominator. 
Let x = denominator; then numerator = 4x — 3. The fraction is (4x — 3)/x. 


(o) The number of quarts of alcohol contained in a tank holding x gallons of a mixture which is 40% 
alcohol by volume. 
In x gallons of mixture are 0.40x gallons of alcohol or 4(0.40x) = 1.6x quarts of alcohol. 


The sum of two numbers is 21, and one number is twice the other. Find the numbers. 


SOLUTION 


Let x and 2x be the two numbers. Then x + 2x = 21 or x = 7, and the required numbers are x = 7 and 2x = 14. 
Check. 7+ 14 = 21 and 14 = 2(7), as required. 


Ten less than four times a certain number is 14. Determine the number. 


SOLUTION 


Let x = required number. Then 4x — 10 = 14, 4x = 24, and x = 6. 
Check. Ten less than four times 6 is 4(6) — 10 = 14, as required. 


The sum of three consecutive integers is 24. Find the integers. 


SOLUTION 


Let the three consecutive integers be x, x + 1, x +2. Then x+ (4+ 1) + («+ 2) = 24 or x = 7, and the required 
integers are 7, 8, 9. 


The sum of two numbers is 37. If the larger is divided by the smaller, the quotient is 3 and the remainder 
is 5. Find the numbers. 


SOLUTION 


Let x = smaller number, 37 — x = larger number. 


larger number eS) 37 —x 5 


Then or 3+4+-. 
x 


smaller number smaller number 


Solving, 37 — x = 3x +5, 4x = 32, x = 8. The required numbers are 8, 29. 


A man is 41 years old and his son is 9. In how many years will the father be three times as old as the 
son? 
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13.10 


13.11 


13.12 


SOLUTION 


Let x = required number of years. 


Father’s age in x years = 3(son’s age in x years) 
414+x=39+x) and x =7 years. 


Ten years ago Jane was four times as old as Bianca. Now she is only twice as old as Bianca. Find their 
present ages. 


SOLUTION 


Let x = Bianca’s present age; then 2x = Jane’s present age. 


Jane’s age ten years ago = 4(Bianca’s age ten years ago) 
2x — 10 = 4(x — 10) and x = 15 years. 


Hence Bianca’s present age is x = 15 years and Jane’s present age is 2x = 30 years. 
Check. Ten years ago Bianca was 5 and Jane 20, 1.e., Jane was four times as old as Bianca. 


Robert has 50 coins, all in nickels and dimes, amounting to $3.50. How many nickels does he 
have? 


SOLUTION 


Let x = number of nickels; then 50 — x = number of dimes. 


Cents in nickels + cents in dimes = 350¢ 
Sx¢ + 10(50—x)¢ =350¢ from which x = 30 nickels. 


In a purse are nickels, dimes, and quarters amounting to $1.85. There are twice as many dimes as 
quarters, and the number of nickels is two less than twice the number of dimes. Determine the 
number of coins of each kind. 


SOLUTION 


Let x = number of quarters; then 2x = no. of dimes, and 2(2x) — 2 = 4x — 2 = no. of nickels. 


Cents in quarters + cents in dimes + cents in nickels = 185¢ 
25(x)¢ + 10(2x)¢ + 5(4x-2)¢ =185¢ from which x = 3. 


Hence there are x = 3 quarters, 2x = 6 dimes, and 4x — 2 = 10 nickels. 
Check. 3 quarters = 75¢, 6 dimes = 60¢. 10 nickels = 50¢, and their sum = $1.85. 


The tens digit of a certain two-digit number exceeds the units digit by 4 and is | less than twice the units 
digit. Find the two-digit number. 


SOLUTION 


Let x = units digit; then x + 4 = tens digit. 
Since the tens digit = 2(units digit) — 1, we have x + 4 = 2(x) — lorx=S. 
Thus x = 5, x +4 = 9, and the required number is 95. 
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The sum of the digits of a two-digit number is 12. If the digits are reversed, the new number is 4/7 times 
the original number. Determine the original number. 


SOLUTION 


Let x = units digit; 12 — x = tens digit. 
Original number = 10(12 — x) + x; reversing digits, the new number = 10x + (12 — x). Then 


4 4 
new number = 7 (original number) or 10x+(12—x)= 7 {10(12 — x) + 4]. 


Solving, x = 4, 12 — x = 8, and the original number is 84. 

A man has $4000 invested, part at 5% and the remainder at 3% simple interest. The total income per year 
from these investments is $168. How much does he have invested at each rate? 

SOLUTION 


Let x = amount invested at 5%; $4000 — x = amount at 3%. 


Interest from 5% investment + interest from 3% investment = $168 
0.05x + 0.03(4000 — x) = 168. 


Solving, x = $2400 at 5%, $4000 — x = $1600 at 3%. 


What amount should an employee receive as bonus so that she would net $500 after deducting 30% for taxes? 
SOLUTION 
Let x = required amount. 


Then required amount — taxes = $500 
or x — 0.30x = $500 and x= $714.29. 
At what price should a merchant mark a sofa that costs $120 in order that it may be offered at a discount 


of 20% on the marked price and still make a profit of 25% on the selling price? 


SOLUTION 


Let x = marked price; then sale price = x — 0.20x = 0.80x. 
Since profit = 25% of sale price, cost = 75% of sale price. Then 


cost = 0.75(sale price) 
$120 = 0.75(0.8x), $120 = 0.6x and x = $200. 


When each side of a given square is increased by 4 feet the area is increased by 64 square feet. Deter- 
mine the dimensions of the original square. 
SOLUTION 


Let x = side of given square; x + 4 = side of new square. 


New area = old area + 64 


(x+ 4? =x° +64 from which x = 6 ft. 
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One leg of a right triangle is 20 inches and the hypotenuse is 10 inches longer than the other leg. Find the 
lengths of the unknown sides. 


SOLUTION 


Let x = length of unknown leg; x + 10 = length of hypotenuse. 


Square of hypotenuse = sum of squares of legs 


(x+ 10)? =x? + (20) from which x = 15 in. 


The required sides are x = 15 in. and x + 10 = 25 in. 


Temperature Fahrenheit = 2(temperature Celsius) + 32. At what temperature have the Fahrenheit and 
Celsius readings the same value? 


SOLUTION 


Let x = required temperature = temperature Fahrenheit = temperature Celsius. 
Then x = 2x + 32 or x = —40°. Thus —40°F = —40°C. 


A mixture of 40 lb of candy worth 60¢ a pound is to be made up by taking some worth 45¢/Ib and some 
worth 85¢/lb. How many pounds of each should be taken? 


SOLUTION 
Let x = weight of 45¢ candy; 40 — x = weight of 85¢ candy. 
Value of 45¢/Ib candy + value of 85¢/lb candy = value of mixture 


or x(45¢) + (40 — x)(85¢) = 40(60¢). 
Solving, x = 25 lb of 45¢/lb candy; 40 — x = 15 lb of 85¢/lb candy. 


A tank contains 20 gallons of a mixture of alcohol and water which is 40% alcohol by volume. How 
much of the mixture should be removed and replaced by an equal volume of water so that the resulting 
solution will be 25% alcohol by volume? 


SOLUTION 


Let x = volume of 40% solution to be removed. 


Volume of alcohol in final solution = volume of alcohol in 20 gal of 25% solution 
or 0.40(20 — x) = 0.25(20) from which x = 7.5 gallons. 


What weight of water must be evaporated from 40 1b of a 20% salt solution to produce a 50% solution? 
All percentages are by weight. 


SOLUTION 


Let x = weight of water to be evaporated. 
Weight of salt in 20% solution = weight of salt in 50% solution 
or 0.20(40 Ib) = 0.50(40 Ib — x) from which x = 24 |b. 


How many quarts of a 60% alcohol solution must be added to 40 quarts of a 20% alcohol solution to 
obtain a mixture which is 30% alcohol? All percentages are by volume. 
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SOLUTION 
Let x = number of quarts of 60% alcohol to be added. 
Alcohol in 60% solution + alcohol in 20% solution = alcohol in 30% solution 


or 0.60x a 0.20(40) =0.30x+40) and = x= 134 qt. 


Two unblended manganese (Mn) ores contain 40% and 25% of manganese respectively. How many tons 
of each must be mixed to give 100 tons of blended ore containing 35% of manganese? All percentages 
are by weight. 


SOLUTION 


Let x = weight of 40% ore required; 100 — x = weight of 25% ore required. 
Mn from 40% ore + Mn from 25% ore = total Mn in 100 tons of mixture 
0.40x + 0.25(100 — x) = 0.35(100) 


from which x = 66% tons of 40% ore and 100 — x = 334 tons of 25% ore. 


Two cars A and B having average speeds of 30 and 40 mi/hr respectively are 280 miles apart. They start 
moving toward each other at 3:00 P.M. At what time and where will they meet? 


SOLUTION 
Let t = time in hours each car travels before they meet. Distance = speed x time. 
Distance traveled by A + distance traveled by B = 280 miles 


30t + 40t = 280 from which t = 4hr. 


They meet at 7:00 P.M. at a distance 30¢ = 120 mi from initial position of A or at a distance 40f = 160 mi from 
initial position of B. 


13.26 A and B start from a given point and travel on a straight road at average speeds of 30 and 50 mi/hr 


respectively. If B starts 3 hr after A, find (a) the time and (b) the distance they travel before meeting. 
SOLUTION 


Let t and (t — 3) be the number of hours A and B respectively travel before meeting. 


(a) Distance in miles = average speed in mi/hr x time in hours. When they meet, 


distance covered by A = distance covered by B 
30t = 50(t — 3) from which t = 74 hr. 


Hence A travels t = 74 hr and B travels (t — 3) = 45 hr. 
(b) Distance = 30t = 30(7 5) = 225 mi, or distance = 50(t — 3) = 50(45) = 225 mi. 


13.27. A and B can run around a circular mile track in 6 and 10 minutes respectively. If they start at the same 


instant from the same place, in how many minutes will they pass each other if they run around the track 
(a) in the same direction, (b) in opposite directions? 


SOLUTION 
Let t = required time in minutes. 


(a) They will pass each other when A covers 1 mile more than B. The speeds A and B are 1/6 and 1/10 mi/min 
respectively. Then, since distance = speed x time: 


Distance by A — distance by B = 1 mile 
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1 1 
—t — —t =1 and t=15 minutes. 
6 10 
(b) Distance by A + distance by B = 1 mile 
1 : 
6! + io! =1 and t= 15/4 minutes. 


13.28 A boat, propelled to move at 25 mi/hr in still water, travels 4.2 mi against the river current in the same 
time that it can travel 5.8 mi with the current. Find the speed of the current. 


SOLUTION 


Let v = speed of current. Then, since time = distance /speed, 


time against the current = time in direction of the current 
4.2 mi 5.8 mi 


aad (25—v) mi/hr (25+ v) mi/hr 


and v= 4mi/hr. 


13.29 A can do a job in 3 days, and B can do the same job in 6 days. How long will it take them if they work 
together? 


SOLUTION 


Let n = number of days it will take them working together. 
In 1 day A does 1/3 of the job and B does 1/6 of the job, thus together completing 1/n of the job (in 1 day). 
Then 


1 1 
+ sa from which n = 2 days. 
n 


W]e 


Another method. In n days A and B together complete 


1 1 
n(3 + ;) = | complete job. Solving, n = 2 days. 


13.30 A tank can be filled by three pipes separately in 20, 30, and 60 minutes respectively. In how many 
minutes can it be filled by the three pipes acting together? 


SOLUTION 


Let t = time required, in minutes. 
In 1 minute three pipes together fill (+ + a + a) of the tank. Then in ¢ minutes they together fill 


1 1 1 
(s+ 30 + zi) = 1 complete tank. Solving, t= 10 minutes. 


13.31 A and B working together can complete a job in 6 days. A works twice as fast as B. How many days 
would it take each of them, working alone, to complete the job? 


SOLUTION 


Let n, 2n = number of days required by A and B respectively, working alone, to do the job. 
In 1 day A can do 1/n of the job and B can do I/2n of the job. Then in 6 days they can do 


1 1 
6( 5 + a) = 1 complete job. Solving, n = 9 days, 2n = 18 days. 


n 2n 
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A’s rate of doing work is three times that of B. On a given day A and B work together for 4 hours; then B 
is called away and A finishes the rest of the job in 2 hours. How long would it take B to do the complete 
job alone? 


SOLUTION 


Let ¢, 3¢ = time in hours required by A and B respectively, working alone, to do the job. 
In 1 hour A does 1/t of job and B does 1/3t of job. Then 


1. A 1 
(i+ =) + 2(7) = 1 complete job. Solving, 3¢ = 22 hours. 


A man is paid $18 for each day he works and forfeits $3 for each day he is idle. If at the end of 40 days he 
nets $531, how many days was he idle? 


SOLUTION 


Let x = number of days idle; 40 — x = number of days worked. 
Amount earned — amount forfeited = $531 
or $18(40 — x) — 3x = $531 and x=9 days idle. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 
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Solve each of the following equations. 


(a) 3x-2=7 (h) (2x +1? = (xe — 1)? + 3x(x 4-2) 
(b) y+3Q-4)=4 rae ames 
z 5z 10 
(c) 4x-3=5-—2x 
x+1l x—4 
(d) x—3—2(6 — 2x) = 2(2x —5) Ge 
x x+1 
2t-9 3t+4 5 5 2 a) 
= k = 
aan 2 5-1 y+1l y—-2 y+3 
2x+3 x-1 7 2 4 
= 1 = 
) a4 x+1 O Pod eae e+x-2 


(g) «9-37 + (4+ IY = @—- 27 +0043" 


Solve for the indicated letter. 


(a) 2(x — p) = 3(6p — x): x 7 ee ea 
(b) 2by — 2a = ay — 4b: y x—b x—d 
2x — 2x —b 1 i | 
@ ==> x Cpe eee 
b a ay by c 


Express each of the following statements in terms of algebraic symbols. 


(a) Two more than five times a certain number. 

(b) Six less than twice a certain number. 

(c) Each of two numbers whose difference is 25. 

(d) The squares of three consecutive integers. 

(e) The amount by which five times a certain number exceeds 40. 
(f) The square of any odd integer. 


(g) The excess of the square of a number over twice the number. 
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(h) 
@ 
Gi) 


(k) 
(1) 
(m) 
(n) 


(a) 
(b) 


(c) 
(d) 


(e) 
(f) 


(b) 


(b) 


(b) 


(b) 


(d) 


(e) 


The number of pints in x gallons. 
The difference between the squares of two consecutive even integers. 


Bob is six years older than Jane who is half as old as Jack. Express each of their ages in terms of a single 
unknown. 


The three angles A, B, C of a triangle ABC if angle A exceeds twice angle B by 20°. 
The perimeter and area of a rectangle if one side is 3 ft shorter than three times the other side. 
The fraction whose denominator is 4 more than twice the square of the numerator. 


The amount of salt in a tank holding x quarts of water if the concentration is 2 lb of salt per gallon. 


One half of a certain number is 10 more than one sixth of the number. Find the number. 
The difference between two numbers is 20 and their sum is 48. Find the numbers. 
Find two consecutive even integers such that twice the smaller exceeds the larger by 18. 


The sum of two numbers is 36. If the larger is divided by the smaller, the quotient is 2 and the remainder is 
3. Find the numbers. 


Find two consecutive positive odd integers such that the difference of their squares is 64. 


The first of three numbers exceeds twice the second number by 4, while the third number is twice the first. If 
the sum of the three numbers is 54, find the numbers. 


A father is 24 years older than his son. In 8 years he will be twice as old as his son. Determine their present ages. 


Mary is fifteen years older than her sister Jane. Six years ago Mary was six times as old as Jane. Find their 
present ages. 


Larry is now twice as old as Bill. Five years ago Larry was three times as old as Bill. Find their present 
ages. 


In a purse is $3.05 in nickels and dimes, 19 more nickels than dimes. How many coins are there of each kind? 
Richard has twice as many dimes as quarters, amounting to $6.75 in all. How many coins does he have? 


Admission tickets to a theater were 60¢ for adults and 25¢ for children. Receipts for the day showed that 280 
persons attended and $140 was collected. How many children attended that day? 


The tens digit of a certain two-digit number exceeds the units digit by 3. The sum of the digits is 1/7 of the 
number. Find the number. 


The sum of the digits of a certain two-digit number is 10. If the digits are reversed, a new number is formed 
which is one less than twice the original number. Find the original number. 


The tens digit of a certain two-digit number is 1/3 of the units digit. When the digits are reversed, the new 
number exceeds twice the original number by 2 more than the sum of the digits. Find the original number. 


Goods cost a merchant $72. At what price should he mark them so that he may sell them at a discount of 10% 
from his marked price and still make a profit of 20% on the selling price? 


A woman is paid $20 for each day she works and forfeits $5 for each day she is idle. At the end of 25 days she 
nets $450. How many days did she work? 

A labor report states that in a certain factory a total of 400 men and women are employed. The average daily 
wage is $16 for a man and $12 for a woman. If the labor cost is $5720 per day, how many women are 
employed? 

A woman has $450 invested, part at 2% and the remainder at 3% simple interest. How much is invested at each 
rate if the total annual income from these investments is $11? 


A man has $2000 invested at 7% and $5000 at 4% simple interest. What additional sum must he invest at 6% to 
give him an overall return of 5%? 
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(a) 
(b) 


(c) 


(d) 


(e) 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


(g) 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


(g) 


(a) 


(b) 


(c) 
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The perimeter of a rectangle is 110 ft. Find the dimensions if the length is 5 ft less than twice the width. 


The length of a rectangular floor is 8 ft greater than its width. If each dimension is increased by 2 ft, the area is 
increased by 60 ft®. Find the dimensions of the floor. 


The area of a square exceeds the area of a rectangle by 3 in*. The width of the rectangle is 3 in. shorter and the 
length 4 in. longer than the side of the square. Find the side of the square. 


A piece of wire 40 in. long is bent into the form of a right triangle, one of whose legs is 15 in. long. Determine 
the lengths of the other two sides. 


The length of a rectangular swimming pool is twice its width. The pool is surrounded by a cement walk 4 ft 
wide. If the area of the walk is 784 ft”, determine the dimensions of the pool. 


Lubricating oil worth 28 cents/quart is to be mixed with oil worth 33 cents/quart to make up 45 quarts of a 
mixture to sell at 30¢/qt. What volume of each grade should be taken? 


What weight of water must be added to 50 lb of a 36% sulfuric acid solution to yield a 20% solution? All 
percentages are by weight. 


How many quarts of pure alcohol must be added to 10 quarts of a 15% alcohol solution to obtain a mixture 
which is 25% alcohol? All percentages are by volume. 


There is available 60 gallons of a 50% solution of glycerin and water. What volume of water must be added to 
the solution to reduce the glycerin concentration to 12%? All percentages are by volume. 


The radiator of a jeep has a capacity of 4 gallons. It is filled with an anti-freeze solution of water and glycol 
which analyzes 10% glycol. What volume of the mixture must be drawn off and replaced with glycol to obtain 
a 25% glycol solution? All percentages are by volume. 


One thousand quarts of milk testing 4% butterfat are to be reduced to 3%. How many quarts of cream testing 
23% butterfat must be separated from the milk to produce the required result? All percentages are by volume. 


There are available 10 tons of coal containing 2.5% sulfur, and also supplies of coal containing 0.80% and 
1.10% sulfur respectively. How many tons of each of the latter should be mixed with the original 10 tons 
to give 20 tons containing 1.7% sulfur? 


Two motorists start toward each other at 4:30 P.M. from towns 255 miles apart. If their respective average 
speeds are 40 and 45 mi/hr, at what time will they meet? 


Two planes start from Chicago at the same time and fly in opposite directions, one averaging a speed of 40 mi/hr 
greater than the other. If they are 2000 miles apart after 5 hours, find their average speeds. 


At what rate must motorist A travel to overtake motorist B who is traveling at a rate 20 mi/hr slower if A starts 
two hours after B and wishes to overtake B in 4 hours? 


A motorist starts from city A at 2:00 P.M. and travels to city B at an average speed of 30 mi/hr. After resting at 
B for one hour, she returns over the same route at an average speed of 40 mi/hr and arrives at A that evening at 
6:30 P.M. Determine the distance between A and B. 


Tom traveled a distance of 265 miles. He drove at 40 mi/hr during the first part of the trip and at 35 mi/hr 
during the remaining part. If he made the trip in 7 hours, how long did he travel at 40 mi/hr? 


A boat can move at 8 mi/hr in still water. If it can travel 20 miles downstream in the same time it can travel 12 
miles upstream, determine the rate of the stream. 


The speed of a plane is 120 mi/hr in a calm. With the wind it can cover a certain distance in 4 hours, but 
against the wind it can cover only 3/5 of that distance in the same time. Find the velocity of the wind. 


A farmer can plow a certain field three times as fast as his son. Working together, it would take them 6 hours to 
plow the field. How long would it take each to do it alone? 


A painter can do a given job in 6 hours. Her helper can do the same job in 10 hours. The painter begins the 
work and after 2 hours is joined by the helper. In how many hours will they complete the job? 


One group of workers can do a job in 8 days. After this group has worked 3 days, another group joins it 
and together they complete the job in 3 more days. In what time could the second group have done the job 
alone? 
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(d) A tank can be filled by two pipes separately in 10 and 15 minutes respectively. When a third pipe is used 
simultaneously with the first two pipes, the tank can be filled in 4 minutes. How long would it take the 
third pipe alone to fill the tank? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


Bat M3 (d) x=5 (g) x= -1/2 () x= 1/4 
by y=4 (e) t=—6 (h) all values of x (identity) (k) y=5 
(c) x= 4/3 (f) x=1/11 (i) z=22 iisa—t 
ee (x= ifaeh @ *=57 0 @-d @ y= 


(b) y=—2 if a # 2b 


13.36 (a) 5x+2 (j) Jane’s age x, Bob’s age x + 6, Jack’s age 2x 
(b) 2x-—6 (k) B=x°,A = (2x4 20)°, C = (160 — 3x)° 
(c) x+25,x (1) One side is x, adjacent side is 3x — 3. 
(d) x, (x+ 1), «@+2y Perimeter = 8x — 6, area = 3x° — 3x 
x 
(e) 5x—40 (m) 22 44 
(f) Qx+ 1° where x = integer 
(2) x2 — 2x (n) Sb salt 
(h) 8x 


(i) (2x +2)° — (2x), x = integer 
13.37 (a) 30 (b) 34,14 (c) 20,22 (d) 25,11 (e) 15,17 (f) 16, 6, 32 


13.38 (a) Father 40, son 16 (b) Mary 24, Jane 9 (c) Larry 20, Bill 10 

13.39 (a) 14 dimes, 33 nickels (b) 15 quarters, 30 dimes (c) 200 adults, 80 children 
13.40 (a) 63 (b) 37 (c) 26 

13.41 (a) $100 = (b) 23 days (c) 170 women (d) $200 at 3%, $250 at 2% (e) $1000 


13.42 (a) width 20 ft, length 35 ft (d) other leg 8 ft, hypotenuse 17 ft 
(b) width 10 ft, length 18 ft (e) 30 ft by 60 ft 


(c) 9 in. 

13.43 (a) 18 qt of 33¢, 27 qt of 28¢ (e) 2/3 gal 
(b) 40 1b (f) 50 qt 
(c) 4/3 qt (g) 63 tons of 0.80%, 34 tons of 1.10% 
(d) 190 gal 

13.44 (a) 7:30 P.M. (c) 60 mi/hr (e) 4hr (g) 30 mi/hr 
(b) 180, 220 mi/hr (d) 60 mi (f) 2 mi/hr 


13.45 (a) Father 8 hr, son 24 hr (b) 44hr (c) 12 days (d) 12 minutes 


CHAPTER 14 


Equations of Lines 


14.1 SLOPE OF A LINE 


The equation ax + by = c, where not both a and b are 0 and a, b, and c are real numbers is the standard (or 
general) form of the equation of a line. 

The slope of a line is the ratio of the change in y compared to the change in x. 
change in y 


slope = 
oe change in x 


If (x1, yi) and (x2, y2) are two points on a line and m is the slope of the line, then 


y2— V1 
m= 
X2 — X{ 


when x2 4X). 


EXAMPLE 14.1. What is the slope of the line through the points (0, 3) and (3, 0)? 


yoy 0-3 —3 
~x—-x 3-0 3 


m 


The slope of the line through the two points (0, 3) and (3,0) is —1. 


EXAMPLE 14.2. What is the slope of the line 4x — Sy = — 10. 
First we need to find two points that satisfy the equation of the line 4x — Sy = —10. If x = 0, then 4(0) — Sy = —-10 and 


y = +2. Thus, one point is (0, 2). If x = 5, then 4(5) — Sy = —10 and y = 6. So, (5, 6) is another point on the line. 


ne ET 8-2 4 
~wy—x 5-0 5 


4 
The slope of the line 4x — 5y = —10 is 5° 


In Example 14.1, the slope of the line is negative. This means that, as we view the graph of the line from left 
to right, as x increases y decreases (see Fig. 14-1). In Example 14.2, the slope is positive, which means that as x 
increases so does y (see Fig. 14-2). 

A horizontal line y= k, where k is a constant, has zero slope. Since all of the y values are the same, 


y2-y = 0. 
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Fig. 14-1 Fig. 14-2 


A vertical line x = k, where k is a constant, does not have a slope, that is, the slope is not defined. Since all 
of the x values are the same, x. — x; = 0 and division by zero is not defined. 


14.2 PARALLEL AND PERPENDICULAR LINES 


Two non-vertical lines are parallel if and only if the slopes of the lines are equal. 


EXAMPLE 14.3. Show that the figure PORS with vertices P(O, —2), Q(—2, 3), R(3,5), and S(5, 0) is a parallelogram. 
Quadrilateral PORS is a parallelogram if PQ and RS are parallel and PS and QR are parallel. 


a Sy SS a 
slope (PQ) = == a aa and _ slope )=.— = A 
slope (PS) =o ee and slope (OR) = 5-3 


Since PQ and RS have the same slope, they are parallel, and since PS and QR have the same slope, they are parallel. Thus, 
the opposite sides of PORS are parallel, so PORS is a parallelogram. 


EXAMPLE 14.4. Show that the points A(0, 4), B(2,3), and C(4, 2) are collinear, that is, lie on the same line. 
The points A, B, and C are collinear if the slopes of the lines through any two pairings of the points are the same. 
— 3-4 1 —~ 2-3 1 
1 AB) = ——— = — = BOS Se 
slope (AB) 70 5 and slope (BC) rene 5 
The lines AB and BC have the same slope and share a common point, B, so the lines are the same line. Thus, the points A, B, 
and C are collinear. 


Two non-vertical lines are perpendicular if and only if the product of their slopes is — 1. The slope of each 
line is said to be the negative reciprocal of the slope of the other line. 
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EXAMPLE 14.5. Show that the line through the points A(3, 3) and B(6, — 3) is perpendicular to the line through the points 
C(4, 2) and D(8, 4). 


Tp. 2? = —. 4-2 2 
slope (AB) = _ pe ye and slope (CD). = 5 


Since (—2)(1/2) = —1, the lines AB and CD are perpendicular. 


14.3 SLOPE-INTERCEPT FORM OF EQUATION OF A LINE 


If a line has slope m and y intercept (0, b), then for any point (x, y), where x 4 0, on the line we have 


and y=mx+b. 
The slope—intercept form of the equation of a line with slope m and y intercept b is y= mx +b. 


EXAMPLE 14.6. Find the slope and y intercept of the line 3x + 2y = 12. 
We solve the equation 3x + 2y = 12 for y to get y= — 3x + 6. The slope of the line is — 3 and the y intercept is 6. 


EXAMPLE 14.7. Find the equation of the line with slope —4 and y intercept 6. 
The slope of the line is —4, so m= —4 and the y intercept is 6, so b= 6. Substituting into y= mx+b, we get 
y = —4x + 6 for the equation of the line. 


14.4 SLOPE-POINT FORM OF EQUATION OF A LINE 


If a line has slope m and goes through a point (x), y;), then for any other point (x, y) on the line, we have m = 
(y — yi)/(& — x1) and y — y, = mx — x1). 
The slope—point form of the equation of a line is y— yy = mx — x1). 


EXAMPLE 14.8. Write the equation of the line passing through the point (1, —2) and having slope —2/3. 

Since (x;, y;) = (1, —2) and m = —2/3, we substitute into y — y; = m(x — x;) to get y+ 2 = —2/3(x — 1). Simpli- 
fying we get 3(y + 2) = —2(x — 1), and finally 2x + 3y = —4. 

The equation of the line through (1, —2) with slope —2/3 is 2x + 3y = —4. 


14.5 TWO-POINT FORM OF EQUATION OF A LINE 


If a line goes through the points (x;, y;) and (x2, y2), it has slope m = (y2 — y,)/(%2 — x1) if x2 A x,. Substitut- 
ing into the equation y — y; = m(x — x;), we get 


y2— Y1 
“lg — x1). 
xX. — Xj 


y= = 
The two-point form of the equation of a line is 


y2— Yi 
y-y= (x 
X2—X1 


x1) if Ax. 


If x2 = x1, we get the vertical line x = x. If y2 = y, we get the horizontal line y = yy. 
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EXAMPLE 14.9. Write the equation of the line passing through (3, 6) and (—4, 4). 
Let (x;, y,) = (3, 6) and (x2, y2) = (—4,4) and substitute into 


_ 2751 
X2 — Xq 
4-6 
y= b= ge?) 
T(y — 6) = —2(@x — 3) 

—Ty +42 = —2x+6 
2x — Ty = —36 


y= (x — x). 


The equation of the line through the points (3, 6) and (—4, 4) is 2x — 7y = —36. 


14.6 INTERCEPT FORM OF EQUATION OF A LINE 


Ifa line has x intercept a and y intercept b, it goes through the points (a, 0) and (0, b). The equation of the line is 


O-—b 
a—0O 


~ob= (x-0) ifa#0, 


which simplifies to bx + ay = ab. If both a and b are non-zero we get x/a+y/b= 1. 
If a line has x intercept a and y intercept b and both a and b are non-zero, the equation of the line is 


EXAMPLE 14.10. Find the intercepts of the line 4x — 3y = 12. 
We divide the equation 4x — 3y = 12 by 12 to get 


y 
2 = 1, 
ae 


Wile 


The x intercept is 3 and the y intercept is —4 for the line 4x — 3y = 12. 


EXAMPLE 14.11. Write the equation of the line that has an x intercept of 2 and a y intercept of 5. 
We have a = 2 and b= S for the equation 


ae 
lI 


NIsS Ql 
UIXS Ol 


+ 


Substituting we get 


II 
a 


Simplifying we get 


Nn 
s 
+ 
N 
< 
lI 
= 
oS 


The line with x intercept 2 and y intercept 5 is 5x + 2y=10. 


SOLVED PROBLEMS 


14.1. What is the slope of the line through each pair of points? 


(a) (4, 1) and (7,6) (b) (3,9) and (7,4) (c) (—4, 1) and (—4, 3) (d) (—3, 2) and (2, 2) 
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SOLUTION 
(a) ast The slope of the line is 5/3 
ee 3 , 
4-9 5 
(b) m=——- = -— The slope of the line is —5/4. 
7-3 4 
3-1 2 : Sone 
(c) m =————_ = — Slope is not defined for this line. 
—4-(-4) 0 
2-2 
(d) m= ~~ = ” =0 The slope of the line is 0. 
2-(-3) 5 


14.2 Determine whether the line containing the points A and B is parallel, perpendicular, or neither to the line 
containing the points C and D. 


(a) A(2,4), B(3, 8), C(5, 1), and D(4, —3) 

(b) A(2, —3), B(—4,5), C(O, — 1), and D(—4, —4) 
(c) AC, 9), B(4, 0), C(O, 6), and D(5, 3) 

(d) A(8, —1), B(2,3), C(5, 1), and D(2, — 1) 


SOLUTION 
(a) sl ea | 1 (ene a 
a) slope =a9 7 slope ar ea ie 
Since the slopes are equal, the lines AB and CD are parallel. 
eS et (es) Ee) 4 — -4-(-1) -3 3 
b) sl AB) = = = : 1 'D) = a = 
Cie) =e ap gt ED oe 
Since (—4/3)(3/4) = —1, the lines AB and CD are perpendicular. 
(c) dips Se iipetenia = a 
Rep eee ges wre —s-0 8 
Since the slopes are not equal and do not have a product of —1, the lines AB and CD are neither parallel nor 
perpendicular. 
—. 3-(-l) 4 2 — —-l-1 —2 2 
hap RENEE eg ag ge 
Since the slopes are not equal and do not have a product of —1, the lines AB and CD are neither parallel nor 
perpendicular. 


14.3 Determine whether the given three points are collinear or not. 


(a) (0,3), (1, 1), and (2, — 1) (b) (1,5), (—2, — 1), and (—3, —4) 


SOLUTION 
‘mes as 4 ee 
a To ° an a =qo> 


Since the line between (0, 3) and (1, 1) and the line between (1, 1) and (2, — 1) have the same slope, the points (0, 3), 
(1, 1), and (2, — 1) are collinear. 


aaa 2 and ee es 


a = 


Since the slope of the line between (1,5) and (— 2, — 1) and the slope of the line between (— 2, — 1) and (—3, —4) are 
different, the points (1,5), (—2, —1), and (—3, —4) are not collinear. 


14.4 Write the equation of the line with slope m and y intercept b. 
(a) m= —2/3,b=6 (b) m=—-3,b=—-4 (c) m=0,b=8 (d) m=3,b=0 
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SOLUTION 


(a) y=mx+b=—2/3x+6 
(b) y=mx+b=—3x-4 
(c) y=mx+b=0x+4+8 
(d) y=mx+b=3x+0 
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2x + 3y = 18 
3x+y= —-4 
y=8s 

3x —-y=0 


14.5 Write the equation of the line that contains point P and has slope m. 
(a) P(2,5),m=4 (b) PU, 4),m=0 (ec). P(=1,=6),m= 1/4 (d) P(2, —3),m= —3/7 
SOLUTION 
We use the formula y — yy = m(x — x}). 
(a) y-5=4@ - 2) 4x-—y=3 
(b) y=4=00— 1) y=4 
(c) y— (—6) = 1/4@—- (-)) x — 4y = 23 
(d) y— (-3) = -3/7(« -2) 3x+7y = —-15 
14.6 Write the equation of the line passing through points P and Q. 
(a) P(1, —4), 02,3) = (c) P(—1,4), OG,4) (e) P(7,1), Q(8, 3) 
(b) P(6, —1), Q(0,2) = (d) PCI,5), O(—2, 3) (f) P(4,—1), OG, 3) 
SOLUTION 
(a) y 3= OG 2) y—3 = 7(x—2) Ix-y=11 
2—(-1) 
() y-2= Se -9) y-2=-1/2x x+2y=4 
4-4 
(c) y-4 3-—p" 3) y—4= 0-3) y=4 
3—5 
(d) y $=" (—2)) y= 3=23642) 2x — 3y = —13 
-1 
() y-3=3 5-8) y—-3=2x-8) 2x-y=13 
(f) Since P and Q have the same x value, slope is not defined. However, the line through P and Q has to have 4 for 
its x coordinate in all points. Thus, the line is x = 4. 
14.7. Write the equation of the line that has x intercept —3 and y intercept 4. 
SOLUTION 
ane ee gD es Geet 
Ze so 3+7 1 4x — 3y 12 
14.8 Write the equation of the line through (— 5, 6) that is parallel to the line 3x — 4y = 5. 


SOLUTION 


We write the equation 3x — 4y = 5 in slope—intercept form to identify its slope, y = 3/4x — 5/4. Since the form is 
y =mx-+b, m= 3/4. Parallel lines have the same slope, so the line we want has a slope of 3/4. 

Now that we have the slope and a point the line goes through, so we can write the equation using the point— 
slope form: y — yj = m(x — x,). Substituting we get y — 6 = 3/4(x +5). Simplifying we get 4y — 24 = 3x+ 15 
and finally 3x — 4y = —39. The equation we want is 3x — 4y = —39. 
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14.9 Write the equation of the line through (4, 6) that is perpendicular to the line 2x — y = 8. 


SOLUTION 


In the slope—intercept form the given line is y = 2x — 8. The slope of the line is 2, so the slope of a perpendicular 
line is the negative reciprocal of 2, which is — 1/2. We want to write the equation of the line with slope of — 1/2 and 
going through (4, 6). Thus, y — 6 = —1/2(x — 4), so 2y — 12 = —x+ 4, and finally x + 2y = 16. The line we want 
isx+2y= 16. 


See Chapter 34 for more solved problems and more supplementary problems. 
SUPPLEMENTARY PROBLEMS 


14.10 What is the slope of the line through each pair of points? 


(a) (~1,2), 4, —3) (c) 5,4), (5,-2) — (e) (1,5), (—2,3) 
(b) (3, 4), (4, —3) (d) (—5,3), (2,3) Gf) (7,3), (8, —3) 


14.11 Determine whether the line containing the points P and Q is parallel, perpendicular, or neither to the line containing 
the points R and S. 


(a) P(4,2), O(8,3), R(—2, 8), and S(1, —4) 

(b) P(O, —5), QC115,0), RC, 2), and S(O, 5) 

(c) P(—7,8), O(8, —7), R(—8, 10), and S(6, — 4) 
(d) P(8,—2), O(2,8), R(—2, —8), and S(—8, —2) 


14.12 Determine a constant real number & such that the lines AB and CD are (1) parallel and (2) perpendicular. 


(a) A(2, 1), B(6, 3), C(4, 4), and D(3, 1) 

(b) A(1,k), B(2,3), CU, 7), and D(3, 6) 

(c) A(QQ,4), Bk, 10), C11, —2), and D(—2, 4) 
(d) AQ, 2), B(4,0), C(k, 2), and DU, —3) 


14.13 Determine whether the given three points are collinear or not. 


(a) (—3, 1), (—11, — 1), and (— 15, —2) (b) (1, 1), (4,2), and (2, 3) 


14.14 Write the equation of the line with slope m and y intercept b. 
(a) m= —-3,b=4 (c) m=2/3,b=—-2 (e) m= —1/2,b=3 
(b) m=0,b= —3 (d) m=4,b=0 (f) m= —5/6,b=1/6 
14.15 Write the equation of the line that goes through point P and has slope m. 
(a) P(—5,2),m=-1 (c) P(4,—1), m= 2/3 (e) P(2,6),m= —5 
(b) P(—4, -3), m=4 (d) P(O,4), m= —4/3 (f) P(-1,6), m=0 
14.16 Write the equation of the line through the points P and Q. 


(a) PU, 2), O(2, 4) (d) P(10, 2), O(5, 2) (g) P(—1,3), Q0, 6) 
(b) P(1.6,3), Q(0.3, 1.4) (e) P(3,6), O(—3,8) (h) P(O,0), Q(—3, 6) 
(c) P(0.7,3), Q(0.7, —3) (f) P(—4,2), Q(2, 4) 

14.17 Write the equation of the line that has x intercept a and y intercept b. 


(a) a=-2,b=-2 (b) a=6,b= —3 (c) a= —1/2,b=4 (d) a=6,b=1/3 


14.18 Write the equation of the line through point P and parallel to the line /. 


(a) P(2, —4), line lk y=4x—6 (c) P(—1, —1), line I: 4x + 5y =5 
(b) PCL, 0), line I: y = 3x+1 (d) P(3, 5), line I: 3x — 2y = 18 
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14.19 Write the equation of the line through the point P and perpendicular to the line /. 


(a) P(2, —1), line I: x = 4y 
(b) P(O,6), line I: 2x+ 3y =5 


(c) PC, 1), line /: 3x — 2y = 4 
(d) PC, —2), line /: 4x + y = 7 


14.20 Determine if the triangle with vertices A, B, and C is a right triangle. 


(a) A(4,0), B(7, —7), and C(2, —5) 
(b) A(5, 8), B(—2, 1), and C(2, —3) 


(c) A(2, 1), BG, —1), and CU, —2) 
(d) A(—6,3), B(3, —5), and C(—1,5) 


14.21 Show by using slopes that the diagonals PR and QS of quadrilateral PORS are perpendicular. 


(a) P(0,0), Q(5, 0), R(8,4), and S(3,4) (b) P(—3,0), Q(6, —3), R(7,5), and S(3, 3) 


14.22 Show that the points P, Q, R, and S are the vertices of a parallelogram PQRS. 


(a) P(5,0), Q(8, 2), R(6,5), and S(3,3) (b) P(—9,0), Q(— 10, —6), R(4, 8), and S(5, 14) 


14.23 Write the equation of the line through (7, 3) that is parallel to the x axis. 


14.24 Write the equation of the horizontal line through the point (—2, —3). 


14.25 Write the equation of the vertical line through the point (2, 4). 


14.26 Write the equation of the line through (5, 8) that is perpendicular to the x axis. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


14.10 (a —-1 (b) 1 (c) not defined (d) 0 (e) 2 (f) -6 
14.11 (a) perpendicular, slopes 1/4 and —4 (c) parallel, slopes —1 and —1 
(b) perpendicular, slopes 1/3 and —3 (d) neither, slopes —5/3 and —1 
14.12 (a) (1) 3/2 (2) -1 (c) (1) -4 (2) 153/13 
(b) (1) 7/2 2) 1 (d) (1) - 13/2 (2) 13/3 
14.13 (a) yes: m= 1/4 (b) no: slopes are not equal 
14.14 (a) y= —3x+4 (c) 2x -3y=6 (e) x+2y=6 
(b) y= —3 (d) y=4x (f) 5x+6y=1 
14.15 (a) x+y=-3 (c) 2x —3y= 11 (e) 5x +y= 16 
(b) 4x-y= —-13 (d) 4x+3y=12 (f) y=6 
14.16 (a) y= 2x (c) 10x =7 (e) x+3y=21 (g) 3x -y=-6 
(b) 80x — 65y = —67 (d) y=2 (Gf) x-3y=-10 (h) y=—-2x 
14.17 (a) x+ty=-2 (b) x - 2y=6 (c) 8k -y=—-4 (d)x+ 18y = 6 
14.18 (a y=4x- 12 (b) y=3x-3 (c) 4x+5y = —9 (d) 3x -—2y=-1 
14.19 (a) 4x+y=7 (b) 3x — 2y = -12 (c) 2x+3y=5 (d) x-4y=9 
14.20 (a) yes AC LBC (b) yes AB 1 BC (c) yes AB | BC (d) yes AC L BC 
14.21 (a) yes: slopes are 1/2 and —2 (b) yes: slopes are 1/2 and —2 
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14.22 
14.23 
14.24 
14.25 


14.26 


(a) yes: PQ || RS and QR || SP (b) yes: PQ || RS and QR || SP 
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Simultaneous Linear Equations 


15.1 SYSTEMS OF TWO LINEAR EQUATIONS 


A linear equation in two variables x and y is of the form ax + by = c where a, b, c are constants and a, b are not 
both zero. If we consider two such equations 


yxtby=c, 
ax + boy = cz 


we say that we have two simultaneous linear equations in two unknowns or a system of two linear equations 


in two unknowns. A pair of values for x and y, (x, y), which satisfies both equations is called a simultaneous 
solution of the given equations. 


Thus the simultaneous solution of x + y = 7 and x — y= 3 is (5, 2). 
Three methods of solving such systems of linear equations are illustrated here. 


Solution by addition or subtraction. If necessary, multiply the given equations by such numbers as will 
make the coefficients of one unknown in the resulting equations numerically equal. If the signs of the equal 
coefficients are unlike, add the resulting equations; if like, subtract them. Consider 


(1) 2x-y=4 
(2) x+2y = —3. 
To eliminate y, multiply (1) by 2 and add to (2) to obtain 
2x (1): 4x —2y = 8 
(2): x+2y= —-3 
Addition: 5x =) or x= i. 


Substitute x = 1 in (1) and obtain 2 — y = 4or y = —2. Thus the simultaneous solution of (1) and (2) is (1,—2). 
Check: Put x = 1, y= —2 in (2) and obtain 1 + 2(—2) = —3, -3 = —3. 
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B. Solution by substitution. Find the value of one unknown in either of the given equations and substitute 
this value in the other equation. 

For example, consider the system (1), (2) above. From (1) obtain y = 2x—4 and substitute this value 

into (2) to get x + 2(2x — 4) = —3 which reduces to x = 1. Then put x = | into either (1) or (2) and obtain 
y = —2. The solution is (1, —2). 


C. Graphical solution. Graph both equations, obtaining two straight lines. The simultaneous solution is 
given by the coordinates (x, y) of the point of intersection of these lines. Fig. 15-1 shows that the simul- 
taneous solution of (1) 2x — y= 4 and (2) x + 2y = —3 isx = 1, y= —2, also written (1, —2). 


If the lines are parallel, the equations are inconsistent and have no simultaneous solution. For example, (3) 
x+y = 2 and (4) 2x + 2y = 8 are inconsistent, as indicated in Fig. 15-2. Note that if equation (3) is multiplied 
by 2 we obtain 2x + 2y = 4, which is obviously inconsistent with (4). 

Dependent equations are represented by the same line. Thus every point on the line represents a solution 
and, since there are an infinite number of points, there are an infinite number of simultaneous solutions. For 
example, (5) x+y = 1 and (6) 4x + 4y = 4 are dependent equations as indicated in Fig. 15-3. Note that if 
(5) is multiplied by 4 the result is (6). 


Consistent equations Dependent equations 


Inconsistent equations 


(1) 2x-y=4 3 -2 (5) xt+y=1 
(2) x+2y=-3 a ee Oe (6) 4x+4y=4 
Fig. 15-1 Fig. 15-2 Fig. 15-3 


15.2 SYSTEMS OF THREE LINEAR EQUATIONS 


A system of three linear equations in three variables is solved by eliminating one unknown from any two of the 
equations and then eliminating the same unknown from any other pair of equations. 

Linear equations in three variables represent planes and can result in two or more parallel planes, which are 
thus inconsistent and have no solution. The three planes can coincide or all three can intersect in a common line 
and be dependent. The three planes can intersect in a single point, like the ceiling and two walls forming a 
corner in a room, and are consistent. 

Linear equations in three variables x, y, and z are of the form ax + by + cz = d, where a, b, c, and d are real 
numbers and not all three of a, b, and c are zero. If we consider three such equations 


ax+tby+ez=d 
a2x + boy + c2z = do 
a3x + b3y + €3z = d3 


CHAPTER 15 Simultaneous Linear Equations 139 


and find a value (x, y, z) that satisfies all three equations, we say we have a simultaneous solution to the system 
of equations. 


EXAMPLE 15.1. Solve the system of equations 2x + Sy + 4z = 4, x + 4y + 3z = 1, and x — 3y — 2z=5. 


(1) 2x+5y+4z=4 
(2) x+4y+3z=1 
(3) x-—3y-—2z=5 


First we will eliminate x from (1) and (2) and from (2) and (3). 


2x+5y+4z= 4 x+4y+3z= 1 
—2x — 8y — 6z = —2 —x + 3y+2z= —5 
(4) —3y—2z= 2 (5) Ty+5z=—-4 


Now we eliminate z from equations (4) and (5). 


—15y-—10z= 10 
14y + 10z = —8 
(6) —-y = 2 


We solve (6) and get y = —2. 
Substituting into (4) or (5), we solve for z. 


(4) —3C-2)-—2z=2 


+6-—2z=2 
—2z=-4 
e=2 


Substituting into (1), (2), or (3), we solve for x. 


(1) 2x+5-2)+4(2)=4 
2x—-10+8=4 
2x-2=4 
2x =6 
x=3 
The solution to the system of equations is (3, —2, 2). 
We check the solution by substituting the point (3, —2, 2) into equations (1), (2), and (3). 


(1) 2(3) +5(-2) + 4(2) 24 QO) 3440-2)430)7 1 (3) 3—32)—2(2)25 
6é= 10 4-6 24 $-8 46 71 826 sd 975 
4-—4 1=1 5=5 


Thus (3, —2, 2) checks in each of the given equations and is the answer to the problem. 


SOLVED PROBLEMS 


Solve the following systems. 


15.1 (1) 2x-y=4 
(2) x+y=5 


SOLUTION 


Add (1) and (2) and obtain 3x = 9, x = 3. 
Now put x = 3 in (1) or (2) and get y = 2. The solution is x = 3, y = 2 or (3, 2). 
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Another method. From (1) obtain y = 2x — 4 and substitute this value into equation (2) to get x+ 2x —4=5, 
3x = 9, x = 3. Now put x = 3 into (1) or (2) and obtain y = 2. 

Check: 2x — y= 2(3) —-2=4 andx+y=3+2=5. 

Graphical solution. The graph of a linear equation is a straight line. Since a straight line is determined by two points, 
we need plot only two points for each equation. However, to insure accuracy we shall plot three points for each line. 


x = 1 0 1 
For 2x —y = 4: 

y =6 —4 = 2. 

x = 0 1 
For x+y=5S: 

y 6 5 4 


Fig. 15-4 
15.22 (1) 5x+2y=3 

(2) 2x+3y = —-1 
SOLUTION 
To eliminate y, multiply (1) by 3 and (2) by 2 and subtract the results. 

3x(): I5x+6y= 9 

2x (2): 4x+6y=-—-—2 

Subtraction: 11x = 11 or x=1. 


Now put x = 1 in (1) or (2) and obtain y = — 1. The simultaneous solution is (1, — 1). 


15.3 (1) 2x+3y=3 
(2) 6by-—6x= 1 
SOLUTION 
Rearranging (2), 


(1) 2x+3y=3 
(2) -—6x+6y=1 


CHAPTER 15 Simultaneous Linear Equations 


15.4 


15.5 


15.6 


15.7 


To eliminate x, multiply (1) by 3 and add the result with (2) to get 


3.x (1): 6x+9y= 9 
(2): -6x+6y= 1 


15y = 10 or y= 2/3. 
Now put y = 2/3 into (1) or (2) and obtain x = 1/2. The solution is (1/2, 2/3). 


(1) 5y=3 —2x 
(2) 3x =2y+1 


SOLUTION 


Solve by substitution. 


From (1), y= 


Put this value into (2) and obtain 


3—2x ll 
3x = 2 1 (=, 
Xx ( 5 )+ or x 19 


3-2 3-2(11/19) 7 


ce c——s 5 19 
and the solution is (5 5). 
19° 19 

x—-2 y+l 
1 +——=2 
(1) 3 6 

x+3 2y-1 
2 - =1 
(2) 4 2 
SOLUTION 


To eliminate fractions, multiply (1) by 6 and (2) by 4 and simplify to obtain 


(1,) x+y =15 
(21) x-4y=-1 


Solving, we find 


pms a and the solution is a EL . 
9 9 9 9 
(1) x—3y = 2a 
(2) 2x+y=5a 
SOLUTION 


To eliminate x, multiply (1) by 2 and subtract (2); then y = a/7. 
To eliminate y, multiply (2) by 3 and add with (1); then x = 17a/7. 


o, l7a a 
The solution is —, =.=]. 
7 7 


(1) 3u+2v=7r+s 
(2) 2u—v = 3s 


Solve for u and v in terms of rand s. 
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15.8 


15.9 


15.10 


15.11 
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SOLUTION 


To eliminate v, multiply (2) by 2 and add with (1); then 7u = 7r+7s oru=r+s. 
To eliminate u, multiply (1) by 2, (2) by —3, and add the results; then v = 2r — s. 
The solution is (r+, 2r — s). 


(1) ax+ by = 2a? — 3b’ 
(2) x + 2y = 2a — 6b 


SOLUTION 
Multiply (2) by a and subtract from (1); then by — 2ay = 6ab — 3b, y(b — 2a) = 3b(2a — b), 
bQa—b) —3b(b-2 
and y = 4 a a = we x Gl a wean hn EO: 
Similarly, we obtain x = 2a provided b — 2a ¥ 0. 
Check: (1) a(2a) + b(—3b) = 2a” — 3b", (2) 2a + 2(—3b) = 2a — 6b. 
Note. If b — 2a = 0, or b = 2a, the given equations become 


(11) ax + 2ay = —10a? 
(2:1) x+2y =—10a 


which are dependent since (1,) may be obtained by multiplying (2;) by a. Thus if b = 2a the system possesses an 
infinite number of solutions, i.e., any values of x and y which satisfy x + 2y = — 10a. 


The sum of two numbers is 28 and their difference is 12. Find the numbers. 


SOLUTION 


Let x and y be the two numbers. Then (1) x + y = 28 and (2) x — y = 12. 

Add (1) and (2) to obtain 2x = 40, x = 20. Subtract (2) from (1) to obtain 2y = 16, y = 8. 

Note. Of course this problem may also be solved easily by using one unknown. Let the numbers be n and 28 — n. 
Then n — (28 — n) = 12 orn = 20, and 28 —n= 8. 


If the numerator of a certain fraction is increased by 2 and the denominator is increased by 1, the result- 
ing fraction equals 1/2. If, however, the numerator is increased by | and the denominator decreased by 
2, the resulting fraction equals 3/5. Find the fraction. 


SOLUTION 


Let x = numerator, y = denominator, and x/y = required fraction. Then 


21 1 3 
ee eae. aad Oe. <r Se at, 


o ytl 2 


Solve (1) and (2) simultaneously and obtain x = 2, y = 7. The required fraction is 2/7. 


Two years ago a man was six times as old as his daughter. In 18 years he will be twice as old as his 
daughter. Determine their present ages. 


SOLUTION 
Let x = father’s present age in years, y = daughter’s present age in years. 


Equation for condition 2 years ago: (1) (@— 2) = 60) — 2). 
Equation for condition 18 years hence: (2) (x +18) = 2(y+ 18). 


Solve (1) and (2) simultaneously and obtain x = 32, y = 7. 
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15.12 


15.13 


15.14 


15.15 


15.16 


Find the two-digit number satisfying the following two conditions. (1) Four times the units digit is six 
less than twice the tens digit. (2) The number is nine less than three times the number obtained by revers- 
ing the digits. 


SOLUTION 


Let t= tens digit, u = units digit. 
The required number = 10f + u; reversing digits, the new number = 10u + ¢. Then 


(1) 4u=2t-6 and = (2) 10r +u = 3(10u +1) —9. 


Solving (1) and (2) simultaneously, t = 7, u = 2, and the required number is 72. 


Five tables and eight chairs cost $115; three tables and five chairs cost $70. Determine the cost of each 
table and of each chair. 


SOLUTION 


Let x = cost of a table, y = cost of a chair. Then 
(1) Sx+8y=$115 and (2) 3x +5y = $70. 
Solve (1) and (2) simultaneously and obtain x = $15, y = $5. 
A merchant sold his entire stock of shirts and ties for $1000, the shirts being priced at 3 for $10 and the 


ties at $2 each. If he had sold only 1/2 of the shirts and 2/3 of the ties he would have collected $600. 
How many of each kind did he sell? 


SOLUTION 


Let s = number of shirts sold, t = number of ties sold. Then 


(1) Hs +21 = 1000 and (2) (5s) +2(5+) = 90. 


Solving (1) and (2) simultaneously, s = 120, t = 300. 


An investor has $1100 income from bonds bearing 4% and 5%. If the amounts at 4% and 5% were inter- 
changed she would earn $50 more per year. Find the total sum invested. 


SOLUTION 
Let x = amount invested at 4%, y = amount at 5%. Then 
(1) 0.04x + 0.05y = 1100 and (2) 0.05x + 0.04y = 1150. 


Solving (1) and (2) simultaneously, x = $15 000, y = $10 000, and their sum is $25 000. 


Tank A contains a mixture of 10 gallons water and 5 gallons pure alcohol. Tank B has 12 gallons water 
and 3 gallons alcohol. How many gallons should be taken from each tank and combined in order to 
obtain an 8 gallon solution containing 25% alcohol by volume? 
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SOLUTION 


In 8 gal of required mixture are 0.25(8) = 2 gal alcohol. 
Let x, y = volumes taken from tanks A, B respectively; then (1) x+y = 8. 


Fraction of alcohol in iil a sa tank fea ee 
10+5 3 124+3 5 


Thus in x gal of A are x/3 gal alcohol, and in y gal of B are y/5 gal alcohol; then (2) x/3 + y/5 = 2. 
Solving (1) and (2) simultaneously, x = 3 gal, y =5 gal. 
Another method, using only one unknown. Let x = volume taken from tank A, 8 — x = volume taken from 
tank B. 
Then $x + 4(8 — x) = 2 from which x = 3 gal, 8-—x=5 gal. 


15.17 A given alloy contains 20% copper and 5% tin. How many pounds of copper and of tin must be melted 
with 100 Ib of the given alloy to produce another alloy analyzing 30% copper and 10% tin? All percen- 
tages are by weight. 


SOLUTION 


Let x, y = number of pounds of copper and tin to be added, respectively. 
In 100 lb of given alloy are 20 lb copper and 5 |b tin. Then, in the new alloy, 


d 20 
fraction of copper = Vcaioaaemtl as or (1) 0.30 = ee 
pounds alloy 100+x+y 
ds ti 5 
fraction of tin 2a or (2) 0.10 = = 


~ pounds alloy 100+x+y 


The simultaneous solution of (1) and (2) is x = 17.5 Ib copper, y = 7.5 lb tin. 


15.18 Determine the rate of a woman’s rowing in still water and the rate of the river current, if it takes her 
2 hours to row 9 miles with the current and 6 hours to return against the current. 


SOLUTION 


Let x = rate of rowing in still water, y = rate of current. 


With current: 2 hr x (v+ y)mi/hr = 9 mi or (1) 2x+ 2y=9. 
Against current: 6 hr x (x — y) mi/hr = 9 mi or (2) 6x — 6y = 9. 


Solving (1) and (2) simultaneously, x = 3 mi/hr, y = 3/2 mi/hr. 


15.19 Two particles move at different but constant speeds along a circle of circumference 276 ft. Starting at 
the same instant and from the same place, when they move in opposite directions they pass each other 
every 6 sec and when they move in the same direction they pass each other every 23 sec. Determine their 
rates. 

SOLUTION 


Let x, y = their respective rates in ft/sec. 


Opposite directions: 6 sec x (x+y) ft/sec = 276 or (1) 6x + 6y = 276. 
Same direction: 23 sec x (x — y) ft/sec = 276 or (2) 23x — 23y = 276. 


Solving (1) and (2) simultaneously, x = 29 ft/sec, y = 17 ft/sec. 
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15.20 Fahrenheit temperature = m(Celsius temperature) + n, or F = mC +n, where m and n are constants. At 
one atmosphere pressure, the boiling point of water is 212 °F or 100 °C and the freezing point of water 
is 32 °F or 0 °C. (a) Find m and n. (b) What Fahrenheit temperature corresponds to — 273 °C, the lowest 
temperature obtainable? 


SOLUTION 


(a) (1) 212 = m(100) +n and (2) 32 = m(O) +n. Solving, m= 9/5, n = 32. 
(b) F= 2C +32= 3(—273) +32 = —491.4+ 32 = —459 °F, to the nearest degree. 


Solve the following systems. 
15.21 (1) 2x-—y+z=3 
(2) x+3y—2z= 11 
(3) 3x —2y+4z=1 
SOLUTION 
To eliminate y between (1) and (2) multiply (1) by 3 and add with (2) to obtain 


(11) 7x+z= 20. 
To eliminate y between (2) and (3) multiply (2) by 2, (3) by 3, and add the results to get 
(2;) 11x+ 8z = 25. 
Solving (1,) and (2;) simultaneously, we find x = 3, z= —1. Substituting these values into any of the given 


equations, we find y = 2. 
Thus the solution is (3, 2, — 1). 


x y Zz x y z i x y z 23 

15.22 (1) -=+5--—=2, 2 bes le Sit 8 

Ost 4 Oat; 2 6 5 473 6 
SOLUTION 


To remove fractions, multiply the equations by 12 and obtain the system 


(11) 4x+ 6y — 3z = 24 
(21) 3x+4y —-6z7=2 
(3;) 6x — 3y+ 4z = 46. 


To eliminate x between (11) and (2;) multiply (11) by 3, (21) by —4, and add the results to obtain 
(12) 2y+ 15z = 64. 
To eliminate x between (2;) and (3;) multiply (2;) by 2 and subtract (3;) to obtain 
(22) lly — 16z = —42. 
The simultaneous solution of (12) and (22) is y = 2, z= 4. Substituting these values of y and z into any of the 
given equations, we find x = 6. 


Thus the simultaneous solution of the three given equations is (6, 2, 4). 


I 2 2 2 3M 3 1 3 
15.23 (1) -—--—- = 0; (2) -+-+-=1, (3) ----—- =3,. 
yg x y Zz x 


x 
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SOLUTION 
1 
Let — =U, -=0, —_=w 
Zz 
so that the given equations may be written 
(1,1) u—2v—2w=0 


(2;) 2u+30+w=1 
(3,) 3u—v—3w=3 


from which we find u = —2, v=3, w= —4. 


1 il 1 
Thus —-=-2 of x=-1/2, —=3 or y= 1/3, -=-4 or z=—-1/4. 
x y Zz 


The solution is (—1/2, 1/3, —1/4). 
1 2 2 2 3 1 3 1 3 


Oo is oan e-Ta-aa 


Check: (1) = 0, 
“1/2 1/3 —1/4 1a” iy 


15.24 (1) 3xt+y—z=4, (2) x+y+4¢=3, (3) 9x+5y+10z=8. 


SOLUTION 


Subtracting (2) from (1), we obtain (1,) 2x — 5z = 1. 

Multiplying (2) by 5 and subtracting (3), we obtain (2;) —4x + 10z = 7. 

Now (1;) and (21) are inconsistent since (1;) multiplied by —2 gives —4x +10z = —2, thus contradicting 
(2;). This indicates that the original system is inconsistent and hence has no simultaneous solution. 


15.25 A and B working together can do a given job in 4 days, B and C together can do the job in 3 days, and 
A and C together can do it in 2.4 days. In how many days can each do the job working alone? 


SOLUTION 


Let a, b, c = number of days required by each working alone to do the job, respectively. Then 1/a, 1/b, 1/c = 
fraction of complete job done by each in | day, respectively. Thus 


ee ee eee Gyo 4ts2 
ab 4 bic 3 aoc 24 
Solving (1), (2), (3) simultaneously, we find a = 6, b = 12, c = 4 days. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


15.26 Solve each of the following pairs of simultaneous equations by the methods indicated. 


2x —3y=7 o. . or 
(a) { ire S Solve (1) by addition or subtraction, (2) by substitution. 
(b) a ae Solve (1) graphically, (2) by addition or subtraction 

2x+3y=7 pore ae ae 


(c) ie ame Solve (1) graphically, (2) by addition or subtraction, (3) by substitution. 


5x — 3y = —2 
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15.27 Solve each of the following pairs of simultaneous equations by any method. 


(a) 2x — Sy = 10 ay 2x — 3y = 9 
1) 4x43y=7 © ) 4x-y=8t 
2y-x=1 x+yt+1=0 
(6) fee wn {F —2y+5=0 
2x sy 
(c) ey . (g) ae: Find u and v in terms of r and s 
xy 4 8 | 3u+2v=7r—4s 
6 2— 
(h) 5/x—3/y= 1 
2/x+1/y=7 
2x — 1 2 
3 +74 =e ax —by=a +b? 
(d) eis x-y_, (i) mes: ce eee Find x and y in terms of a and b. 
2 _— 


15.28 Indicate which of the following systems are (1) consistent, (2) dependent, (3) inconsistent. 


x+3y=4 5 | 3x=2y+3 2x-—y=1 
i) (ee 1 ©) see et () ae 

a2x—y=5 («+ 3)/4 = Qy — 1)/6 («+ 2)/4 —Q — 2)/12 = 5/4 
e) oe. @ {s —4y=2 ) eee 


15.29 (a) When the first of two numbers is added to twice the second the result is 21, but when the second number is 
added to twice the first the result is 18. Find the two numbers. 


(b) If the numerator and denominator of a certain fraction are both increased by 3, the resulting fraction equals 
2/3. If, however, the numerator and denominator are both decreased by 2, the resulting fraction equals 1/2. 
Determine the fraction. 


(c) Twice the sum of two numbers exceeds three times their difference by 8, while half the sum is one more than 
the difference. What are the numbers? 


(d) If three times the larger of two numbers is divided by the smaller, the quotient is 6 and the remainder is 
6. If five times the smaller is divided by the larger, the quotient is 2 and the remainder is 3. Find the numbers. 


15.30 (a) Sixyears ago Bob was four times as old as Mary. In four years he will be twice as old as Mary. How old are they now? 


(b) A is eleven times as old as B. In a certain number of years A will be five times as old as B, and five years after 
that she will be three times as old as B. How old are they now? 


15.31 (a) Three times the tens digit of a certain two-digit number is two more than four times the units digit.The differ- 
ence between the given number and the number obtained by reversing the digits is two less than twice the sum 
of the digits. Find the number. 


(b) When a certain two-digit number is divided by the number obtained by reversing the digits, the quotient is 2 and the 
remainder is 7. If the number is divided by the sum of its digits, the quotient is 7 and the remainder 6. Find the number. 


15.32 (a) Two pounds of coffee and 3 lb of butter cost $4.20. A month later the price of coffee advanced 10% and that 
of butter 20%, making the total cost of a similar order $4.86. Determine the original cost of a pound of each. 


(b) If 3 gallons of Grade A oil are mixed with 7 gal of Grade B oil the resulting mixture is worth 43 ¢/gal. 
However, if 3 gal of Grade A oil are mixed with 2 gal of Grade B oil the resulting mixture is worth 
46 ¢/gal. Find the price per gallon of each grade. 


(c) An investor has $116 annual income from bonds bearing 3% and 5% interest. Then he buys 25% more of the 
3% bonds and 40% more of the 5% bonds, thereby increasing his annual income by $41. Find his initial invest- 
ment in each type of bond. 
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15.33 (a) 


(b) 


(c) 


(d) 


15.34 (a) 


(b) 


(c) 
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Tank A contains 32 gallons of solution which is 25% alcohol by volume. Tank B has 50 gal of solution which is 
40% alcohol by volume. What volume should be taken from each tank and combined in order to make up 40 
gal of solution containing 30% alcohol by volume? 


Tank A holds 40 gal of a salt solution containing 80 Ib of dissolved salt. Tank B has 120 gal of solution contain- 
ing 60 Ib of dissolved salt. What volume should be taken from each tank and combined in order to make up 30 
gal of solution having a salt concentration of 1.5 Ib/gal? 


A given alloy contains 10% zinc and 20% copper. How many pounds of zinc and of copper must be melted 
with 1000 lb of the given alloy to produce another alloy analyzing 20% zinc and 24% copper? All percentages 
are by weight. 


An alloy weighing 600 lb is composed of 100 Ib copper and 50 Ib tin. Another alloy weighing 1000 Ib is com- 
posed of 300 1b copper and 150 Ib tin. What weights of copper and tin must be melted with the two given alloys 
to produce a third alloy analyzing 32% copper and 28% tin. All percentages are by weight. 


Determine the speed of a motorboat in still water and the speed of the river current, if it takes 3 hr to travel a 
distance of 45 mi upstream and 2 hr to travel 50 mi downstream. 


When two cars race around a circular mile track starting from the same place and at the same instant, they pass 
each other every 18 seconds when traveling in opposite directions and every 90 seconds when traveling in the 
same direction. Find their speeds in mi/hr. 


A passenger on the front of train A observes that she passes the complete length of train B in 33 seconds when 
traveling in the same direction as B and in 3 seconds when traveling in the opposite direction. If B is 330 ft 
long, find the speeds of the two trains. 


15.35 Solve each of the following systems of equations. 


(a) 


(b) 


, 1 1 1 
2x-y+2z=-8 a -~+-+-=5 
3° 2 x y & 
ove) oe x: BY. 3 2 3 4 
3x-—y—4z7=3 ec) {-—=+4+-==-6 d) {----= =-ll 
y (c) ieee @) 5 — 
Mo By 3.2 1 
x=y-2z ~~ -~+--—-=-6 
6 4 xy 2 
2y=x+3z7+1 
z= 2y—2x—3 


15.36 Indicate which of the following systems are (1) consistent, (2) dependent, (3) inconsistent. 


(a) 


x+y-z=2 2x-y+z=1 x+ty+2z=3 
x—3y+2z=1 (b) 4 x+2y—3z=-2 (c) ¢ 3x-y+z=1 
3x —5y+3z=4 3x —4y+5z=1 2x + 3y —4z=8 


15.37 The first of three numbers exceeds the third by one-half of the second. The sum of the second and third numbers is 
one more than the first. If the second is subtracted from the sum of the first and third numbers the result is 5. Deter- 
mine the numbers. 


15.38 When acertain three-digit number is divided by the number with digits reversed, the quotient is 2 and the remainder 
25. The tens digit is one less than twice the sum of the hundreds digit and units digit. If the units digit is subtracted 
from the tens digit, the result is twice the hundreds digit. Find the number. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


15.26 (a) x=2,y=-1 (b) x=-l,y=3 (c) x=1/2, y = 3/2 
15.27 (a) x=5/2,y=-1 (d) x=5,y=2 (g) u=r—2s,v=2r+s 
(b) x=3,y=2 (e) x=3t/2,y=-2t (h) x=1/2,y=1/3 


(c) x=6,y=10 () x=-l,y=1 (@) x=a+by=a-b if & 42h 
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15.28 (a) Consistent, (c) Dependent (e) Consistent, 
(b) Inconsistent, (d) Inconsistent, (f) Dependent. 

15.29 (a) 5,8 (b) 7/12 (c) 7,3 (d) 16,7 

15.30 (a) Mary 11 yr, Bob 26 yr (b) A is 22 yr, B is 2 yr 

15.31 (a) 64 (b) 83 


15.32 (a) Coffee 90 ¢/lb, butter 80 ¢/Ib (b) Grade A 50 ¢/gal, Grade B 40 ¢/gal 
(c) $1200 at 3%, $1600 at 5% 


15.33 (a) 26 2/3 gal from A (b) 20 gal from A (c) 150 Ib zinc (d) 400 Ib copper 
13 1/3 gal from B 10 gal from B 100 Ib copper 500 Ib tin 


15.34 (a) Boat 20 mi/hr, river 5 mi/hr (b) 120 mi/hr, 80 mi/hr (c) 60 ft/sec, 50 ft/sec 


15.35 (a) x= ly=2,z= 2 (c) x= 6,y=4,z=—-3 
(b) x=0,y=2,z=1 (d) x= 1/2, y= —-1/3, z= 1/6 


15.36 (a) Dependent (b) Inconsistent (c) Consistent 
15.37 4, 2,3 


15.38 371 
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CHAPTER 16 


Quadratic Equations in 
One Variable 


16.1 QUADRATIC EQUATIONS 


A quadratic equation in the variable x has the form ax’ + bx +c = 0 where a, b, and c are constants and a # 0. 

Thus x? — 6x +5 = 0,27 + 3x = 0, 2x7 +x — 6 = 0, and 3x* — 5 = Oare quadratic equations in one vari- 
able. The last two equations may be divided by 2 and 3 respectively to obtain x? + 5x —3=0and x — 3 =0 
where the coefficient of x? in each case is 1. 

An incomplete quadratic equation is one which either b = 0 orc = 0, e.g., 4x? — 5 = 0, 7x? — 2x = 0, and 
3x" = 0, 

To solve a quadratic equation ax? + bx + c = 0 is to find values of x which satisfy the equation. These 
values of x are called zeros or roots of the equation. 

For example, x* — 5x + 6 = 0 is satisfied by x = 2 and x = 3. Then x = 2 and x = 3 are zeros or roots of 
the equation. 


16.2 METHODS OF SOLVING QUADRATIC EQUATIONS 


A. Solution by square root 


EXAMPLES 16.1. Solve each quadratic equation for x. 

(a) x*-4=0 (b) 2x2 -21=0 (c) 7 +9=0 

(a) x2 —4=0. Then x* = 4, x = +2, and the roots are x = 2, —2. 

(b) 2x? — 21 = 0. Then x? = 21/2 and the roots are x = +/21/2 = +4,/42. 
(c) x7 +9 = 0. Then x? = —9 and the roots are x = +/—9 = +3i. 


B. Solution by factoring 


EXAMPLES 16.2. Solve each quadratic equation for x. 

(a) 7x* —5x =0 (b) x —5x+6=0 (c) 3x7 +2x-5=0 (d) x —4x+4=0 

(a) 7x° —5x =0 may be written as x(7x — 5) = 0. Since the product of the two factors is zero, we set each factor 
equal to 0 and solve the resulting linear equations. x = 0 or 7x —5 = 0. So x = 0 and x = 5/7 are the roots of 


the equation. 
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(b) x? —5x +6 =0 may be written as (x — 3)(x — 2) = 0. Since the product is equal to 0, we set each factor equal 


to 0 and solve the resulting linear equations. x - 3 = 0 or x -2 = 0. So x = 3 and x = 2 are the roots of the 


equation. 
(c) 3x7 +2x-5=0 may be written as (3x +5)(x — 1) = 0. Thus, 3x +5 =0 or x— 1 =0 and the roots of the 
equation are x = —5/3 andx = 1. 


(d) 2 —4x+4=0 may be written as (x — 2)(x — 2) = 0. Thus, x — 2 = 0 and the equation has a double root 
eS 2: 


C. Solution by completing the square 


EXAMPLE 16.3. Solve x2 — 6x—2=0. 


Write the unknowns on one side and the constant term on the other; then 


x — 6x =2. 


Add 9 to both sides, thus making the left-hand side a perfect square; then 


e—6x4+9=249 ofr (e—-3P=11. 


Hence x — 3 = ++/11 and the required roots are xx = 3 + V11. 


Note. In the method of completing the square (1) the coefficient of the x” term must be 1 and (2) the number added 
to both sides is the square of half the coefficient of x. 


EXAMPLE 16.4. Solve 3x2 —5x+1=0. 


Dividing by 3, r= S 


1 oe 
Adding | = = = = to both sides, 
2\. 3 36 


36 36 36" 6 3 
5 V13 ee, oe) 
Eee eS eee 


D. Solution by quadratic formula. 
The solutions of the quadratic equation ax* + bx + c = 0 are given by the formula 


_ —b + Vb? — 4ac 
7 2a 


Xx 


where b? — 4ac is called the discriminant of the quadratic equation. 
For a derivation of the quadratic formula see Problem 16.5. 


EXAMPLE 16.5. Solve 3x7 —5x+1=0. Here a= 3,b = —5,c = 1 0 that 


Pe a: (5) —43)) 5+ V13 
~ 2(3) ~~ 6 


as in Example 16.4. 
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EXAMPLE 16.6. Solve 4x2 — 6x +3 =0. 
Here a = 4, b = —6, and c = 3. 


(6) + J(-6 — 4G) 6+ VJ7-12 642i73 23 4 iV3) 
2(4) — 8 2 8 ~ 8 


3 4iv3 
4 


E. Graphical solution 
The real roots or zeros of ax” + bx + c = 0 are the values of x corresponding to y = 0 on the graph of the 
parabola y = ax* + bx +c. Thus the solutions are the abscissas of the points where the parabola intersects 
the x axis. If the graph does not intersect the x axis the roots are not real. 


16.3 SUM AND PRODUCT OF THE ROOTS 


The sum S and the product P of the roots of the quadratic equation ax” + bx + c = Oare given by S = —b/aand 
P=c/a. 

Thus in 2x* + 7x — 6 = 0 we havea=2, b=7, c = —6 so that S = —7/2 and P = —6/2 = —3. 

It follows that a quadratic equation whose roots are r),1r2 is given by x* — Sx + P = 0 where S =r; +12 
and P = rjrz. Thus the quadratic equation whose roots are x = 2 and x = —5 is x* — (2—5)x + 2(-5) =0 
or x? +3x—10=0. 


16.4 NATURE OF THE ROOTS 


The nature of the roots of the quadratic equation ax + bx + c = 0 is determined by the discriminant b* — 4ac. 
When the roots involve the imaginary unit 7, we say the roots are not real. 
Assuming a, b, c are real numbers then 


(1) if b? — 4ac > 0, the roots are real and unequal, 
(2) if b? — 4ac = 0, the roots are real and equal, 
(3) if b* — 4ac < 0, the roots are not real. 


Assuming a, b, c are rational numbers then 


(1) if b? — 4ac isa perfect square ¥ 0, the roots are real, rational, and unequal, 

(2) if b? — 4ac = 0, the roots are real, rational, and equal, 

(3) if b? — 4ac > 0 but not a perfect square, the roots are real, irrational, and unequal, 
(4) if b* — 4ac < 0, the roots are not real. 


Thus 2x7 + 7x — 6 = 0, with discriminant b* — 4ac = 7* — 4(2)(—6) = 97, has roots which are real, irrational 
and unequal. 


16.55 RADICAL EQUATIONS 


A radical equation is an equation having one or more unknowns under a radical. 

Thus /x + 3 — /x = 1 and ./y = Jy —4 are radical equations. 

To solve a radical equation, isolate one of the radical terms on one side of the equation and transpose 
all other terms to the other side. If both members of the equation are then raised to a power equal to the 
index of the isolated radical, the radical will be removed. This process is continued until radicals are no 
longer present. 
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EXAMPLE 16.7. Solve /x+3-—/x=1. 


Transposing, /x+3 = /x+1. 

Squaring, x + 3=x+2/x+1 or f/x = 1. 

Finally, squaring both sides of ./x = 1 gives x = 1. 
Check. JI +3—/121,2-1=1. 


It is very important to check the values obtained, as this method often introduces extraneous roots which 
are to be rejected. 


16.6 QUADRATIC-TYPE EQUATIONS 


An equation of quadratic type has the form az”” + bz" +c = 0 where a # 0, b,c, andn # O are constants, and 
where z depends on x. Upon letting z” = u this equation becomes au” + bu + c = 0, which may be solved for u. 
These values of u may be used to obtain z from which it may be possible to obtain x. 


EXAMPLE 16.8. Solve x* — 3x7 — 10 = 0. 


Let u = x* and substituting uv? —3u—10=0 


Factoring (u—5)(u—2)=0 
Solving for u u=S5oru=-—2 
Substituting x? = u *=S5orxr=-2 
Solving for x eS +/5 orx = +i/2 


EXAMPLE 16.9. Solve (2x — 1)? + 72x — 1) +12 =0. 
Let « = 2x — 1 and substituting uv? + 7u+12=0 


Factoring (u+4)u+3)=0 

Solving for u u=-—4oru=-—3 

Substituting 2x -—1=u 2x—1=-—4o0r2x-1=-3 

Solving for x x=-—3/20rx=-1 
SOLVED PROBLEMS 


16.1 Solve 
(a) x*-—16=0. Then x* = 16, x= +4. 
(b) 42-—9=0. Then 4?=9, 2 =9/4,t= +3/2. 
() 3-2" 41. Then 32? = 2, 2°= 2/3, c= 44/273 = 416. 
(d) 4°+9=0. Thenx? =—9/4,x= +/—9/4 = +31. 
2x7 — 1 
(ec) —— 3 


17 
=x+3+——s. Then 2x7 — 1 = («+ 3)(x — 3) +17, 2x7 —-1 =x -9417, 
— x =9, andx = +3. 
Check. If x = 3 is substituted into the original equation, we have division by zero which is not 
allowed. Hence x = 3 is not a solution. 
37 = 1 17 17 17 


= 9 = = = -—3j] i 
If x 3, = a ee ee or aT: ag and 3 is a solution. 


16.2 Solve by factoring 
(a) x°+5x—-6=0, (x + 6)(x — 1) = 0, x= -—6, l. 
(b) P?=4, P-4t=0, wt—4)=0, t=0, 4. 
(c) x7 + 3x = 28, x + 3x —28 =0, (x + 7)(x — 4) = 0, x= —-7, 4. 
(d) 5x —2x* =2, 2x? —5x+2=0, (2x — 1)(x — 2) = 0, x= 1/2, 2. 
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1 
17 ; Multiplying by 4(¢ — 1)(¢ — 4), 


4t—4)+4¢-D)=5¢-1Dt-4), 5°-33t+40=0, (t-5)(5t—8)=0, £t=5,8/5. 


y__ 3? 


1 
(e) a 


6y’ —S5py— 6p? =0, Gy+2p)2y—3p)=0, y= —2p/3,3p/2. 


What term must be added to each of the following expressions in order to make it a perfect square 
trinomial? 


(a) 2 —2x. Add [coefficient of x)]’=[4-2)]’=1. Check: x2 — 2x +1 = (x— 1). 


(b) 2 +4x. Add [coefficient of |= [4 )=4. Check: x2 + 4x +4 = (+2). 


5 L/5\ 1° 35 5. 95 os 
Poy Addo). heck: uz +—~u+— = ie 
ie (4) | ee Ee Ores (+3) 


(d) x*+px*. — Add [p= p’/4. Check: x4 + px? + p?/4 = (2 + p/2). 


Solve by completing the square. 

(a) x7 —6x+8=0. Then x* — 6x = —8, x —6x+9=-849, («—-3Y =1. 
Hence x—3= +1, x = 3 + 1, and the roots are x = 4 and x = 2. 
Check: Forx =4, 4? —6(4)4+820, 0=0. Forx=2, 2?—6(2)+870, 0=0. 


2 2 2 
2 
(b+) ? =4-3t. Then? +3r=4, p++ (3) =44(5) ; (+5) gee 


5 35 2, 2 2 4 
Hence t+5= +5 (== 3G and the roots aret = 1, —4. 
4\? 4\? 4\? 4 
(c) 3x7 + 8x+5=0. Then x? +5x= 3, e454 (5) = + (5) : (x+3) = 9 
4 1 4 1 
Hence ites +3 r= 3 + 7 and the roots are x = —1, —5/3. 


(d) x? +4x+1=0. Thenx?+4x=-1, 2°4+4%4+4=3, («427 =3. 
Hence x+2=4¥3, and roots are x = —2 + V3. 
Check: For x = —2+ /3, (-24+ 73) + 4-24 73)+1=(4-47343)-84+4/34+1=0. 
For x = —2— J/3, (-2— 73)? +42 — 73) 4+1=(444/34+3)-8-4/34+1=0. 
6x (3\" ay 7 16 
(e) 5x7 — 6x +5=0. Then 5x7 —6x = —5, x7 =+(3) = 1+ (3). (x-3) =-3 
Hence x—3/5= +./—16/25, and the roots are x= 5 Si 


Solve the equation ax” + bx +c = 0, a40, by the method of completing the square. 


SOLUTION 
b + 7 
Dividing both sides by a, xe +aixt+ a 0 or e+ix=—-. 
a a 


nase (LON | = ected 2,9,,% __¢,  _b-4ac 
ve 2\a ~4e? a . a” 42° a 42 4a 
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16.6 


16.7 


b b? — 4ac ,2 VP — 4ac Hi 4 of — hae 
= er nme! n — 


Th — —_——. 
(: + 2a 4a2° 2a 2a : 2a 


Solve by the quadratic formula. 
(a) x7 —3x+2=0. Here a = 1, b= —3, c = 2. Then 
—b+V—4ac -C3)+ VC3%-40)2) 341 
x= = 


2a 1) 2 oe ee 


(b) 4° +12t+9=0. Herea=4,b=12,c=9. Then 
pa l2t (12)? -4(4)9) -124+0 3 


3 
and t = —=x= is a double root. 


2(4) 8 2 


(c) 9x2 +18x-17=0.  Herea=9,b=18,c=—17. Then 
ee i8t V8" —49)-17)__ -18 + V936_ 18 + 6/26 3 + 26 


2(9) 18 18 3 


(d) 6u(2 — u) = 7. Then 6u? — 12u +7 =0 and 


(C12) + VERY =4@@) _ 12+ v= _ 12+ 2W6i_ |, , Vo. 
2(6) ie ee 


Solve graphically: (a) 2x? +3x-5=0, (b) 4x7 — 12x +9 =0, (c) 4x7 —4x+5=0. 


SOLUTION 


| <3.) 38) St | ae eS 
y | 4]|-3]-6}-s}] 0 | 9 


(a) y=2x°+3x-—5 


The graph of y = 2x? + 3x — 5 indicates that when y = 0, x = 1, and —2.5. 
Thus the roots of 2x7 + 3x —5 =O arex=1, —2.5 (see Fig. 16-1(a)). 


(b) y = 4x7 — 12x49 


The graph of y = 4x7 — 12x + 9 is tangent to the x axis at x = 1.5, ie., when y= 0, x= 1.5. 
Thus 4x? — 12x + 9 = 0 has the equal roots x = 1.5 (see Fig. 16-1(b)). 


(c) y= 4x? — 4x +5 


The graph of y = 4x? — 4x +5 does not intersect the x axis, i.e., there is no real value of x for which y = 0. 
Hence the roots of 4x* — 4x + 5 = 0 are not real (see Fig. 16-1(c)). 
(By the quadratic formula the roots are x = 5 + i.) 
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Real distinct roots Real equal roots Not real roots 
(a) (b) (c) 
Fig. 16-1 


16.8 Prove that the sum S and product P of the roots of the quadratic equation ax? + bx +c = 0 are 
S=—b/a and P= c/a. 


SOLUTION 


By the quadratic formula the roots are 


—b+~b? — 4ac 4 —b— Vb? — 4ac 
———— an es 
2a 2a 
The sum of the roots is 
_ 2b b 
~ a a 


The product of the roots is 


2a 2a 4a? a 


_ (= + JP — *) (= = Poa _ bP - (= 4ac) _ c 


16.9 Without solving, find the sum S and product P of the roots. 


b 
(a) x —7x+6=0. Here a= 1,b=—7,c =6; then S=——-=7, P AG 
a a 
(b) 2°+6x-3=0. Herea=2, b=6, ¢= ~3; then S= —3 = -3, p= 
1 5 
(c) x+3x7+5=0. Write as 3x° +x-+5 = 0. Then S= —3, P= 
(d) 3x7 —5x= 0. Here a = 3, b= —5, = 0; then $ =>, P=0. 
(e) 2x7+3=0. Here a = 2, b = 0, c = 3; then S = 0, Pas. 
2 2 
(f) mnx? + (n? + n?)x + mn = 0. Then $ = 7 say (ease 
mn mn 
—0.01_ 1 4 40 


0.3x°-0.0lx+4=0. Then S = ———=—, 
(s) 0.32 a is 03. 30 03.3 
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16.10 Find the discriminant b* — 4ac of each of the following equations and thus determine the character of 
their roots. 


(a) x7 —8x+12=0. b* — 4ac = (—8)* — 4(1)(12) = 16; the roots are real, rational, unequal. 
(b) 3y" +2y-—4=0. b? — 4dac = 52; the roots are real, irrational, unequal. 


(c) 2x7-x+4=0. b* — 4ac = —31; the roots are conjugate not real numbers. 
(d) 42 — 127+9=0. b? — 4ac = 0; the roots are real, rational, equal. 
(e) 2x—4x7=1 or 4x7-2x+1=0. Bb? —4ac = —12; the roots are conjugate not real numbers. 


(f) 2x2 — 4./3x + 4/2 = 0. Here the coefficients are real but not rational numbers. 
b? — 4dac = 16; the roots are real and unequal. 


16.11 Find a quadratic equation with integer coefficients having the given pair of roots. (S = sum of roots, 
P = product of roots.) 
(a) 1,2 
Method 1. S=1+2=3,P=2; hence x* —3x+2=0. 
Method 2. (x — 1) and (x — 2) must be factors of the quadratic expression. 
Then (x — 1)(« — 2) = 0 or x? —3x+2=0. 


Method 1. S=-—1, P= —6; hence x? +x—6=0. 
Method 2. [x — (—3)| and (x — 2) are factors of the quadratic expression. 
Then (x + 3)(x — 2) =O orx?+x—6=0. 


4 11 4 11 4 
(c) 3 -5 S=75P=—s: hence le ie tea or 15x? — llx-—12=0. 
(d) 2+/2,2-/2 


Method 1. S=4, P= (2+ /2)(2 — /2) = 2; hence x? — 4x +2 =0. 

Method 2. [x — (2+ V2)] and [x — (2 — V2)] are factors of the quadratic expression. 
Then = [x-(24+ V2)]x- 2 — V2)] =[@ — 2) — V2I[@ — 2) + V2] =0, 

(x — 2)? —2=O0orx®—4x4+2=0. 
Method 3. Since x =2 + V2, x-—2 = +2. Squaring, (x — 2)? = 2 or x? —4x+2=0. 
(e) —3+2i, —3 —2i 

Method 1. S = —6, P = (—3+2i(—3 — 2i) = 13; hence x7 + 6x+ 13 = 0. 

Method 2. [x — (—3 + 2i)] and [x — (—3 — 21)] are factors of the quadratic expression. 
Then [(« + 3) — 2i][(x + 3) + 2i] = 0, @ +3)? +4 =O or x? + 6x4 13 =0. 


16.12 In each quadratic equation find the value of the constant p subject to the given condition. 


(a) 2x? — px +4 =0 has one root equal to —3. 
Since x = —3 is a root, it must satisfy the given equation. 
Then 2(—3)? — p(—3) +4 = 0 and p = —22/3. 
(b) (p+ 2)x* + 5x + 2p = 0 has the product of its roots equal to 2/3. 
The product of the roots is 
2 2 2 
a then ars and p=l. 
p+2 pt+2 3 
(c) 2px? + px + 2x =x*+7p+ 1 has the sum of its roots equal to —4/3. 
Write the equation in the form (2p — 1)x? + (p+ 2)x —(7p+ 1) =0. 
Then the sum of the roots is 


-= and p=2, 


(d) 3x7 + ( p+1)+ 24 =0 has one root equal to twice the other. Let the roots be r, 2r. 
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Product of the roots is r(2r) = 8; then r=4andr= +2. 
Sum of the roots is 3r = —(p+ 1)/3. Substitute r = 2 and r= —2 into this equation and 
obtain p = —19 and p = 17 respectively. 
(e) 2x7 —12x+p+2=0 has the difference between its roots equal to 2. 
Let the roots be r, s; then (1) r— s = 2. The sum of the roots is 6; then (2) r+ s = 6. The 
simultaneous solution of (1) and (2) isr = 4, s = 2. 
Now put x = 2 or x = 4 into the given equation and obtain p = 14. 


16.13 Find the roots of each quadratic equation subject to the given conditions. 


(a) (2k + 2)x? + (4 —4k)x +k — 2 =0 has roots which are reciprocals of each other. 
Let r and 1/r be the roots, their product being 1. 


2k + 2 
Put k = —4 into the given equation; then 3x* — 10x + 3 = 0 and the roots are 1/3, 3. 


(b) kx? —(1+k)x+ 3k +2 =0 has the sum of its roots equal to twice the product of its roots. 
Sum of roots = 2(product of roots); then 


te 2(=**) 3 


Product of roots is = 1, from which k = —4. 


k ; and k=- 5 
Put k = —3/5 into the given equation; then 3x* + 2x — 1 = 0 and the roots are —1, 1/3. 
(c) (« +k)? = 2 — 3k has equal roots. 
Write the equation as x? + 2kx + (k? + 3k — 2) = 0 where a = 1,b = 2k, c=? +3k—-2. 
The roots are equal if the discriminant (b? — 4ac) = 0. 
Then from b? — 4ac = (2k)* — 4(1)(k? + 3k — 2) = 0 we get k = 2/3. 
Put k = 2/3 into the given equation and solve to obtain the double root —2/3. 


16.14 Solve 


(a) V2x+1=3. Squaring both sides, 2x + | = 9 and x = 4. 
Check. /2(4)+123,3=3. 


(b) J/5+2x=x4+1. Squaring both sides, 542x222 4+2x4+1,2%7 =4 andx= +2. 
Check. Forx=2, /5+2(2)?2+1 or 3 =3. 
For x = —2, 5 + 2(—2)? —2+ 1 or V1 = —1 which is not true since V/1 = 1. 
Thus x = 2 is the only solution; x = —2 is an extraneous root. 
(c) /3x-5=x-1. Squaring, 3x —5 =x? —2x+1, x? —5x+6=0 and x = 3,2. 
Check. For x = 3, /3(3)—5?3—1 or 2=2. For x = 2, /3(2) —5?2—lorl=1. 
Thus both x = 3 and x = 2 are solutions of the given equation. 
(d) Vx? —x+6—2=0. Then Vx? —x +6 =2,x° —x+6=8,2x° —x-—2=Oandx=2, —1. 
Check. For x = 2, /2? —2+6—2?00r2—2=0. 
For x = —1, /(-1)? — 1) + 6-270 0r2—2=0. 


16.15 Solve 
(a) J2x+1—fx = 1. Rearranging, (1) /2x+1= ./x+1. 
Squaring both sides of (1), 2x + 1 =x+2,./x+ 1 or (2) x = 2,/x. 
Squaring (2), x* = 4x; then x(x — 4) = 0 and x = 0, 4. 
Check. For x = 0, /20) + 1— J0?1, 1 = 1. Forx =4, JAM 4 1- V421, 1 =1. 
(b) V4x—1+4+J/2x+3 = 1. Rearranging, (1) /4x —- 1 =1—J/2x+3. 
Squaring (1), 4x —1 = 1 —2./2x+3+42x+3 or (2) 2/2x+3 =5 — 2x. 
Squaring (2), 4(2x + 3) = 25 — 20x + 4x, 4x? — 28x + 13 = 0 and x = 1/2, 13/2. 
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Check. For x = 1/2, ./41/2) — 1+ 21/2) + 3?1 or 3 = 1 which is not true. 
For x = 13/2, /413/2) — 1 + ./2(13/2) + 3?1 or 9 = 1 which is not true. 
Hence x = 1/2 and x = 13/2 are extraneous roots; the equation has no solution. 


(c) VV¥x+ 16 — /x = 2. Squaring, /x + 16 — ./x = 4 or (1) Vx +16 = f/x +4. 
Squaring (1), x+16=x+8,/x + 16, 8,/x = 0, and x = 0 is a solution. 


16.16 Solve 


(a) Vx? + 6x =x+ J 2x. 
Squaring, x? + 6x = x? + 2x/2x + 2x, 2x./2x = 4x, x(/2x — 2) = 
Then x = 0; and from /2x — 2 = 0, /2x = 2, 2x = 4,x =2. 
x = 0 and x = 2 satisfy the given equation. 


(b) /x — == Multiply by ./x and obtain (1) x —2 = /x. 


Squaring (1), x7 —4x+4= 4%, 2° —5x+4=0, («— 1l(x—4) = 0, and x = 1, 4. 
Only x = 4 satisfies the given equation; x = | is extraneous. 


16.17 Solve the equation x? — 6x — Vx? — 6x —3 =5S. 


SOLUTION 


Let x? — 6x = u; then u— /u—3 =5 or (1) Ju—3 =u—5S. 
Squaring (1), u—-—3 = uw? — 10u +25, v2 — 1lu+ 28 = 0, and u = 7, 4. 
Since only u = 7 satisfies (1), substitute vu = 7 in x? — 6x = uw and obtain 


x —6x—-7=0, («—7)\(x+1=0, and x=7,-1. 
Both x = 7 and x = —1 satisfy the original yer and are thus solutions. 


Note. If we write the given equation as Vx? 3 = x* — 6x — 5 and square both sides, the resulting 
fourth degree equation would be difficult to solve. 


16.18 Solve the equation 


4-x 3 
Vx? —8x+32 5 
SOLUTION 
Squaring, 


16—8x+x° _ 9. 
x2 —8x+32 °° 25’ 


then 25(16 — 8x +x?) = 9(x7 — 8x + 32), x7 — 8x +7 =0, and x =7, 1. The only solution is x = 1; reject x = 7, 
an extraneous solution. 


16.19 Solve 
(a) x* — 10x27 +9=0. Let x2 = u; then v2 — 10u+9 =O andu=1,9. 
For u=1,x2 =1andx= +1; foru=9, x7 =9 andx = 43. 
The four solutions are x = +1, +3; each satisfies the given equation. 


(b) 2x4+x7-1=0. Let x? =u; then 2? +u—1=Oandu=}, -1. 


Ifu=},x°=4andx= +4 2V2; if u = —1,x) = =—landx= +i. 
The four adhinens are x = qi 1/2, +i. 
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(c) f/x —/x-2=0. Let 4/x = u; then uv? —u—2=0andu=2,—1. 


If u = 2, s/x = 2 and x = 2* = 16. Since </x is positive, it cannot equal —1. 
Hence x = 16 is the only solution of the given equation. 


(+5) -7(e+)) 
2) 42- | Fees) 50. 
X x 


Let x +—= u; then 2u? —7u+5=0 and u=5/2, 1. 
Xx 
5 3 
Foru=>, x+-=2,2x°—5x+2=Oandx=2,4. 
2 x 2 
1 
Foru=1, x+-=1,° —x+1=Oandx=4+4}V3i. 
Xx 


The four solutions are x = 2, 3, + 5/3i. 


(e) 9x+2)-4 + 174+2)?-—2=0. Let (x +2)-? = u; then 9u? + 17u — 2 = 0 and u = 1/9, —2. 
If («+ 2)-? = 1/9, @ +2) =9, (x +2) = +3 and x =1,-5. 
If («+ 2)? = -2, «+ 2)? = —4, +2) = +42i and x = —2 + $V2i. 


The four solutions are x = 1, —5, —2 + 5 2i. 


16.20 Find the values of x which satisfy each of the following equations. 


4 2 
x x 
(a) 16(— 7 25(— :) +9=0. 


2 
Let (=) =u; then 16u2 — 25u+9 =0 and u = 1, 9/16. 
x+1 


2 
Ifw=1,(——)=1 o ——=+41. 
x+1 x+1 
x 

Th ti =1 

e equation a 
has no solution; the equation ae -1 

x+1 
has solution x = —1/2. 
If u = 9/16, 
2 
a a or = 42 so that x = 3, —3/7. 
x+ 16 x+1 4 


The required solutions are x = —1/2, —3/7, 3. 

(b) (2 + 3x+ 2)? — 82 + 3x) =4. Let x2 + 3x =u; then (wu + 2)? — 8u = 4 and u = 0, 4. 
Ifu=0,x°+3x=Oandx=0, —3;ifu=4,x° + 3x =4 and x = —4, 1. 
The solutions are x = —4, —3, 0, 1. 


16.21 One positive number exceeds three times another positive number by 5. The product of the two numbers 
is 68. Find the numbers. 


SOLUTION 


Let x = smaller number; then 3x + 5 = larger number. 
Then x(3x + 5) = 68, 3x7 + 5x — 68 = 0, (x + 17)(x — 4) = 0, and x = 4, —17/3. 
We exclude —17/3 since the problem states that the numbers are positive. 
The required numbers are x = 4 and 3x +5 = 17. 


CHAPTER 16 Quadratic Equations in One Variable 161 


16.22 


16.23 


16.24 


16.25 


16.26 


When three times a certain number is added to twice its reciprocal, the result is 5. Find the number. 


SOLUTION 


Let x = the required number and 1/x = its reciprocal. 
Then 3x + 2(1/x) = 5, 3x? —5x+2 =0, x —2)(x— 1) = 0, and x = 1,2/3. 
Check. For x = 1, 3(1) + 2(1/1) = 5; for x = 2/3, 3(2/3) + 2(3/2) =5. 


Determine the dimensions of a rectangle having perimeter 50 feet and area 150 square feet. 


SOLUTION 


Sum of four sides = 50 ft; hence, sum of two adjacent sides = 25 ft (see Fig. 16-2). Let x and 25 — x be the lengths 
of two adjacent sides. 

The area is x(25 — x) = 150; then x7 — 25x + 150 = 0, (x — 10)(x — 15) = 0, and x = 10, 15. 

Then 25 — x = 15, 10; and the rectangle has dimensions 10 ft by 15 ft. 


The hypotenuse of a right triangle is 34 inches. Find the lengths of the two legs if one leg is 14 inches 
longer than the other. 


SOLUTION 


Let x and x + 14 be the lengths of the legs (see Fig. 16-3). 
Then x? + (x + 14)° = (34), x? + 14x — 480 = 0, (x + 30)(x — 16) = 0, and x = —30, 16. 


Since x = —30 has no physical significance, we have x = 16 in. and x + 14 = 30 in. 
15 
25-x o 7 
x+14 x 
150 ft? % a 
x 
Fig. 16-2 Fig. 16-3 Fig. 16-4 


A picture frame of uniform width has outer dimensions 12 in. by 15 in. Find the width of the frame (a) if 
88 square inches of picture show, (b) if 100 square inches of picture show. 


SOLUTION 


Let x = width of frame; then the dimensions of the picture are (15 — 2x), (12 — 2x) (see Fig. 16-4). 


(a) Area of picture = (15 — 2x)(12 — 2x) = 88; then 2x? — 27x + 46 = 0, (x — 2)(2x — 23) = 0, and x = 2, 
115. Clearly, the width cannot be 11} in. Hence the width of the frame is 2 in. 
Check. The area of the picture is (15 — 4)(12 — 4) = 88 in.’, as given. 


(b) Here (15 — 2x)(12 —2x) = 100, 2x? — 27x + 40 = 0 and, by the quadratic formula, 


—b+Vb?—4ac 27+ S409 
x —— hod 
2a 4 


or x = 11.8, 1.7 (approximately). 


Reject x = 11.8 in., which cannot be the width. The required width is 1.7 in. 


A pilot flies a distance of 600 miles. He could fly the same distance in 30 minutes less time by increasing 
his average speed by 40 mi/hr. Find his actual average speed. 
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16.27 
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SOLUTION 


Let x = actual average speed in mi/hr. 


Tj ait distance in mi 
ime in hours = ———__——__ 
speed in mi/hr 


Time to fly 600 mi at x mi/hr — time to fly 600 mi at (x + 40) mi/hr = 5 hr. 


L 
2 


600 600 1 


Th _ =x. 
% x+40 2 


Solving, the required speed is x = 200 mi/hr. 


A retailer bought a number of shirts for $180 and sold all but 6 at a profit of $2 per shirt. With the total 
amount received she could buy 30 more shirts than before. Find the cost per shirt. 


SOLUTION 


Let x = cost per shirt in dollars; 180/x = number of shirts bought. 
180 1 

Then (SP -s)o+2 =x(4 30). 
x x 


Solving, x = $3 per shirt. 


16.28 A and B working together can do a job in 10 days. It takes A 5 days longer than B to do the job when each 


16.29 


works alone. How many days would it take each of them, working alone, to do the job? 


SOLUTION 


Let n, n — 5 = number of days required by A and B respectively, working alone, to do the job. 
In 1 day A does 1/n of job and B does 1/(n — 5) of job. Thus in 10 days they do together 


1 1 
1o(= + 3] = | complete job. 
no n—-5 


Then 10(2n — 5) = n(n — 5), n? — 25n +50 = 0, and 


_ 25 + V625 — 200 


=22.8,.2.2, 
2 


n 


Rejecting n = 2.2, the required solution is n = 22.8 days, n — 5 = 17.8 days. 


A ball projected vertically upward with initial speed vo ft/sec is at time f sec at a distance s ft from the 
point of projection as given by the formula s = vot — 161°. If the ball is given an initial upward speed of 
128 ft/sec, at what times would it be 100 ft above the point of projection? 


SOLUTION 


s=vot—16°, 100=128r— 16°, 4° —32t+25=0, and t= 


2+ V624 
ee = 7.12, 0.88. 


At t = 0.88 sec, s = 100 ft and the ball is rising; at t = 7.12 sec, s = 100 ft and the ball is falling. This is seen 
from the graph of s plotted against f (see Fig. 16-5). 
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250 
200 
e 150 
= 100 
50 
| | Lt | 
O 1 2 3 4 5 6 7 8 
t (sec) 
Fig. 16-5 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


16.30 Solve each equation. 
1-2x x-2 2x 5 
3-x 3x-1 


2 = x 4 
(a) x —-40=9 (d) —=- (f) 
b) 2x2 — 400 = 0 nike 
ee eae y_y i, 1 1 1 
()P4+36=9-22 | F=Et2 & D4 - ZIG 


16.31 Solve each equation by factoring. 


(a) @—Ix=-12 9 (d) W+2=5x ya ea rassee, 
2a x+2a KD 24) 3 
(b) P+x=6 (e) 9x7 = 9x—2 
1 1 1 . 2¢— 3y y 2 
(c) 2 = 5x +24 Qeasye—-0 We tae 4 Gee woe 3 


16.32 Solve each equation by completing the square. 
(a) x? +4x-5=0 (c) 2 =x+1 (e) 4x? = 12x-—7 (g) 2x? + 3a? = Tax 
(b) x(x — 3) =4 (d) 3x? —2 = 5x (f) 6y? = 19y— 15 (h) 12x — 9x? = 5 


16.33 Solve each equation by the quadratic formula. 


(@) 2-Sx=6 — (d) 16 -Be+1=0 Gy =P" _P 
x a 

(b) x —6=x (e) x(5x—4)=2 
2x+3 3x-2 
(c) 32@-2x=8 (f) 92 +6x=—-4 ) a ek 


16.34 Solve each equation graphically. 
(a) 2x7+x—-3=0 (c) x°-2x=2 (e) 6x? —7x-5=0 
(b) 4x? —8x+4=0 (d) 2x? +2 = 3x (f) 2x7+8x+3=0 


16.35 Without solving, find the sum S$ and product P of the roots of each equation. 
(a) 2x7+3x+1=0 (d) 2x°+6x-—S5=0 = (g) 2x7 4+ 5kx 4+ 3k? =0 
(b) x-x* =2 (e) 3x7-4=0 (h) 0.2x? — 0.1x + 0.03 = 0 
(c) 2x(x+3)= 1 (f) 4x? + 3x =0 (i) J2x? —/3x+1=0 


16.36 Find the discriminant b* — 4ac and thus determine the character of the roots. 
(a) 2x? —7x+4=0 (c) 3x -x =4 (e) 2x7 =54+3x (g) 1+2x+ 2x7 =0 
(b) 3x? =5x—2 (d) x(4x+3)=5 (f) 4x/3 = 4x7 + 3 (h) 3x+25/(3x)= 10 
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16.37 


16.38 


16.39 


16.40 


16.41 


16.42 


16.43 
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Find a quadratic equation with integer coefficients (if possible) having the given roots. 


@QA-3 d)-2-5 (g) -1+i,-1-i (i) V3 - V2, V3 + V2 
(b) -3,0  (e) —1/3, 1/2 (h) -2—-V6,-24+ V6 (kK) a+ bi,a— bi a,b integers 
@k—-4 )92444.2-2 © 4k ee () wee aM m,n integers 


In each quadratic equation, evaluate the constant p subject to the given condition. 


(a) px? —x+5—3p =0 has one root equal to 2. 

(b) (2p + 1)x? + px + p = 4( px + 2) has the sum of its roots equal to the product of its roots. 
(c) 3x7 + p(x — 2) + 1 = 0 has roots which are reciprocals. 

(d) 4x? — 8x + 2p —1=0 has one root equal to three times the other. 

(e) 4x? — 20x + p* — 4 =0 has one root equal to two more than the other. 


(f) x* =5x— 3p +3 has the difference between its roots equal to 11. 


Find the roots of each equation subject to the given condition. 


(a) 2px? — 4px + 5p = 3x* + x — 8 has the product of its roots equal to twice their sum. 
(b) 2-3 Pp) — 2 = 0 has one root equal to 3 less than twice the other root. 

(c) pix + 3x — 9) =x — 27 has one root equal to the negative of the other. 

(d) (m+3)x* + 2m(x + 1) +3 = 0 has one root equal to half the reciprocal of the other. 
(e) (2m+ 1)x? — 4mx = 1 — 3m has equal roots. 


Solve each equation. 


(a) Ve —x4+2=2 (e-) Jix+7 = Jx+2 (i 462 = 22 $1 = 2% 
@) «6s 2251 Cf) V22—7—x=3 G) V2x—10+/x+9=2 


(c) J4x+1=3-3x (g) J24x-44+ J10—3x=0 (&) J2x+84J2x4+5= J8x425 
(d) 2-2 42x =0 (h) 2f/x—V4x—3 = : (Q) v2x—-1=S%e+1 


V4x —3 
Solve the equation. 
(a) x4 — 13x? +36 =0 (e) 2 — 6x)? —207%-6x) =35 ~—(h) Je + 2—-W/X4+2=6 
@) 2-3 -10=0 (f) @4+x=7WJ24+x42-12 @) B-782-8=0 
(c) 4x74 — 17x72 +4=0 1\? 7 1 42 8x 
@ (et) Herta2  @ PH ae 


(d) x43 —5x7844=0 


(a) The sum of the squares of two numbers is 34, the first number being one less than twice the second number. 
Determine the numbers. 


(b) The sum of the squares of three consecutive integers is 110. Find the numbers. 


(c) The difference between two positive numbers is 3, and the sum of their reciprocals is 1/2. Determine the 
numbers. 


(d) A number exceeds twice its square root by 3. Find the number. 


(a) The length of a rectangle is three times its width. If the width is diminished by 1 ft and the length increased by 
3 ft, the area will be 72 ft?. Find the dimensions of the original rectangle. 


(b) A piece of wire 60 in. long is bent into the form of a right triangle having hypotenuse 25 in. Find the other two 
sides of the triangle. 
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16.44 


16.45 


16.46 


16.47 


16.48 


(c) 


(d) 


(a) 


(b) 


(a) 


(b) 


(c) 


(a) 


(b) 


(a) 


(b) 


A picture 8 in. by 12 in. is placed in a frame which has uniform width. If the area of the frame equals the area of 
the picture, find the width of the frame. 


A rectangular piece of tin 9 in. by 12 in. is to be made into an open box with base area 60 in.” by cutting out 
equal squares from the four corners and then bending up the edges. Find to the nearest tenth of an inch the 
length of the side of the square cut from each corner. 


The tens digit of a certain two-digit number is twice the units digit. If the number is multiplied by the sum of its 
digits, the product is 63. Find the number. 


Find a number consisting of two digits such that the tens digit exceeds the units digit by 3 and the number is 4 
less than the sum of the squares of its digits. 


Two men start at the same time from the same place and travel along roads that are at right angles to each other. 
One man travels 4 mi/hr faster than the other, and at the end of 2 hours they are 40 miles apart. Determine their 
rates of travel. 


By increasing her average speed by 10 mi/hr a motorist could save 36 minutes in traveling a distance of 
120 miles. Find her actual average speed. 


A woman travels 36 miles down a river and back in 8 hours. If the rate of her boat in still water is 12 mi/hr, 
what is the rate of the river current? 


A merchant purchased a number of coats, each at the same price, for a total of $720. He sold them at $40 each, 
thus realizing a profit equal to his cost of 8 coats. How many did he buy? 


A grocer bought a number of cans of corn for $14.40. Later the price increased 2 cents a can and as a result she 
received 24 fewer cans for the same amount of money. How many cans were in his first purchase and what was 
the cost per can? 


It takes B 6 hours longer than A to assemble a machine. Together they can do it in 4 hr. How long would it take 
each working alone to do the job? 


Pipe A can fill a given tank in 4 hr. If pipe B works alone, it takes 3 hr longer to fill the tank than if pipes A and B 
act together. How long will it take pipe B working alone? 


A ball projected vertically upward is distance s ft from the point of projection after t seconds, where s = 64t — 161°. 


(a) 
(b) 
(c) 


At what times will the ball be 40 ft above the ground? 
Will the ball ever be 80 ft above the ground? 


What is the maximum height reached? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


16.30 


16.31 


16.32 


16.33 


@s= 27 Geeks ye toys (es) we3/2 
Gr=t0y2 @yxz=28 CGyx=41 i x=22 
(a) 3,4 (c) 8-3 ~— (e):1/3,2/3 — (g) 2a,-4a_—s () «1, -7 
(b) 2,-3 (d)2,1/2 (f) 2,-6/5 (A) -2,-8 (j) 2c/5, 4c/5 
(a) 1,—5 (c) 1,-1/2 34/2 (f) 3/2, 5/3 > j 
(e) — (hy sts 
(b) 4,-1 (d) 2,—-1/3 2 (g) 3a, a/2 33 
(a) 6,-1 = (c) 2,-4/3 24+ /14 -14+ i173 2 3 6 + /42 
() cae (f) == @®F.-Z ae 


(8), 35-42 (d) 1/4, 1/4 
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16.34 (a) x= -—3/2 and x = 1 (see Fig. 16-6). 
(b) Double root of x = 1 (see Fig. 16-7). 
(c) Real zeros between —1 and 0 and between 2 and 3 (see Fig. 16-8). 
(d) No real zeros (see Fig. 16-9). 


Fig. 16-6 Fig. 16-7 


Fig. 16-8 Fig. 16-9 


(e) Real zeros between —1 and 0 and between | and 2 (see Fig. 16-10). 
(f) Real zeros between —4 and —3 and between —1 and 0 (see Fig. 16-11). 
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16.35 (a) S=—3/2,P=1/2 (d) S=—-3,P=—5/2 = (g) S=—5k/2, P = 3k? /2 
(b) S=1,P=2 (e) S=0, P=—4/3 (h) S=0.5, P=0.15 
(c) S=-3, P=-1/2 (f) S=—3/4,P =0 (i) S=1V6, P=1/2 


16.36 (a) 17; real, irrational, unequal (e) 49; real, rational, unequal 
(b) 1; real, rational, unequal (f) 0; real, equal 
(c) —7; not real (g) —4; not real 


(d) 89; real, irrational, unequal (h) 0; real, rational, equal 


16.37 (a) xP +x-6=0 (e) 6x7 -x-1=0 (i) 4x* — 16x +25 =0 
(b) x7 + 3x =0 (f) 2 —4x+1=0 (/) not possible (x? — 2,/3x+ 1 = 0) 
(c) 2 —4x—32=0 (g) 2 +2x+2=0 (kb) 2 —2ax+ +b? =0 
(d) * +7x+10=0 (h) °° +4x-2=0 (l) 4x? — 4mx +m? —n=0 


16.38 @)p=-3 (©)p=-4 (©) p=-1 @p=2 €©@)p=t5 (Ff) p=-7 


RY 


Fig. 16-10 Fig. 16-11 


16.39 (a)3,6 (b) 1,2. (c) $3/2 (ad) 1/2+i/2 
(e) If m = —1, the roots are 2,2; if m= 1/2, the roots are 1/2, 1/2. 


16.40 (a) 2,-1 (c) 4/9 (e) 9,1 (2) +2 (i) 3/2 (k) —2 
(b) 1,3 (d) —4,2 (f) 8,-2 (hb) 1 (j) no solution (J) 5/4 

16.41 (a) +2, +3 (d) +1, +1/8 (g) 2473, -1/44iV15/4 (f) 144242 
() +V5,+i/2  () 7,5, +1 (h) 79 


(c) +2, +1/2 (f) 1,-2,(-1 + /93)/2,  @ 4 


16.42 (a) 5,3 or —27/5, —11/5 (b) 5,6,7 or =7, =6,;=5 (c) 3, 6 (d) 9 


168 


16.43 
16.44 
16.45 
16.46 
16.47 


16.48 


CHAPTER 16 
(a) 5,15ft (b) 15,20in. (c) 2in. = (d) 1.3 in. 
(a) 21 (b) 85 
(a) 12,16 mi/hr — (b) 40 mi/hr ~—(c) 6 mi/hr 
(a) 24 (b) 144, 10¢ 
(a) A, 6hr;B,12hr — (b) 5.3 hr approx. 
(a) 0.78 and 3.22 seconds after projection (b) No 


Quadratic Equations in One Variable 


(c) 64 ft 


Conic Sections 


17.1 GENERAL QUADRATIC EQUATIONS 


The general quadratic equation in the two variables x and y has the form 
ax’ + bxy+cy +dx+ey+f =0 (1) 
where a, b, c, d, e, f are given constants and a, b, c are not all zero. 


Thus 3x? + 5xy = 2, x? —xy+ y? + 2x+3y =0, y* = 4x, xy = 4 are quadratic equations in x and y. 
The graph of equation (1), if a, b, c, d, e, f are real, depends on the value of b? — 4ac. 


(1) If b? — 4ac < 0, the graph is in general an ellipse. However, if b = 0 and a = c the graph may be a circle, 
a point, or non-existent. The point and non-existent situations are called the degenerate cases. 


(2) If b* — 4ac = 0, the graph is a parabola, two parallel or coincident lines, or non-existent. The parallel or 
coincident lines and non-existent situations are called the degenerate cases. 


(3) Ifb* — 4ac > 0, the graph is a hyperbola or two intersecting lines. The two intersecting lines situation is 
called the degenerate case. 


These graphs are the intersections of a plane and a right circular cone, and for this reason are called conic 
sections. 


EXAMPLES 17.1. Identify the type of conic section described by each equation. 
(a) vr +xy=6 (c) 2? —-y =7 (e) 3x? +3y —4x+3y+10=0 
(b) x? +5xy — 4y’ = 10 (d) 3x*+2y? = 14 (f) vw +4x+3y+4=0 
(a) a=1,b=1,c=0 Bb -—4ac=1-0>0. 

So the figure is an hyperbola or a degenerate case. 
(b) a=1,b=5,c=-4 bh’ —4ac =25+16>0 

So the figure is a hyperbola or a degenerate case. 
(c) a=2,b=0,c=-1 b? —4ac=04+8>0 

So the figure is a hyperbola or a degenerate case. 
(d) a=3,b=0,c=2 b> —4ac =0—-24<0 

So the figure is an ellipse or a degenerate case. 
(e-) a=3,b=0,c=3 b> — 4ac = 0-36 <0 

So the figure is a circle or a degenerate case since a= c andb=0. 
(f) a=0,b=0,c=1 b* —4ac=0-0=0 

So the figure is a parabola or a degenerate case. 
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17.2 CONIC SECTIONS 


Each conic section is the locus (set) of all points in a plane meeting a given set of conditions. The set of points 
can be described by an equation. When the locus is positioned at the origin, the figure is called a central conic 
section. A general equation used to describe a conic section is called the standard equation, which may have 
more than one form for a conic section. The conic sections are the circle, parabola, ellipse, and hyperbola. 
We will consider only conic sections in which b=0O, thus having the general quadratic equation 
Ax* + Cy? + Dx + Ey + F = 0. Trigonometry is needed to discuss fully the general quadratic equations in 
which b 40. 


17.3. CIRCLES 


A circle is the locus of all points in a plane which are at a fixed distance from a fixed point in the plane. The fixed 
point is the center of the circle and the fixed distance is the radius of the circle. 

When the center of the circle is the origin, (0,0), and the radius is r, the standard form of the equation of a 
circle is x2 + y? = r’. If the center of the circle is the point (A, k) and the radius is r, the standard form of the 
equation of a circle is (x — h)’ + (y — k)? =r’. If? = 0, we have the degenerate case of a single point which is 
sometimes called the point circle. If r2 <0, we have the non-existent degenerate case, which is sometimes 
called the imaginary circle, since the radius would have to be an imaginary number. 

The graph of the circle (*— oy +ot+ 3)° = 9 has its center at (2,—3) and a radius of 3 (see 
Fig. 17-1). 


Fig. 17-1 


EXAMPLES 17.2. For each circle state the center and radius. 
@rt+y=5 ®xr+y~=28 (© @+2°+0-4'=81 


(a) C(0,0), r= V5 
(b) C(0,0), r= V28 = J4/7 = 2/7 
(c) @+2P +0 - 47 =81 so (x- (—2)" + & — 4 = 9? C(—2, 4), r=9 


EXAMPLES 17.3. Write the equation of each circle in standard form. 
(a) xP +y? —8x4 12y—48 =0 (b) x» +y?—4x+6y+100=0 
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(a) x+y? —8x+12y—48 =0 


(x? — 8x) + G7 + 12y) = 48 rearrange terms 
(x? — 8x + 16) + (y? + 12y + 36) = 48 + 16+ 36 complete the square for x and y 
(x — 4) + (vy +6)? = 100 standard form (1) 
(b) x+y? —4x+ 6y+ 100 =0 
(x* — 4x) + (7 + 6y) = —100 rearrange terms 
(? —4x+4)+ 6? + 6y+ 9) =—-100+449 complete the square for x and y 
(x-2) + (y + 3y = -87 standard form (2) 
Note: In (1) r? = 100, so we have a circle, but in (2) r? = —87 so we have the degenerate case. 


EXAMPLE 17.4. Write the equation of the circle going through the points P(2, —1), Q(—3, 0), and RC, 4). 
By substituting the points P, Q, and R into the general form of a circle, x” + y? + Dx + Ey + F = 0, we get a system of 
three linear equations. 


for P(2, —1) 2? 4(-1?+2D—E+F=0 then (1) 2D-E+F=-5 
for O(—3,0) (-3) +0? -3D+0E+F=0 then (2) —3D+F=-9 
for R(1,4) P+44D4+4E+F=0 then (3) D+4E+F=-17 


Eliminating F from (1) and (2) and from (1) and (3), we get 
(4) 53D-E=4 and (5) D—S5E=12 


Solving (4) and (5) we get D = 1/3 and E = —7/3, and by substituting D and E in (1) we get F = —8. 
The equation of the circle is x7 + y? + 1/3x —7/3y — 8 = 0 or 3x? + 3y? +x—7Ty—24=0. 


17.4 PARABOLAS 


A parabola is the locus of all points in a plane equidistant from a fixed line, the directrix, and a fixed point, the 
focus. 

Central parabolas have their vertex at the origin, focus on one axis, and directrix parallel to the other axis. 
We denote the distance from the focus to the vertex by |p|. The distance from the directrix to the vertex is also 
|p|. The equations of the central parabolas are (1) and (2) below. 


(1) y = 4px and (2) r= 4py 


In (1) the focus is on the x axis and the directrix is parallel to the other axis. If p is positive, the curve opens to 
the right and if p is negative, the curve opens to the left (see Fig. 17-2). In (2) the focus is on the y axis and the 
directrix is parallel to the x axis. If p is positive, the curve opens up and if p is negative, the curve opens down 
(see Fig. 17-3). 

The line through the vertex and the focus is the axis of the parabola and the graph is symmetric with respect 
to this line. 


(a) p>O0 y= 4px (b) p< 
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YA 
y==p 
oe 
V\(0, 0) 
y=-p F(0, p)¢ 
<< 
(a) p>0O x? =4py (b) p<90 


Fig. 17-3 


The parabolas with vertex at the point (h, k) and with the axis and the directrix parallel to the x axis and the 
y axis have the standard forms listed in (3) and (4) below. 


(3) (y¥—kP =4p(x—h) = and — (4) (@— A)? = 4p - 4) 


In (3) the focus is F(A + p, k), the directrix is x = h — p, and the axis is y = k (see Fig. 17- 4). However, in (4) 
the focus is F(h, k + p), the directrix is y = k — p, and the axis is x = h (see Fig. 17-5). 


YA Ya 
f A 
x=h-p x=h-p 
t Vink) @F(h+p,k) 
F(h +p.) re 
“Ol 3 O x 
Y Y 
(a) p>0 (y —k)? = 4p(x - h) (b) p<O0 
Fig. 17-4 
YA 
~< 
O X 
V(A, k) 
~< o > 
y=k=p 
(a) p>O0 (x—h)? = 4p(y—&) (b) p<0 


Fig. 17-5 
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EXAMPLES 17.5. Determine the vertex, focus, directrix, and axis for each parabola. 
(a) y =-8x (b) °° = 6y () O-3P =5e+7 (d) (x- 1 =—-40+ 4) 


(a) y = —8x: vertex (h,k) = (0,0), 4p = —8, so p=—2, focus (p,0) = (—2,0), and directrix is x =—p, so 
x = —(—2) =2, axis is y=0 

(b) r= 6y: vertex (h, k) = (0,0), 4p = 6, so p = 3/2, focus (0, p) = (0, 3/2), and directrix is y = —p, so y = —3/2, axis 
isy=0 

(c) O- 3y = 5(x + 7): vertex (h, k) = (—7, 3), 4p = 5, sop = 5/4, focus (h + p,k) = (-7+ 5/4, 3) = (— 23/4, 3), and 
directrix is x = h—p, sox = —7—5/4 = —33/4, axis y= k, soy = 3 

(d) «-1P = —A(y + 4): vertex (h, k) = (1, —4), 4p = —4, so p = -1, focus (h, k+ p) = (1, —44+ (-1)) = C1, —5), 
and directrix is y= k — p, so y = —4— (—1) = -3, axis isx =h, sox=1 


EXAMPLES 17.6. Write the equation of the parabola with the given characteristics. 
(a) vertex (4,6) and focus (4, 8) (b) focus (3,5) and directrix y = 3 


(a) Since the vertex (4, 6) and the focus (4, 8) lie on the line x = 4 (see Fig. 17-4), we have a parabola of the form 
(x— hy = 4p — b. 
Since the vertex is (4, 6), we have h = 4 andk= 6. 
The focus is (h,k+p), sok+p=8 and 6+ p= 8, sop =2. 
The equation of the parabola is (x — 4)" = 8(y — 6). 
(b) Since the directrix is y = 3 (see Fig. 17-5), the parabola has the form (x — h)? = 4p(y — k). 
The focus (3,5) is 2 units above the directrix y = 3, so p > 0. The distance from the focus to the directrix is 2|p], 
so 2p =2 andp=1. 
The focus is (h, p +k), soh=3 andk+p=5S. Since p= 1, k= 4. 
The equation of the parabola is (x — 3)° = 4(y — 4). 


EXAMPLES 17.7. Write the equation of each parabola in standard form. 
(a) x? —4x—12y—32=0 (b) y?+3x—6y=0 


(a) x? —4x—12y—32=0 


x? — 4x = 12y4 32 reorganize terms 
x — 4x44 = 12y4+3244 complete the square for x 
(x — 2)? = 12y + 36 factor right-hand side of equation 
(x — 2)? = 12(y + 3) standard form 
(b) y*+3x—6y=0 
y? — 6y = —3x reorganize terms 
y —6y4+9=-3x49 complete the square for y 
Qy- 3° = —3(x — 3) standard form 


17.5 ELLIPSES 


An ellipse is the locus of all points in a plane such that the sum of the distances from two fixed points, the foci, to 
any point on the locus is a constant. 

Central ellipses have their center at the origin, vertices and foci lie on one axis, and the covertices lie on the 
other axis. We will denote the distance from a vertex to the center by a, the distance from a covertex to 
the center by b, and the distance from a focus to the center by c. For an ellipse, the values a, b, and c are 
related by a? = b* +c? and a> b. We call the line segment between the vertices the major axis and the 
line segment between the covertices the minor axis. 

The standard forms for the central ellipses are: 
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The larger denominator is always a’ for an ellipse. If the numerator for a” is x”, then the major axis lies on the x 
axis. In (1) the vertices have coordinates V(a, 0) and V’(—a, 0), the foci have coordinates F(c, 0) and F’(—c, 0), 
and the covertices have coordinates B(0, b) and B’(0, —b) (see Fig. 17-6). If the numerator for a’ is y*, then the 
major axis lies on the y axis. In (2) the vertices are at V(O, a) and V’(0 — a), the foci are at F(O, c) and F’(0, —c), 
and the covertices are at B(b, 0) and B’(—b, 0) (see Fig. 17-7). 

If the center of an ellipse is C(h, k) then the standard forms for the ellipses are: 


2 2 2 2 
eee 402) =1 and (4) ate 5 = 


a b2 a b2 : 


(3) 


In (3) the major axis is parallel to the x axis and the minor axis is parallel to the y axis. The foci have coordinates 
F(h+c,k) and F’(h — c,k), the vertices are at V(h + a, k) and V'(h — a, k), and the covertices are at B(h, k + b) 
and B’(h, k — b) (see Fig. 17-8). In (4) the major axis is parallel to the y axis and the minor axis is parallel to the 
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x axis. The foci are at F(h, k-+c) and F’(h, k — c), the vertices have coordinates V(h, k + a) and V’(h, k — a), 
and the covertices are at B(h + b, k) and B’(h — b, k) (see Fig. 17-9). 


EXAMPLES 17.8. Determine the center, foci, vertices, and covertices for each ellipse. 


ry? (x-3Y (y—4) 
—42=1 ee 
@ 35+ (S95 + a9 
ae ag (x+1? | (2) 
) 31 0 @) 00 7 
x y? 
aa aes | 
(a) 5 +9 
y 
Bth, k + b) 
V’(h—a,k) ViA+a, k) 
B’(h, k—b) 


~h? (y-k? 
@ hy 1) 


“a tee 
Fig. 17-8 
y, Vth, k +a) 
(h—- b, KB" Bih +b, k) 
| Vi(h, k-a) 
o x 


Q-kP (eh 
a ° B a 


Fig. 17-9 
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(a) Since a? is the greater denominator, a = 25 and b* = 9,soa=5 and b = 3. Froma’” = b? +c’, we get25=9+4 2 
and c = 4. The center is at (0, 0). The vertices are at (a, 0) and (—a, 0), so V(5, 0) and V’(—5, 0). The foci are at (c, 0) 
and (—c, 0), so F(4, 0) and F(—4, 0). The covertices are at (0, b) and (0, —b), so B(O, 3) and B’(0, —3). 
2 2 
y 
b) —+—2=1 
(b) 10 + 3 
@ = 10and b? = 3, soa= VJ10,b = V3, and since a® =b? +¢7,c = V7. 
Since y* is over the larger denominator, the vertices and foci are on the y axis. The center is (0, 0). 


vertices (0, a) and (0, —a) V(0, 10), V’(0, —V/10) 
foci (0,c) and (0, —c) F(0, V7), F'(0, —J7) 
covertices (b,0) and (—b, 0) B(V3, 0), B’(— V3, 0) 
2 -_ 2)2 
(c) (y—4)  (x— 3) = 
289 225 


a@ = 289 and b* = 225, soa = 17 and b= 15 and from a2 = b? + c?, c = 8. Since (y- 4) is over a’, the vertices 
and foci are on a line parallel to the y axis. 


center (h, k) = (3, 4) 


vertices (h, k+ a) and (h, k — a) V(3, 21), V’@, —13) 
foci (h, k +c) and (h, k — c) F(3, 12), F’(3, —4) 
covertices (i + b, k) and (h — b, k) BC8, 4), B’(—12, 4) 
@+ti1P = 2" 

d = 

(4) 100 = 64 


a = 100, b* = 64, soa = 10 and b = 8. From a? = b? +c”, we get c= 6. Since (+ 1)? is over a? the vertices and 
foci are on a line parallel to the x axis. 


center (h, k) = (—1, 2) 

vertices (h + a, k) and (h — a, k) V9, 2), V(—-11, 2) 
foci (h+.c, k) and (h —c, k) F(5, 2), F’(—7, 2) 
covertices (h, k+ b) and (h, k — b) B(—1, 10), B’(—-1, —6) 


EXAMPLES 17.9. Write the equation of the ellipse having the given characteristics. 
(a) central ellipse, foci at (+4, 0), and vertices at (+5, 0) 
(b) center at (0, 3), major axis of length 12, foci at (0, 6) and (0, 0) 


(a) Acentral ellipse has its center at the origin, so (h, k) = (0, 0). Since the vertices are on the x axis and the center is at 
(0, 0), the form of the ellipse is 


From a vertex at (5, 0) and the center at (0, 0), we get a= 5. 
From a focus at (4, 0) and the center at (0, 0), we get c = 4. 
Since a? = b? +. c?, 25 = b? + 16, so b? = 9 and b = 3. 


ey 
The equation of the ellipse is 5 +—=1 


9 


(b) Since the center is at (0, 3), 4 = 0 and k = 3. Since the foci are on the y axis, the form of the equation of the ellipse is 


GW hye 


a b2 } 


The foci are (h, k +c) and (h, k —c), so (0, 6) = (h, k+.c) and 3 +c = 6 and c = 3. 
The major axis length is 12, so we know 2a = 12 and a= 6. 
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From a? = b* + c”, we get 36 = b* + 9 and b? = 27. 
(y-3yr 


The equation of the ellipse is 36 7= 


EXAMPLE 17.10. Write the equation of the ellipse 18x” + 12y? — 144x + 48y + 120 = 0 in standard form. 
18x? + 12y? — 144x + 48y + 120 = 0 


(18x? — 144x) + (12y? + 48y) = —120 reorganize terms 
18(x7 — 8x) + 12(y + 4y) = —120 factor to get x? and y* 
18(x? — 8x + 16) + 12(y? + 4y + 4) = —120 + 18(16) + 12(4) complete square on x and y 
18(x — 4)? + 12(y +2)? = 216 simplify 
18(«—4)  12(y + 2)? a 
= 1 divide by 216 

216 216 re 

—4 2 2 2 
& D ) + Q " ) =1 standard form 


17.6 HYPERBOLAS 


The hyperbola is the locus of all points in a plane such that for any point of the locus the difference of the 
distances from two fixed points, the foci, is a constant. 

Central hyperbolas have their center at the origin and their vertices and foci on one axis, and are symmetric 
with respect to the other axis. The standard form equations for central hyperbolas are: 


x y? y? x2 
() G-p=l and Q) G-GH1 


The distance from the center to a vertex is denoted by a and the distance from the center to a focus is c. For 
a hyperbola, c* = a” + b* and b is a positive number. The line segment between the vertices is called the trans- 
verse axis. The denominator of the positive fraction for the standard form is always a’. 

In (1) the transverse axis VV’ lies on the x axis, the vertices are V(a, 0) and V’(—a, 0), and the foci are at 
F(c, 0) and F''(—c, 0) (see Fig. 17-10). In (2) the transverse axis VV' lies on the y axis, the vertices are at V(0, a) 
and V’(0, —a), and the foci are at F(O0, c) and F’(0, —c) (see Fig. 17-11). When lines are drawn through the 
points R and C and the points S and C, we have the asymptotes of the hyperbola. The asymptote is a line 
that the graph of the hyperbola approaches but does not reach. 

If the center of the hyperbola is at (h, k) the standard forms are (3) and (4): 


GW ON yang OT _@ 


a b2 a b2 ! 


(3) 


In (3) the transverse axis is parallel to the x axis, the vertices have coordinates V(h + a, k) and V’(h — a, k), the 
foci have coordinates F(h + c, k) and F'(h —c, k), and the points R and S have coordinates R(h + a, k + b) and 
S(h + a, k — b). The lines through R and C and S and C are the asymptotes of the hyperbola (see Fig. 17-12). In 
equation (4) the transverse axis is parallel to the y axis, the vertices are at V(h, k + a) and V’(h, k —a), the foci 
are at F(h, k+ c) and F’(h, k — c), and the points R and S have coordinates R(h + b, k + a) and S(h — b, k +a) 
(see Fig. 17-13). 


EXAMPLES 17.11. Find the coordinates of the center, vertices, and foci for each hyperbola. 


@-4" O-5P_, w OtsY +9" _| ) «+3 G-4)? 
9 16 25 144. 95 64. 


(a) 1 
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xt oy? 2 
ce a oe y 

ae oo 
Fig. 17-10 Fig. 17-11 


y 
F(h, k +c) 
e 
R(ih+a,k +b) 
e Vik, k + a) 
(h—-b, k+a)Se @R(h+b, k +a) 
(h—-a, ky’ Vih +a, k) Cth, ke 


(h=c, k)F’e © Fia+c, k) 


S(h+ ack ~b) 


Q-kP_ (a- hy 1 


(eh? _(y- bt, 
rae a a” B 
Fig. 17-12 Fig. 17-13 


i Soe gy —5P 
9 16 
Since a? = 9 and b? = 16 we have a = 3 and b = 4. 
From c? = a” + b*, we get c=5. 


center is (h, k) = (4,5) 
vertices are V(h + a, k) and V’(h —a, k) W(7, 5) and V'(1, 5) 


1 


foci are F(h +c, k) and F’(h—c, k) F(9, 5) and F’(—1, 5) 
2 2 
(b) O+5) _ @t9) = 
25 144 


Since a? = 25 and b* = 144, a=5 and b = 12. 
From c? = a’ + b*, we get c = 13. 
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center C(h, k) = (—9, —5) 
vertices are V(h, k + a) and V'(h, k — a) V(—9, 0) and V’(—9, —10) 


foci are F(h, k+.c) and F’(h, k —c) F(—9, 8) and F’(—9, —18) 
2 _ 42 
(c) (+3 O-4% = 
225 64 


Since a? = 225 and b* = 64, we get a= 15 and b= 8. 
From c? = a? + b?, we get c= 17. 


center C(h, k) = (—3, 4) 
vertices are V(/h + a, k) and V’(h—a, k) V(12, 4) and V’(—18, 4) 
foci are F(h+c, k) and F’(h —c, k) F(14, 4) and F’(—20, 4) 
EXAMPLES 17.12. Write the equation of the hyperbola that has the given characteristics. 


(a) Foci are at (2, 5) and (—4, 5) and transverse axis has length 4. 
(b) Center at (1, —3), a focus is at (1, 2) and a vertex is at (1, 1). 


(a) The foci are on a line parallel to the x axis, so the form is 


@-hY o-b? 
a2 Pe : 

The center is half-way between the foci, so c = 3 and the center is at C(—1,5). 

The transverse axis joins the vertices, so its length is 2a, so 2a = 4 anda = 2. 

Since c? = a? + b?, c=3 anda=2,s0b? =5. 

The equation of the hyperbola is 


@tIY @=5) _ 
4 5 


1 


(b) The distance from the vertex (1, 1) to the center (1, —3) is a, soa = 4. 
The distance from the focus (1,2) to the center (1, —3) is c, soc = 5. 
Since c? = a? + b?,a=4, andc=5,0* =9. 
Since the center, vertex, and focus lie on a line parallel to the y axis, the hyperbola has the form 


=k? @a hy? _ 


a b , 


The center is (1, —3), soh=1, and k = —3. 
The equation of the hyperbola is 


Q+3P _G@—-1P _ 


1 
16 9 


EXAMPLES 17.13. Write the equation of each hyperbola in standard form. 


(a) 25x? — 9y? — 100x — 72y — 269 = 0 (b) 4x? — 9y? — 24x — 90y — 153 = 0 

(a) 25x — 9y? — 100x — 72y — 269 = 0 
(25x” — 100x) + (—9y* — 72y) = 269 rearrange terms 
25(x? — 4x) — 9(y" + 8y) = 269 factor to get x? and y” 
25(x? — 4x + 4) — 9(y? + By + 16) = 269 + 25(4) — 9(16) complete square for x and y 
25(x — 2)? — 9(y + 4)? = 225 simplify then divide by 225 


(x — 2 Gro _ 5 
9 8b | 


standard form 


179 


180 


(b) 4x* — 9y? — 24x — 90y — 153 =0 
(4x? — 24x) + (-9y? — 90y) = 153 
A(x? — 6x) — 9(y? + 10y) = 153 


A(x? — 6x + 9) — 9G? + 10y + 25) = 153 + 4(9) — 9(25) 


A(x — 3) — Ay + 5)? = -36 

@- 3" O+5P_, 
—9 =a 

+5" @-3" _, 
4 9 
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reorganize terms 
factor to get x? and y? 
complete square for x and y 


simplify then divide by —36 
simplify signs 


standard form 


17.7 GRAPHING CONIC SECTIONS WITH A CALCULATOR 


Conic Sections 


Since most conic sections are not functions, an important step is to solve the standard form equation for y. If y is 
equal to an expression in x that contains a + quantity, we need to separate the expression into two parts: 
y, = the expression using the + quantity and y2 = the expression using the — expression. Otherwise, set 
y, = the expression. Graph either y; or y; and y simultaneously. The window may need to be adjusted to 
correct for the distortion caused by unequal scales used on the x axis and the y axis in many graphing calcula- 
tors’ standard windows. Setting the y scale to 0.67 often corrects for this distortion. 

For the circle, ellipse, and hyperbola, it is usually necessary to center the graphing window at the point 
(h, k), the center of the conic section. However, the parabola is viewed better if the vertex (h, k) is at one 


end of the viewing window. 


SOLVED PROBLEMS 


17.1. Draw the graph of each of the following equations: 


(a) 4x? + Qy? = 36, (b) 4x? — 9y? = 36, (c) 4x+ Qy? = 36. 
SOLUTION 

4 4 2 
(a) 4°49y°=36, y= 5 9—-x) y= ann? — x2, 


Note that y is real when 9 — x? > 0, i.e., when —3 < x < 3. Hence values of x greater than 3 or less than 


—3 are excluded. 


2 


1 


i 2 3 


+1.49 


+1.89 


+1.89 | +1.49 0 


The graph is an ellipse with center at the origin (see Fig. 17-14(a)). 


YA 


(a) Ellipse 


(b) Hyperbola 


Fig. 17-14 


(c) Parabola 
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4 2 
(b) 4x* — 9y? = 36, y= 5-9, y= w=. 


Note that x cannot have a value between —3 and 3 if y is to be real. 


x 6 5 4 3 3 4 5 6 
y +3.46 | +2.67 | +1.76 0 0 +1.76 | +2.67 | +3.46 


The graph consists of two branches and is called a hyperbola (see Fig. 17-14(b)). 


4 
(c) 4x+9y* = 36, y= a (9 —x), y= +2J/9—x. 


x = 0 1 ) 8 9 
y +2.11 2 +1.89 | +1.33 | +0.67 0 


The graph is a parabola (see Fig. 17-14(c)). 


17.2. Plot the graph of each of the following equations: 
(a) xy = 8, (b) 2x? — 3xy +y?+x-—2y—3=0, (c) P+y? —4x+ 8y+25 =0. 
SOLUTION 


(a) xy = 8, y= 8/x. Note that if x is any real number except zero, y is real. The graph is a hyperbola (see 
Fig. 17-15(a)). 


& 
aN 
ie) 
— 

Nie 

i) 
— 
NO 
a 


YA 
bet +--+ 44 +=} 
o+ x 
T 
(a) Hyperbola (b) Two intersecting lines 
Fig. 17-15 


(b) 2x* —3xy +y? +x—2y—3=0. Write as y? — (3x + 2)y + (2x7 +.x—3) =0 and solve by the quadratic 
formula to obtain 


38x +24 7x2? 4+8x4+16 (Gx+2) +044) 
I= — 


, 5 or y=2x4+3, y=x-1 
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The given equation is equivalent to two linear equations, as can be seen by writing the given equation as 
(2x — y+ 3)(x — y — 1) = 0. The graph consists of two intersecting lines (see Fig. 17-15(b)). 
(c) Write as y? + 8y + (x7 — 4x + 25) = 0; solving, 


— 8 + V—40? — 4x + 9) 
= 5 : 


y 


Since x? — 4x +9 =x? — 4x +445 =(x— 2) +5 is always positive, the quantity under the radical 
sign is negative. Thus y is imaginary for all real values of x and the graph does not exist. 


17.3. For each equation of a circle, write it in standard form and determine the center and radius. 
(a) x2 +y* —8x+10y-—4=0 (b) 4x7 + 4)? + 28y + 13 =0 


SOLUTION 
(a) x+y? — 8x+ 10y—4=0 


(x2 — 8x + 16) + (? + 10y + 25) =4+4 16 +25 
(x — 4)? +(y +5)? = 45 standard form 
center: C(4, —5) radius: r= /45 = 3/5 


(b) 4x° + 4y? + 28y + 13 =0 
eP+y+Ty =—-13/4 
+6? + Ty + 49/4) = -13/44 49/4 


P+(y+7/2"r =9 standard form 
center: C(0, —7/2) radius: r = 3 


17.4 Write the equation of the following circles. 


(a) center at the origin and goes through (2, 6) 
(b) ends of diameter at (—7, 2) and (5, 4) 


SOLUTION 


(a) The standard form of a circle with center at the origin is x7 + y? = r’. Since the circle goes through (2, 6), we 
substitute x = 2 and y= 6 to determine r*. Thus, r? = 27 + 6* = 40. The standard form of the circle is 
x+y? = 40. 

(b) The center of a circle is the midpoint of the diameter. The midpoint /M of the line segment having endpoints 
(x1, y1) and (x2, y2) is 


Xi +X Yi t yo 
M= , ‘ 


Thus, the center is 


—-7+5 2+4 —2 6 
= = 1,3). 
o(=285, 244) of 2, Jeccis 


The radius of a circle is the distance from the center to the endpoint of the diameter. The distance, d, 


between two points (x1, y1) and (x2, y2) is d= Veo _ xy +62 - yi). Thus, the distance from the center 


C(I, 3) to (5,4) is r= V6 —(-)Y +4-3% = JVCe4 272 = 737. 
The equation of the circle is (x + 1) +(y— 3)? = 37. 


17.5 Write the equation of the circle passing through three points (3, 2), (—1,4), and (2, 3). 


CHAPTER 17 Conic Sections 183 


17.6 


17.7 


17.8 


SOLUTION 


The general form of the equation of a circle is x7 + y? + Dx + Ey + F = 0, so we must substitute the given points 
into this equation to get a system of equations in D, E, and F. 


For (3, 2) 324224 D3)+E2)+F=0 then(1) 3D+2E+F=—-13 
For (—1, 4) (17 +4+4DC1)+E4)+F=0 then) -D+4E+F=-17 
For (2, 3) 4324 D2)+E3)+F=0 then) 2D04+3E+F=-13 


We eliminate F from (1) and (2) and from (1) and (3) to get 
(4) 4D—-2E=4 and (5) D—E=0. 


We solve the system of (4) and (5) to get D = 2 and E = 2 and substituting into (1) we get F = —23. 
The equation of the circle is x* + y* + 2x + 2y — 23 =0. 


Write the equation of the parabola in standard form and determine the vertex, focus, directrix, and axis. 


(a) y* — 4x+ 10y+13=0 (b) 3x7 + 18x+ 1ly+5=0. 


SOLUTION 
(a) y>—4x+ 10y+13=0 
y? + 10y = 4x — 13 rearrange terms 
y? + 10y+ 25 = 4x4 12 complete the square for y 
(y+ 5) =4@+ 3) standard form 
vertex (h,k) = (—3, —5) 4p =4sop=1 
focus (h+ p,k) = (—3 + 1, —5) = (—2, —5) 
directrix: x = h—p=-—4 axis! y= k=—5 


(b) 3x7 + 18x + lly +5=0 


x + 6x = —11/3y — 5/3 
x? +6x+9 = —11/3y + 22/3 


(x+3P = —11/3( — 2) standard form 

vertex (h,k) = (—3, +2) 4p = -11/3 p=-—11/12 
focus (h,k + p) = (—3, +2 + (—11/12)) = (—3, 13/12) 

directrix = k — p = +2 — (—11/12) = 35/12 axis: x =h=—3 


Write the equation of the parabola with the given characteristics. 
(a) vertex at origin and directrix y = 2 (b) vertex (—1, —3) and focus (—3, —3) 


SOLUTION 


(a) Since the vertex is at the origin, we have the form y* = 4px or x? = 4py. However, since the directrix is y = 2, 
the form is x7 = 4py. 
The vertex is (0, 0) and the directrix is y = k — p. Since y = 2 and k = 0, we have p = —2. 
The equation of the parabola is x7 = —8y. 
(b) The vertex is (—1, —3) and the focus is (—3, —3) and since they lie on a line parallel to the x axis, the standard 
form is (y — k)? = 4p(x — h). 
From the vertex we get h=—1 and k = —3, and since the focus is (+p, k), h+p=-—3 and 
—l1+p=-—3, we get p = —2. 
Thus, the standard form of the parabola is (y + 3)? = —8(x + 1). 


Write the equation of the ellipse in standard form and determine its center, vertices, foci, and covertices. 


(a) 64x? + 8ly?=64 = (b)- 99x* +. 5y’ + 36x + 10y —4=0 
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SOLUTION 
(a) 64x7 + 81y? = 64 
14 80" i divide by 64 
x fac vide by 
x 
T fF 764\, =1 divide the numerator and denominator by 81 
(5) standard form 


center is the origin (0,0) = a” = 1 and b? = 64/81, soa=1 and b= 8/9 


For an ellipse, a? = b? + c?, so 1 = 64/814 c? and c? = 17/81, giving c = 17/9. 
The vertices are (a,0) and (—a,0), so V(1,0) and V’(—1, 0). 

The foci are (c, 0), and (—c,0), so F(V17/9, 0) and F’(—V17/9, 0). 

The covertices are (0,b) and (0, —b), so B(0, 8/9) and B’(0, —8/9). 


(b) 9x" + 5y? + 36x+ 10y—4=0 
90? + 4x44) +5607? +2y+ 1 =4+4+ 3645 
9(x + 2)? + S(y + 1)? = 45 
(+2) +)" 
5 9 7 
center (h, k) = (—2, -1) 2=9,b =5,soa=3andb=VJ5 
Since a? = b? +. c?,c? =4 andc =2. 
The vertices are (h, k + a) and (h,k — a), so V(—2, 2) and V’(—2, —4). 
The foci are (h, k +c) and (h, k — c), so F(—2, 1) and F’(—2, — 3). 
The covertices are (h + b, k) and (h — b, k) so B(—2 + V5, —1) and B’(-2 —V/5, —1). 


1 standard form 


17.9 Write the equation of the ellipse that has these characteristics. 
(a) foci are (1,0) and (—1,0) and length of minor axis is 24/2. 
(b) vertices are at (5, —1) and (—3, —1) and c = 3. 
SOLUTION 


(a) The midpoint of the line segment between the foci is the center, so the center is C(0, 0) and we have a central 
ellipse. The standard form is 


2 


x 


2 2 
es 7 y = 
e + RB =1 or my +—= 1 
The foci are (c, 0) and (—c,0) so (c, 0) = (1,0) and c = 1. 
The minor axis has length 2/2, so 2b = 2/2 and b = V2 and b? = 2. 
For the ellipse, a? = b? +c? and a? =1+4+2=3. 
Since the foci are on the x axis, the standard form is 


x2 y? 


+5=1 


a 


The equation of the ellipse is 


(b) The midpoint of the line segment between the vertices is the center, so the center is 


S35. =I 
c( a) )=a. 1). 


We have an ellipse with center at (h, k) where h = | andk = —1. 
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The standard form of the ellipse is 


=1. 


(x— hy (y—k? (yk? («hy 
eo ee oo ° 


The vertices are (h+a,k) and (h—a,k), so (h+a,k) =(1+a,—-1) =(5,-1). Thus, 1 +a=5 
and a= 4. 

For the ellipse, ae=b+c’,c is given to be 3, and we found a to be 4. Thus, a =4 = 16 and 
c? = 3? = 9. Therefore, a* = b* + c? yields 16 = b? + 9 and b* =7. 

Since the vertices are on a line parallel to the x axis, the standard form is 


_— py2 _ p22 
(eh? =? _ 


Z p 1. 


The equation of the ellipse is 


- 42 2 
(x — 1) 49+) a 


1. 
16 7 


17.10 For each hyperbola, write the equation in standard form and determine the center, vertices, and foci. 
(a) 16x* —9y*+ 144 =0 (b) 9x? — 16y? + 90x + 64y +17 =0 


SOLUTION 


(a) 16x? —9y? + 144 = 0 
16x? — 9y? = —144 


2 2 
ee ann 
-9 —-16 
y2 x2 
ae | standard form 
16 9 
center (h, k) = (0,0) @ = l6andb*? = 9, soa=4 and b=3 


Since c? = a? + b? for a hyperbola, c? = 16 +9 = 25 andc =5. 
The foci are (0, c) and (0, —c), so F(O, 5) and F’(0, —5). 
The vertices are (0, a) and (0, —a), so V(O, 4) and V’(0, —4) 
(b) 9x? — 1loy? + 90x + 64y +17 =0 

9x7 + 10x + 25) — 1667 — 4y + 4) = -17 + 225 — 64 

9(x + 5)? — 16(y — 2)? = 144 

Geo Ga ay _ 

16 9 7 
center (h, k) = (—5,2) a’ = 16 and b* = 9, soa = 4 and b = 3 


1 standard form 


Since c? = a? +b’, c? = 16 +9 = 25 andc =S. 
The foci are (+c, k) and (h — c, k), so F(O,2) and F’(—10, 2). 
The vertices are (h + a,k) and (h — a,k), so V(—1,2) and V’(—9, 2). 


17.11 Write the equation of the hyperbola with the given characteristics. 


(a) vertices are (0, +2) and foci are (0, +3) 
(b) foci (1, 2) and (—11, 2) and the transverse axis has length 4 
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SOLUTION 


(a) Since the vertices are (0, +2), the center is at (0,0), and since they are on a vertical line the standard form is 


The vertices are at (0, +a) so a = 2 and the foci are at (0, +3) soc =3. 
Since c? = a2 +b?,9=44+02% sob? =5S. 
The equation of the hyperbola is 


24 
57 


AIS 


(b) Since the foci are (1,2) and (—11, 2), they are on a line parallel to the x axis, so the form is 


G-h’ O-k_, 
a bo 
The midpoint of the line segment between the foci (1,2) and (—11, 2) is the center, so C(h, k) = (—5, 2). 
The foci are at (+ c, k) and (h — c, k), so (h +c, k) = (1,2) and —5 +c = 1, with c = 6. The transverse axis 
has length 4 so 2a = 4 and a = 2. From c* = a* +b’, we get 36 = 4+b* and b? = 32. 
The equation of the hyperbola is 


G5) aay - 


4 32 ! 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


17.12 Graph each of the following equations. 


(a) xr +y=9 (e) y> = 4x (i) x+y? —2x+2y4+2=0 

(b) xy=—4 (f) °+3y?-1=0 (/) 2x? —xy—y? —7x—2y +3 =0 
(c) 42+ y? = 16 (g) 2 +3xy+y? = 16 

(d) x —4y’ = 36 (h) P+4y=4 


17.13 Write the equation of the circle that has the given characteristics. 


(a) center (4, 1) and radius 3 (c) goes through (0,0), (—4, 0), and (0, 6) 
(b) center (5, —3) and radius 6 (d) goes through (2,3), 1,7), and (1,5) 


17.14 Write the equation of the circle in standard form and state the center and radius. 


(a) P+y+6x—12y-20=0 (©) xr 4+y+7x+3y—10=0 
(b) x+y? + 12x—4y—5 =0 (d) 2x? + 2y? —5x—9y+11=0 


17.15 Write the equation of the parabola that has the given characteristics. 


(a) vertex (3, —2) and directrix x = —5 

(b) vertex (3,5) and focus (3, 10) 

(c) passes through (5, 10), vertex is at the origin, and axis is the x axis 
(d) vertex (5,4) and focus (2, 4) 


17.16 Write the equation of the parabola in standard form and determine its vertex, focus, directrix, and axis. 


(a) > +4x—-8y+28=0 (c) y*—24x+6y—15=0 
(b) x*° —4x+8y+36=0 (dd) 5x7 +20x—9y +47 =0 
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17.17 


17.18 


17.19 


17.20 


Conic Sections 


Write the equation of the ellipse that has these characteristics. 


(a) vertices (+4,0), foci (42/3, 0) 

(b) covertices (+3,0), major axis length 10 

(c) center (—3,2), vertex (2,2),c=4 

(d) vertices (3,2) and (3, —6), covertices (1, —2) and (5, —2) 


Write the equation of the ellipse in standard form and determine the center, vertices, foci, and covertices. 


(a) 3x* + 4y? — 30x — 8y +67 =0 (c) 9x? + 8y* + 54x + 80y + 209 = 0 
(b) 16x? + Ty” — 64x + 28y — 20 = 0 (d) 4x* + Sy? — 24x — 10y +21 =0 


Write the equations of the hyperbola that has the given characteristics. 
(a) vertices (+3,0), foci (+5, 0) 

(b) vertices (0, +8), foci (0, +10) 

(c) foci (4, —1) and (4,5), transverse axis length is 2 

(d) vertices (—1, —1) and (1,5), b=5 


Write the equation of the hyperbola in standard form and determine the center, vertices, and foci. 


(a) 4x? — 5y? — 8x — 30y —21 =0 (c) 3x7 — y? — 18x+ 10y — 10 =0 
(b) 5x* — 4y? — 10x — 24y — 51 =0 (d) 4° —y? + 8x+6y+11=0 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


17.12 


17.13 


(a) circle, Fig. 17-16 (f) ellipse, Fig. 17-21 

(b) hyperbola, Fig. 17-17 (g) hyperbola, Fig. 17-22 
(c) ellipse, Fig. 17-18 (h) parabola, Fig. 17-23 
(d) hyperbola, Fig. 17-19 (i) single point, (1, —1) 


(e) parabola, Fig. 17-20 (j) two intersecting lines, Fig. 17-24 (y = x — 3 and y = —2x+ 1) 


(c) x+y? +4x-—b6y =0 
(d) Pe +y + 1ly—y—32=0 


(a) (x- 4° +Q- 1? =9 
(b) (x-—5Y + (y+ 3) = 36 


AY 


Fig. 17-16 
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Fig. 17-23 
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Fig. 17-24 


(a) («+3 +0-6"% =65,  C(-3,6), r= V65 


(x+62 +0 —-27% =45, C(-6,2), r=3V5 
(«+7/2P + (y+ 3/2) = 49/2, C(-7/2, -3/2),  r=7V2/2 
(x — 5/4)? + ( — 9/4)" = 9/8, C(5/4,9/4), r= 3/2/4 


(y + 2)? = 32(x — 3) (b) (x — 3)? = 20(y — 5) (c) y* = 20x (d) (y —4)?= —12( —5) 
y- 4)? = —4(x + 3), V(-3,4), F(—4, 4), directrix: x = —2, axis: y= 4 
(x — 2)? = —8(y + 4), V(2, —4), F(2, —6), directrix: y = —2, axis: x = 2 
Ot 3y° = 24(x+ 1), Vv(—1, —3), F(5, —3), directrix: x = —7, axis: y = —3 
(x + 2)? = %(y — 3)/5, V(—2, 3), F(—2, 69/20), directrix: y = 51/20, axis: x = —2 
ee a @+3¥ -G@=2F 
Cc 4°=]1 oy ee =1 
161 4 () 95 9 
6: 2 9 _ 2y2 
I 4 4 Ces 
25 9 16 4 
= 2 Al 2 
" > +o5 = 1, center (5, 1), vertices (7,1) and (3,1), foci (6,1) and (4, 1), 
covertices (5, 1 + /3) and (5, 1 — /3) 
2 _ 9,2 
0 — + & ~ = I, center (2, —2), vertices (2, 2) and (2, —6), foci (2,1) and (2, —5), 
covertices (2 + Ts —2) and (2 — V7, —2) 
s) : 2 
yy ” +oty = 1, center (—3, —5), vertices (—3, —2) and (—3, —8), foci (—3, —4) and 


(x-3  (-1° 
oa 


x2 y2 

c— |CU 
2 2 

yi 

| d 
64 36 (@) 


=a)" Aeris 


(—3, —6), covertices (—3 + 2/2, —5) and (—3—2,/2, —5) 


= |, center (3, 1), vertices (3 + /5, 1) and (3 — J/5, 1), foci (4, 1) and (2, 1), 


covertices (3,3) and (3, —1) 


G-2"_ @-4_, 


1 8 


4 25 
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17.20 (a) 


(b) 
(c) 
(d) 
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(y+3P (@- 1? 
: 2 2 2 

e— A = 1, center(1,—3), vertices (-1, —3) and G, —3), foci 4, —3) and (—2, —3) 

«-3Y 5)? 


4 12 


_ a2 2 
Y -+" = 1, center (—1,3), vertices (—1,7) and (—1, —1), foci (1,3 + 2/5) and (1,3 — 25) 


= I, center (1, —3), vertices (1, —1) and (1, —5), foci (1,0) and (1, —8) 


= |, center (3,+5), vertices (5, +5) and (1, +5), foci (7,45) and (—1,+5) 


CHAPTER 18 


Systems of Equations 
Involving Quadratics 


18.1 GRAPHICAL SOLUTION 


The real simultaneous solutions of two quadratic equations in x and y are the values of x and y corresponding to 
the points of intersection of the graphs of the two equations. If the graphs do not intersect, the simultaneous 
solutions are imaginary. 


18.2 ALGEBRAIC SOLUTION 


A. One linear and one quadratic equation 
Solve the linear equation for one of the unknowns and substitute in the quadratic equation. 


EXAMPLE 18.1. Solve the system 


(dd) x+y=7 
(2) x? +y? =25 


Solving (1) for y, y=7—x. Substitute in (2) and obtain x7+(7—x)*=25, x7 -7x+12=0, 
(x — 3)(x — 4) = 0, and x = 3, 4. When x = 3, y= 7 —x=4; when x = 4, y= 7 — x = 3. Thus the simultaneous 
solutions are (3, 4) and (4, 3). 


B. Two equations of the form ax’ + by? =c 
Use the method of addition or subtraction. 


EXAMPLE 18.2. Solve the system 


(1) 2? -y=7 
(2) 3x? + 2y? = 14 


To eliminate y, multiply (1) by 2 and add to (2); then 
Te? =28, x«=4 and x= +2. 


Now put x = 2 or x = —2 in (1) and obtain y= +1. 
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The four solutions are: 
(2, 1); 2, 1); (2, —1); (-2, —1) 
C. Two equations of the form ax” + bxy + cy” =d 


EXAMPLE 18.3. Solve the system 


(1) x +xy =6 
(2) x7 + Sxy — 4y? = 10 


Method 1. 
Eliminate the constant term between both equations. Multiply (1) by 5, (2) by 3, and subtract; then 


x? — 5xy + 6y" = 0, (x — 2y)(x — 3y) = 0, x = 2y and x = 3y. 
Now put x = 2y in (1) or (2) and obtain y> = 1, y= +1. 


When y = 1, x = 2y = 2; when y= —1, x = 2y = —2. Thus two solutions are: x = 2, y= 1; x 2,y ip 
Then put x = 3y in (1) or (2) and get 


1 2 
2 i 
=p eet 
When 
v2 4, _3v2 
yay = jy >= 2 > 
when 

__ v2 __ 3v2 
= — a = 


Thus the four solutions are: 


(2,1; (—2,—-1); ( >} 


2° 2 2° 2 
Method 2. 
Let y = mx in both equations. 
From (1): x7 + mx? = 6, r= : 
l+m 

From (2): x7 + 5mx* — 4m?x? = 10 r= au 

‘ ; 1+5m— 4m2° 
Then 

6 10 


l+m— 1+5m—4m 
from which m = 5.45 hence y = x/2, y = x/3. The solution proceeds as in Method 1. 


D. Miscellaneous methods 


(1) Some systems of equations may be solved by replacing them by equivalent and simpler systems (see 
Problems 18.8—18.10). 
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(2) An equation is called symmetric in x and y if interchange of x and y does not change the equation. 
Thus x? + y” — 3xy + 4x + 4y = 8 is symmetric in x and y. Systems of symmetric equations may 
often be solved by the substitutions x = u+ v, y= u — v (see Problems 18.11—18.12). 


SOLVED PROBLEMS 


18.1. Solve graphically the following systems: 


(a) x+y? = 25 (b) x + 4y? = 16 é vr +2y=9 
x+2y=10’ xy=4 : 27 —3y =1 
SOLUTION 
See Fig. 18-1. 
YA 
(0, 5) 
\ (4, 3) 
> 
Xx 
(-3.9,-3.1) (3.9, —3.1) 
(a) x2+y?=25 circle (b) x? + 4y?= 16 ellipse (c) x?+2y =9 parabola 
x+2y=10 line xy=4 hyperbola 2x? — 3y? = 1 hyperbola 


Fig. 18-1 


18.2 Solve the following systems: 


x+2y=4 x—-1+2y=0 


3 
(a) y—x=7 (b) 3x7 -y +4=0 


SOLUTION 


(a) Solving the linear equation for x, x = 4 — 2y. Substituting in the quadratic equation, 


y —y(4—2y)=7, 3 —4y-7=0, VW+)DGy—7)=0 and y=-1,7/3. 


If y 1lx=4-2y=6; ify=7/3,x=4-2y 2/3. 
The solutions are (6, — 1) and (—2/3, 7/3). 


(b) Solving the linear equations for y, y = 5( — 3x). Substituting in the quadratic equation, 


—2 +,/2 —40 
37° —fd-30P+4=0, °+2x+5=0 and x=—— mar (DO) _ 1 + 2i. 


Ifx=—1+2i,y= (1 —3x)= sf — 3(-1 + 21)| = 5(4 — 61) = 2 —3i. 
Ifx = —-1 —-2i,y= (1 —3x)= $l — 3(-1 —21] = 5(4+ 6i) = 243i. 
The solutions are (—1 + 2i, 2 — 37) and (—1 —2i, 2 + 31). 


18.3. Solve the system: (1) 2x” — 3y? = 6, (2) 3x7 + 2y? = 35. 
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SOLUTION 


To eliminate y, multiply (1) by 2, (2) by 3 and add; then 13x* = 117, x7 = 9, x= +3. 
Now put x = 3 or x = —3 in (1) and obtain y = +2. 
The solutions are: (3, 2); (—3, 2); (3, —2); (—3, —2). 


Solve the system: 


8 3 5 2 
aa cal (2) Paar 


= 38. 


SOLUTION 


1 1 1 1 
The equations are quadratic in — and —. Substituting uv = — and v = —, we obtain 
x y x y 


8u2 — 3v7 =5 and = 5’ +- 2" = 38. 


Solving simultaneously, u? = 4, v? = 9 or x? 1/4, y? 1/9; then x = 41/2, y= 41/3. 


The solutions are: 
i Ng 1 1 1 1\. 1 1 
2B! 2°37" 2 3/7? 2 3) 


(1) 5x? + 4y* = 48 
(2) x* + 2xy = 16 


Solve the system 


by eliminating the constant terms. 

SOLUTION 

Multiply (2) by 3 and subtract from (1) to obtain 
2x? —6xy+4y=0, x -—3xy+2y?=0, («—-y)e—2y)=0 and x=y, x=2y. 


16 4 
Substituting x = y in (1) or (2), we have y? = re and y = t3v3. 


Substituting x = 2y in (1) or (2), we have y? =2andy= +2. 
The four solutions are: 


? 


CE) (A ea wn 


Solve the system 
(1) 3x7 — 4xy =4 
(2) x7 -2y*=2 
by using the substitution y = mx. 


3—4m_ 1— 2m’ 


SOLUTION 
4 
Put y = mx in (1); then 3x2 — 4mx? = 4 and = 
3—4m 
: 2 22 2 2 
Put y = mx in (2); then x° — 2m°x" = 2 and . rr 
1 — 2m? 
4 2 1 1 
Thus 4m? —4m+1=0, (Q2m—1)=0 = and Me Gx it 


Now substitute y = mx = 5x in (1) or (2) and obtain x2 = 4, x = +2. 
The solutions are (2, 1) and (—2, —1). 
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18.7 Solve the system: (1) x*+y?=40, (2) xy=12. 
SOLUTION 


From (2), y = 12/x; substituting in (1), we have 


144 
r4+—=40, x4 40°4144=0, (—36)(x7-4)=0 and x= +6, +2. 


For x= +6, y= 12/x = +2; forx= +2, y= +6. 
The four solutions are: (6, 2); (—6, —2); (2, 6); (—2, —6). 
Note. Equation (2) indicates that those solutions in which the product xy is negative (e.g. x = 2, y = —6) are 


extraneous. 


18.8 Solve the system: (1) x22 +y*+2x-y=14, (2) xe +y+x-2y=9. 
SOLUTION 


Subtract (2) from (1): x +y=5 ory=5~-x. 
Substitute y = 5 — x in (1) or (2): 2x? — Tx +6 = 0, (2x — 3)(x — 2) = 0 and x = 3/2, 2. 
The solutions are (3, ) and (2, 3). 


18.9 Solve the system: (1) 2° +y?=35, (2) xt+y=5. 
SOLUTION 
Dividing (1) by (2), 


3 3 3 
vty _ 35 and = (3) x7 —xy + y? =7. 
x+y 5 


From (2), y= 5 — x; substituting in (3), we have 
P—x5S—x)+(5—x" =7, 2—Sx+6=0, @—3)e-2)=0 and x=3,2. 
The solutions are (3, 2) and (2, 3). 


18.10 Solve the system: (1) x? + 3xy + 2y? = 3, (2) x* + Sxy + 6y? = 15. 
SOLUTION 
Dividing (1) by (2), 


P+ 3xy+2y  @+yxt+2y) xty 1 
x2 4+ 5xy + 6y? (x+3y)(xt+2y) x+3y 5° 


x+y 1 soaks . > 
From ==, y= —2x. Substituting y = —2x in (1) or (2), x = | andx = +1. 
x+3y 3°° 


The solutions are (1, —2) and (—1, 2). 


18.11 Solve the system: (1) x? + y? + 2x +2y = 32, (2) x+y+ 2xy = 22. 
SOLUTION 


The equations are symmetric in x and y since interchange of x and y yields the same equation. Substituting 
x=u+ov,y=u-—v in (1) and (2), we obtain 


3) w+v4+2u=16 and (4) w—v+u=11. 


Adding (3) and (4), we get Qu? + 3u — 27 = 0, (u — 3)(2u+ 9) = 0 and u = 3, —9/2. 
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When u = 3, v= landv= +1; when u = —9/2, v= 19/4 and v = +/19/2. Thus the solutions of (3) and 
(4) are: u= 3,0 = 1, u=3,0v=—-lyu=—9/2, v= V19/2; u = —9/2, v = —V 19/2. 
Then, since x = u+v, y=u — v, the four solutions of (1) and (2) are: 


-9 19 —9—/19 -9-/19 —9 19 
(4,2); (2.4); 2a", ~, ( = mea 


Solve the system: 


1 1 1 
(1) x7 +y* = 180, (2) —+-=-. 
x y 4 


SOLUTION 


From (2) obtain (3) 4x + 4y — xy = 0. Since (1) and (3) are symmetric in x and y, substitute x = u+v,y=u—vin 
(1) and (3) and obtain 


(4) ~W+v=90 and (5) 8&u-wW +r =0. 


Subtracting (5) from (4), we have u> — 4u — 45 = 0, (u— 9)(u +5) = 0 and u = 9, —5. 

When uw =9,v= +3; when u=-—5, v= +/65. Thus the solutions of (4) and (5) are: 
u=—9,v=3;u=9,v = —3;u= —5, v 65: u=—5,v —/65. 

Hence the four solutions of (1) and (2) are: 


(12,6); (6,12); (-5+V65,-5—V65);  (-5— V65, -5 + V'65). 


The sum of two numbers is 25 and their product is 144. What are the numbers? 


SOLUTION 


Let the numbers be x, y. Then (1) x + y = 25 and (2) xy = 144. 
The simultaneous solutions of (1) and (2) are x = 9, y = 16 and x = 16, y = 9. Hence the required numbers are 
9, 16. 


The difference of two positive numbers is 3 and the sum of their squares is 65. Find the numbers. 


SOLUTION 


Let the numbers be p, g. Then (1) p — g = 3 and (2) p* + q? = 65. 
The simultaneous solutions of (1) and (2) are p = 7,qg = 4andp 4,q 7. Hence the required (positive) 
numbers are 7, 4. 


A rectangle has perimeter 60 ft and area 216 ft”. Find its dimensions. 


SOLUTION 


Let the rectangle have sides of lengths x, y. Then (1) 2x + 2y = 60 and (2) xy = 216. 
Solving (1) and (2) simultaneously, the required sides are 12 and 18 ft. 


The hypotenuse of a right triangle is 41 ft long and the area of the triangle is 180 ft”. Find the lengths of 
the two legs. 


SOLUTION 


Let the legs have lengths x, y. Then (1) x7 + y* = (41)° and (2) 4(xy) = 180. 
Solving (1) and (2) simultaneously, we find the legs have lengths 9 and 40 ft. 


See Chapter 34 for more solved problems and more supplementary problems. 
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SUPPLEMENTARY PROBLEMS 


18.17 


18.18 


18.19 


18.20 


Solve the following systems graphically. 


(a) x+y? =20, 3x-y=2 (c) Y =x, 4+2y = 24 
(b) x7 + 4y? = 25,27 —y? =5 (d) x +1=4y, 3x—-2y =2 


Solve the following systems algebraically. 


(a) 2° -y=14, x-y=1 (h) x° + 3xy = 18, x? —5y? =4 

(b) xy +x? = 24, y—-3x+4=0 (i) x°+2xy = 16, 3x* — 4xy4 2y? = 6 

(c) 3xy—10x=y, 2—y+x=0 QG) P-xwty=7,°+y =10 

(d) 4x+5y=6, xy = —2 (k) x? —3y? + 10y= 19, 2° —3y +5x=9 
(e) 2x27 -y? =5, 3x7 +4y =57 @) e-y=9,x-y=3 

(f) 9/x? + 16/y* =5, 18/x7-12/r =-1  (m) Pe -y =19, xy—x’ =6 

(g) P—xy= 12, xy-y’ =3 (n) 1/x3 + 1/y? = 35, 1/x? — 1/xy + 1/y? =7 


The square of a certain number exceeds twice the square of another number by 16. Find the numbers if the sum of 
their squares is 208. 


The diagonal of a rectangle is 85 ft. If the short side is increased by 11 ft and the long side decreased by 7 ft, the length 
of the diagonal remains the same. Find the dimensions of the original rectangle. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


18.17 


18.18 


18.19 


18.20 


(a) (2, 4), (—0.8, —4.4) See Fig. 18-2 (c) (4, 2), (4, —2) See Fig. 18-4 

(b) (3, 2), (—3, 2), (3, —2), (—3, —2) See Fig. 18-3 (d) (1, 0.5), (5, 6.5) See Fig. 18-5 
(a) (3, 2), (—5, —6) GO): OC, 9)4=2, 3) 

(b) (3, 5), (—2, —10) G13). f=1,=31.- 2, D3, =f) 
Ke). 4), (1/3, 3/3) ik) (—12,-5), (43) 

(d) (1, 2), 6/2, =4/5) ® d,=2,@, =) 

(e) (V7, 3), (V7, -3), (- V7, 3), (-V7, -3) (m) (—2, —3), (3, 2) 

Cf) GB: 2), Gy =2), (=3, 2, (32-9) (n) (1/2, 1/3), (1/3, 1/2) 


(@) 40.4, -1) | | 
(A) 3, 1), (-3, 0), (3v5, =), ( 3iV5, 7 


12,.8; — 12, = 8; 12, — 8; — 12,8 


40 ft, 75 ft 
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Fig. 18-4 Fig. 18-5 


CHAPTER 19 


Inequalities 


19.1 DEFINITIONS 


An inequality is a statement that one real quantity or expression is greater or less than another real quantity or 
expression. 
The following indicate the meaning of inequality signs. 
(1) a> b means “a is greater than b” (or a — b is a positive number). 
(2) a < b means “a is less than b” (or a — b is a negative number). 
(3) a > b means “a is greater than or equal to b.” 
(4) a < b means “a is less than or equal to b.” 
(5) 0 <a< 2 means “a is greater than zero but less than 2.” 
(6) —2 <x < 2 means “‘x is greater than or equal to —2 but less than 2.” 
An absolute inequality is true for all real values of the letters involved. For example, (a — b)? > —1 holds 
for all real values of a and b, since the square of any real number is positive or zero. 
A conditional inequality holds only for particular values of the letters involved. Thus x — 5 > 3 is true only 


when x is greater than 8. 
The inequalities a > b and c > dhave the same sense. The inequalities a > b and x < y have opposite sense. 


19.2. PRINCIPLES OF INEQUALITIES 


(1) The sense of an inequality is unchanged if each side is increased or decreased by the same real number. It 
follows that any term may be transposed from one side of an inequality to the other, provided the sign of the 
term is changed. 

Thus ifa > b, thena+c>b+c,anda-—c>b-—c,anda—b> 0. 
(2) The sense of an inequality is unchanged if each side is multiplied or divided by the same positive number. 
Thus if a > b and k > O, then 


ka > kb and a 
(3) The sense of an inequality is reversed if each side is multiplied or divided by the same negative number. 
Thus if a > b and k < 0, then 


pee: ona 222, 
kk 


(4) If a> b and a, b, n are positive, then a” > b” buta" <b". 
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EXAMPLES 19.1. 


1 1 
> 4: 3 > 3 > 3 < -3 one 
5 > 4; then 5 4 or 125 > 64, but 5 4 or Ds ea 
! 21 
16 > 9; then 16!/2 > 9!/ or 4 > 3, but 1671/2 < 9-1/2 or i < Pa 


(5) Ifa > band c > d, then (a+c) > (b+d). 
(6) Ifa >b>Oandc>d> 0, then ac > bd. 


19.3 ABSOLUTE VALUE INEQUALITIES 


The absolute value of a quantity represents the distance that the value of the expression is from zero on a 
number line. So |x — a| = b, where b > 0, says that the quantity x — a is b units from 0, x — a is b units to 
the right of 0, or x — a is b units to the left of 0. When we say |x — a| > b, b > 0, then x — a is at a distance 
from 0 that is greater than b. Thus, x — a > borx —a < —b. Similarly, if |x — a| <b, b > 0, then x — ais ata 
distance from 0 that is less than b. Hence, x — a is between b units below 0, —b, and b units above 0. 


EXAMPLES 19.2. Solve each of these inequalities for x. 
(a) |x-3|/>4 (b) x4 41<7)) © Ie—-5|/<-3)— @) [x -5| > —5 


(a) |x —3| > 4, then x—3 > 4 or x—3 < —4. Thus, x > 7 or x < —1. The solution interval is (~0, —1) U (7, ©), 

(where U represents the union of the two intervals). 

(b) |x+4| <7 then —7 <x+4< 7. Thus, —11 <x < 3. The solution interval is (11, 3). 

(c) |x —5| < —3 Since the absolute value of a number is always greater than or equal to zero, there are no values for which 

the absolute value will be less than —3. Thus, there is no solution and we may write @ for the solution interval. 

(d) |x +3| > —5 Since the absolute value of a number is always at least zero, it is always greater than —5. Thus the solution 
is all real numbers, and for the solution interval we write (— ©, 00), 


19.4 HIGHER DEGREE INEQUALITIES 


Solving higher degree inequalities is similar to solving higher degree equations: we must always compare 
the expression to zero. If f(x) > 0, then we are interested in the values of x that will produce a product and/ 
or quotient of factors that is positive, while if f(x) < 0, we wish to find the values of x that will produce a 
product and/or quotient that is negative. 

If f(x) is a quadratic expression we have just two factors to consider, and we can do this by examining cases 
based on the possible signs of the two factors that will produce the desired sign for the expression (see Problems 
19.3(c) and 19.14). When the number of factors in f(x) increases by one, the number of cases to consider 
doubles. Thus, for an expression with 2 factors there are 4 cases, with 3 factors there are 8 cases, and with 4 
factors there are 16 cases. In each instance half of the cases will produce a positive expression and half a 
negative one. Thus, the case procedure gets to be a very long one quite quickly. An alternative procedure to 
the case method is the sign chart. 


EXAMPLE 19.3. Solve the inequality x7 + 15 < 8x. 

The inequality x* + 15 < 8x is equivalent to x? — 8x + 15 < 0 and to (x — 3)(x — 5) < O and is true when the product 
of x — 3 and x — 5 is negative. The critical values of the product are the values that make these factors 0, because they 
represent where the product may change signs. 

The critical values of x, 3 and 5, are placed on a number line and divide it into three intervals. We need to find the sign 
of the product of x — 3 and x — 5 on each of these intervals to find the solution (see Fig. 19-1). Vertical lines are drawn 
through each critical value. A dashed line indicates that the critical value is not in the solution and a solid line indicates 
that the critical value is in the solution. 
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The signs above the number line are the signs for the factors and are found by selecting an arbitrary value in the interval 
as a test value and determining whether each factor is positive or negative for the test value. For the interval to the left of 3, 
we choose a test value of 1 and substitute it into x — 3 and see that the value is —2, so we record a — sign, and for x — 5 the 
value is —4 and again we record a — sign. For the interval between 3 and 5 we choose any value, such as 3.5, and determine 
that x — 3 is positive and x — 5 is negative. Finally, for the interval to the right of 5, we choose a value of 12 and see that both 
x — 3 and x — 5 are positive. The sign for the problem, written below the line, in each interval is determined by the signs 
of the factors in that interval. If an even number of factors in a product or quotient are negative, the product or quotient is 
positive. If an odd number of factors are negative, the product or quotient is negative. 


x-3 + 
x-5 + 
+ 


~ 


3 
Problem + 


---99]------ 
a 
seeaepesssee 
Y 


Fig. 19-1 


We select the intervals that satisfy our problem (x — 3)(x — 5) < 0, so we select the intervals that are negative in 
the sign chart. In the interval between 3 and 5 the problem is negative (see Fig. 19-1), so the solution is the interval 
(3, 5). The parentheses mean that the 3 and 5 are not included in the interval, and we know this since the boundary lines 
are dashed. If they had been in the solution, we would have used a bracket instead of a parenthesis at the end of the interval 
next to the 3. 

The solution for x2 + 15 < 8x is the interval (3, 5). 


EXAMPLE 19.4. Solve the inequality 


x—3 
Xe+4) 


> 0. 


The inequality is compared to 0 and the numerator and denominator are factored, so we can see that the critical values for the 
problem are the solution of x = 0, x — 3 = 0, and x+ 4 = 0. Thus, the critical values are x = 0, x = 3 and x = —4. Since 
there are three critical values, the number line is divided into four distinct intervals, as shown in Fig. 19-2. 


at dt on ne 
fo = 1 = ie | a 
xt4 —- | + | + + 
~ t : > 
Problem, = "| + al ae + 
Fig. 19-2 


The signs above the line are the signs of each factor in each interval. The sign below is the sign for the problem and it is 
+ when an even number of factors are negative and — when an odd number of factors are negative. Since the problem uses 
the > sign, values that make the numerator zero are solutions, so a solid line is drawn through 3. Since 0 and —4 make the 
denominator of the fraction 0, they are not solutions and dashed lines were drawn through 0 and —4 (see Fig. 19-2). 
Since the problem 


x—3 
x(x + 4) 


>0 


indicates that a positive or zero value is wanted, we want the regions with a + sign in the sign chart. Thus, the solutions are 
the intervals, (—4, 0) and [3, co), and the solution is written (—4, 0) U [3, 00). The U indicates that we want the union of the 
two intervals. Note that the bracket, [, is used because the critical value 3 is in the solution and a parenthesis, ), is always 
used for the infinite, 00, side of an interval. 
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19.5 LINEAR INEQUALITIES IN TWO VARIABLES 


The solution of linear inequalities in two variables x and y consists of all points (x, y) that satisfy the inequality. 
Since a linear equation represents a line, a linear inequality is the points on one side of a line. The points on the 
line are included when the sign > or < is used in the statement of the inequality. The solutions of linear inequal- 
ities are usually found by graphical methods. 


EXAMPLE 19.5. Find the solution for 2x — y < 3. 

We graph the line related to the inequality 2x — y < 3, which is 2x — y = 3. Since the symbol < is used, the line is 
part of the solution and a solid line is used to indicate this (see Fig. 19-3). If the line is not part of the solution, we 
use a dashed line to indicate that fact. We shade the region on the side of the line where the points are solutions of the 
inequality. The solution region is determined by selecting a test point that is not on the line. If the test point satisfies 
the inequality, then all points on that side of the line are in the solution. If the test point does not satisfy the inequality, no 
points on that side of the line are in the solution. Hence the solution points are on the opposite side of the line from 
the test point. 

The point P(2, 4) is not on the line 2x — y = 3, so it can be used as a test point. When we substitute (2, 4) into the 
inequality 2x — y < 3, we get 2(2) —4 < 3, which is true, since 0 < 3. We shade on the side of the line that contains 
the test point (2, 4) to indicate the solution region. If we had selected Q(5, —2) and substituted into 2x — y < 3, we would 
have obtained 12 < 3, which is false, and would have shaded on the opposite side of the line from Q. This is the same 
region we found using the test point P. 

The solution for 2x — y < 3 is shown in Fig. 19-3 and consists of the shaded region and the line. 


y, », 


‘CU 


Y 


UY Hi (ae ar a ee 
Sy] 5 x o| ° 5 x 
[7 

Yy / °0 t \ 
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al al \arty=3 

Ys, t + \ 
Fig. 19-3 Fig. 19-4 


19.6 SYSTEMS OF LINEAR INEQUALITIES 


If we have two or more linear inequalities in two variables, we say we have a system of linear inequalities 
and the solution of the system is the intersection, or common region, of the solution regions for the 
inequalities. 

A system with two inequalities whose related equations intersect always has a solution region. If the related 
equations are parallel, the system may or may not have a solution. Systems with three or more inequalities may 
or may not have a solution. 


EXAMPLE 19.6. Solve the system of inequalities 2x + y > 3 and x — 2y < -1. 
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We graph the related equations 2x + y = 3 and x — 2y = —1 on the same set of axes. The line 2x + y = 3 is dashed, 
since it is not included in 2x + y > 3, but the line x — 2y = —1 is solid, since it is included in x — 2y < —1. 

Now we select a test such as (0, 5) that is not on either line, determine which side of each line to shade and shade 
only the common region. Since 2(0) +5 > 3 is true, the solution region is to the right and above the line 2x+ y= 3. 
Since 0 — 2(5) < —1 is true, the solution region is to the left and above the line x — 2y = —1. 

The solution region of 2x + y > 3 and x — 2y < —1 is the shaded region of Fig. 19-4, which includes the part of the 
solid line bordering the shaded region. 


19.7 LINEAR PROGRAMMING 


Many practical problems from business involve a function (objective) that is to be either maximized or mini- 
mized subject to a set of conditions (constraints). If the objective is a linear function and the constraints are 
linear inequalities, the values, if any, that maximize or minimize the objective occur at the corners of the 
region determined by the constraints. 


EXAMPLE 19.7. The Green Company uses three grades of recycled paper, called grades A, B, and C, produced from 
scrap paper it collects. Companies that produce these grades of recycled paper do so as the result of a single operation, 
so the proportion of each grade of paper is fixed for each company. The Ecology Company process produces | unit of 
grade A, 2 units of grade B, and 3 units of grade C for each ton of paper processed and charges $300 for the processing. 
The Environment Company process produces | unit of grade A, 5 units of grade B, and 1 unit of grade C for each ton 
of paper processed and charges $500 for processing. The Green Company needs at least 100 units of grade A paper, 
260 units of grade B paper, and 180 units of grade C paper. How should the company place its order so that costs are 
minimized? 

If x represents the number of tons of paper to be recycled by the Ecology Company and y represents the number of tons 
of paper to be processed by the Environment Company, then the objective function is C(x, y) = 300x + 500y, and we want to 
minimize C(x, y). 

The constraints stated in terms of x and y are for grade A: 1x + Ly > 100; for grade B: 2x + 5y > 260; and for grade C: 
3x + ly > 180. Since you can not have a company process a negative number of tons of paper, x > 0 and y > 0. These 
last two constraints are called natural or implied constraints, because these conditions are true as a matter of fact and 
need not be stated in the problem. 

We graph the inequalities determined from the constraints (see Fig. 19-5). The vertices of the region are A(O, 180), 
B(40, 60), C(80, 20), and D(130, 0). 


80-- 
6d 
4o+ LL 
20-- 
L\ 


os 20 40 60 i 100 120 140 160-180 200 = 


+ 3x+y=180 x+y=100 2x+5y=260 


Fig. 19-5 
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The minimum for C(x, y), if it exists, will occur at point A, B, C, or D, so we evaluate the objective function at these 
points. 


C(O, 180) = 300(0) + 500(180) = 0 + 90000 = 90.000 
C(40, 60) = 300(40) + 500(60) = 12 000 + 30000 = 42000 
C(80, 20) = 300(80) + 500(20) = 24000 + 10000 = 34000 
C(130, 0) = 300(130) + 500(0) = 39 000 + 0 = 39 000 


The Green Printing Company can minimize the cost of recycled paper to $34 000 by having the Ecology Company 
process 80 tons of paper and the Environment Company process 20 tons of paper. 


SOLVED PROBLEMS 


19.1. Ifa>bandc >d, prove thata+c>b+d. 


SOLUTION 


Since (a — b) and (c — d) are positive, (a — b) + (c — d) is positive. 
Hence (a — b)+ (c—d) > 0, (a+c)— (b+ d) > 0 and (a+c) > (b+ 4d). 


19.2 Find the fallacy. 


(a) Letta=3,b=5; then a<b 

(b) Multiply by a: a <ab 

(c) Subtract b?: eb’ <ab—-bP 
(d) Factor: (a+ b)(a — b) < b(a— b) 
(e) Divide by a —b: at+b<b 

(f) Substitute a = 3,b =5: 8<5 
SOLUTION 


There is nothing wrong with steps (a), (b), (c), (d). The error is made in step (e) where the inequality is divided by 
a—b, a negative number, without reversing the inequality sign. 


19.3 Find the values of x for which each of the following inequalities holds. 
(a) 4x +5 > 2x+9. We have 4x — 2x > 9—5,2x >4 and x > 2. 
1 2x 


it 
<— +... Multiplying by 6, we obtain 


(b) = 
2 3 3 2 


3x -—2< 4x43, 3x -—4x < 243, -—x<5,x>-—5S. 
(c) x2 < 16. 
Method 1. x’ — 16 <0, (x—4)(x+4) <0. The product of the factors (x —4) and (x +4) is 


negative. Two cases are possible. 


(1) x -—4 >0andx+4 <0 simultaneously. Thus x > 4 and x < —4. This is impossible, as x cannot 
be both greater than 4 and less than —4 simultaneously. 


(2) x-—4 <0 and x+4 > 0 simultaneously. Thus x < 4 and x > —4. This is possible if and only if 
—4<x<4. Hence -4<x< 4. 


Method 2. (x?)'/? < (16)'/?. Now (x?)!/? = x if x > 0, and (x)!/? = —x if x <0. 
If x > 0, (x2)!/? < (16)'/? may be written x < 4. Hence 0 < x < 4. 
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If x < 0, @)!/? < (16)! may be written —x < 4 or x > —4. Hence -4 <x <0. 
Thus 0 <x <4 and —4<x<0,or-4<x<4. 


19.4 Prove that a? + b? > 2ab if a and b are real and unequal numbers. 
SOLUTION 


If a? + b* > 2ab, then a* — 2ab + b? > 0 or (a — b)” > O. This last statement is true since the square of any real 
number different from zero is positive. 

The above provides a clue as to the method of proof. Starting with (a — b)? > 0, which we know to be true if 
a # b, we obtain a — 2ab+ b* > 0 ora’? +b? > 2ab. 

Note that the proof is essentially a reversal of the steps in the first paragraph. 


19.5 Prove that the sum of any positive number and its reciprocal is never less than 2. 
SOLUTION 


We must prove that (a+ 1/a) >2ifa> 0. 
If (a+ 1/a) > 2, then a? + 1 > 2a, a® — 2a +1 > 0, and (a — 1)? > 0 which is true. 
To prove the theorem we start with (a — 1° > 0, which is known to be true. 
Then a? — 2a+1>0,a?+1 > 2a and a+1/a > 2 upon division by a. 


19.6 Show that a2 + b? +c? > ab + bec + ca for all real values of a, b, c unless a = b = c. 
SOLUTION 


Since a? + b? > 2ab, b* +c? > 2be, c? + a? > 2ca (see Problem 19.4), we have by addition 
2a? +b + c’) > 2(ab + be + ca) or C+b +c >ab+bet+ca. 
(Ifa=b=c, thena?+b?4+c? =ab+be+ca.) 


19.7 Ifa@+h=1andc?+é@ =1, show that ac+bd <1. 
SOLUTION 


a +c? > 2ac and b? + d? > 2hd; hence by addition 
(7 +B°)+(e +d?) >2ac+2bd or 2>2ac+2bd, ie, 1 > ac + bd. 


19.8 Prove that x* + y? > x*y + y*x, if x and y are real, positive and unequal numbers. 
SOLUTION 


If + y? > xy + yx, then (w+ yx? — xy + y*) > xy(x-+ y). Dividing by x+ y, which is positive. 
= xyt+ y > xy or a 2xy + y > 0, 1.6.,,¢= yy > 0 which is true if x ¥ y. 
The steps are reversible and supply the proof. Starting with (x — yy >0,x 4 y, obtain 
xv —xyt+y > xy. 


Multiplying both sides by x + y, we have (x + y)Q? — xy + y*) > xy(v+y) or 8 +3 > xy t+ yx. 


19.9 Prove that a” + b” > a"~'b + ab""', provided a and b are positive and unequal, and n > 1. 
SOLUTION 
If a? +b" > a""'b + ab", then (a” — a"“'b) — (ab""! — b") > 0 or 


a’\(a—b)—b""'\(a—b) > 0, — ice., (a=! — ba — b) > Oz 
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This is true since the factors are both positive or both negative. 
Reversing the steps, which are reversible, provides the proof. 


19.10 Prove that 
1 1 
@+—5>@4+5 if a>O and a¥l. 
a a 


SOLUTION 


Multiplying both sides of the inequality by a> (which is positive since a > 0), we have 


a&+1>a@+a, a—a@—a+1>0. and (@ — 1\(a—1)>0. 


If a > 1 both factors are positive, while if 0 < a < 1 both factors are negative. In either case the product is positive. 
Uf a = 1 the product is zero.) 
Reversal of the steps provides the proof. 


19.11 Ifa, b, c, d are positive numbers and 


a_c 
en 
bod 

prove that 

a+c c 
b+d 

SOLUTION 

Method |. If 

a+c c 
b+d : 


then multiplying by d(b + d) we obtain 
(a+c)d >c(b+d), ad+cd>bc+ cd, ad > bc 


and, dividing by bd, 


which is given as true. Reversing the steps provides the proof. 
Method 2. Since 


then 


c at+c_ cib+d) at+c_c 
2 > and >-. 
b b bd b+d d 


19.12 Prove: 
(a) xr -y>x-y if xty>1 and x>y 
(b) xP -y?<x-y if xt+y>1 and x<y 


SOLUTION 
(a) Since x > y, x — y > 0. Multiplying both sides of x + y > 1 by the positive number x — y, 


(+y@-y>G@-y of x -y¥ >x-y. 
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(b) Since x < y,x — y < 0. Multiplying both sides of x + y > 1 by the negative number x — y reverses the sense of 
the inequality; thus 


(x+ya-y)<@-y) or YAH <x-y. 


19.13 The arithmetic mean of two numbers a and b is (a + b)/2, the geometric mean is ab, and the harmonic 


19.14 


19.15 


mean is 2ab/(a+ b). Prove that 


OTP x. fags 2ab 
2 a+b 


if a and D are positive and unequal. 
SOLUTION 


(a) If (a+ b)/2 > Vab, then (a+b) > (2 ab)’, a® + 2ab + b* > 4ab, a? — 2ab +b? > 0 and (a— by >0 
which is true if a 4 b. Reversing the steps, we have (a + b)/2 > ab. 


(b) If 
ps 2ab 
a+b 
then 
nee (a+b) >4ab and (a—bY>0 
— , a a an a- 
(a+b) 


which is true if a 4 b. Reversing the steps, we have /ab > 2ab/(a+ b). 
From (a) and (b), 


BVP Ja & 2ab 
2 a+b 


Find the values of x for which (a) x7 — 7x + 12 = 0, (b) x7 —7x+12>0, (c) x —7x+12 <0. 


SOLUTION 
(a) x2 —7x+ 12 = («— 3)(x — 4) = 0 when x = 3 or 4. 


(b) x2 — 7x +12 > Oor(x — 3)(x — 4) > 0 when (x — 3) > Oand (x — 4) > 0 simultaneously, or when (x — 3) < 0 
and (x — 4) < 0 simultaneously. 
(x — 3) > 0 and (x — 4) > 0 simultaneously when x > 3 and x > 4, i.e., when x > 4. 
(x —3) < 0 and (x — 4) < 0 simultaneously when x < 3 and x < 4, Le., when x < 3. 
Hence x* — 7x + 12 > 0 is satisfied when x > 4 or x < 3. 


(c) x2 —7x+ 12 < Oor(x — 3)(x — 4) < 0 when (x — 3) > Oand (x — 4) < 0 simultaneously, or when (x — 3) < 0 
and (x — 4) > O simultaneously. 
(x — 3) > 0 and (x — 4) < 0 simultaneously when x > 3 and x < 4, i.e., when 3 <x < 4. 
(x — 3) < 0 and (x — 4) > 0 simultaneously when x < 3 and x > 4, which is absurd. 
Hence x* — 7x + 12 < 0 is satisfied when 3 < x < 4. 


Determine graphically the range of values of x defined by 

(a) x7 +2x-3=0 

(b) x7 +2x-3>0 

(c) 7 +2x-3 <0. 

SOLUTION 

Figure 19-6 shows the graph of the function defined by y = x* + 2x — 3. From the graph it is clear that 


208 


19.16 


19.17 


CHAPTER 19 


(a) y=Owhenx=1,x=-—3 
(b) y>0Owhen x > 1 orx < —3 
(c) y<Owhen -3<x< 1. 


Solve for x: (a) [3x —6|+2>9 (b) |7x—1|-6 <2. 


(a) |3x-6|+2>9 
[3x — 6| > 7 
3x-6>7 or 3x-6<-7 
3x >13 or 3x<-l 
x> 13/3 or x<-—-1/3 
The solution of |3x — 6| + 2 > 9 is the interval (—o, —1/3) U (13/3, ©). 


(b) |7x-1|-6<2 
|7x-1| <8 
—-8<7x-1<8 
—-7<7x <9 
-l1<x<9/7 
The solution of |7x — 1] —6 < 2 is the interval (—1, 9/7). 


Solve for x: 
2x —1 x? — 10x +21 
<1 b) —.————  < 0. 
Oa 2) Oa 2 = 
SOLUTION 


2x—1 
aI 
(a) y41 = 


Inequalities 
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The critical values are x = —1 and x = 2. We make a sign chart (see Fig. 19-7), with a solid line through 
x = 2, since it makes the fraction 0, and 0 is included in the solution, and a dashed line through x = —1, 
since it makes the fraction undefined. Next, we determine the sign of each factor in the three intervals. 
Finally, in intervals where an even number of factors are negative the problem is positive and in those 
where an odd number of factors are negative the problem is negative. The solution of 


2x—-1 
< 


<1 
x+1 
is the interval (—1, 2]. 
x? — 10x + 21 
() x2 —5x+6 <0 
(x — 3) —7) a 
(x — 3)(x — 2) ~ 


The critical values are x = 2, x = 3, and x = 7. We make a sign chart (see Fig. 19-8), with dashed lines 
through x = 2 and x = 3 and a solid line through x = 7. Since x = 3 makes the denominator of the fraction 
zero it is excluded, even though it also makes the numerator 0. The signs for the factors are determined for 
each interval and then used to determine the sign for the problem in each interval. The factor x — 3 is used 
an even number of times in the problem and could be omitted from the sign chart, since any factor raised 
to an even power is always non-negative. 

The solution of 


x? — 10x +21 
—————____ if) 
x2—5x+6 — 


is the interval (2, 3) U (3, 7]. 

Note 1: If we had canceled the common factor x — 3, we might have overlooked the fact that the problem 
is not defined when x = 3 and it cannot be in the solution set. 

Note 2: When a factor appears in the problem an even number of times, it may be excluded from the sign 
chart and is usually omitted. When a factor appears in the problem an odd number of times it must be included 
in the sign chart an odd number of times, and is usually included exactly once. 


++ 


+l/++4++4+ 


Problem + 


Fig. 19-8 
19.18 Find the solution for the system of inequalities —2x + y > 2 and 2x—y <6. 


SOLUTION 


Graph the related equations —2x+y=2 and 2x —y=6. Both lines are solid, since they are included in 
the solution. 

Using (0, 0) as the test point, we get —2(0) + 0 > 2, which is false, and 2(0) — 0 < 6, which is true. 

Since the test point (0, 0) makes —2x + y < 2 false, the solution lies on the opposite side of the line —2x + y = 2 
from the point (0, 0). So we shade above and to the left of the line —2x + y = 2. 

Since the test point (0, 0) makes 2x — y < 6 true, the solution is on the same side of the line 2x — y = 6 as the 
point (0, 0). So we shade above and to the left of the line 2x — y = 6. 

The common solution is the region above and to the left of —2x + y = 2, and is the shaded region shown in 
Fig. 19-9. 
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Fig. 19-9 


19.19 The Close Shave Company manufactures two types of electric shaver. One shaver is cordless, requires 
4 hours to make, and sells for $40. The other shaver is a cord type, takes 2 hours to make, and sells for 
$30. The Company has only 800 work hours to use in manufacturing each day and the shipping depart- 
ment can pack and ship only 300 shavers per day. How many of each type of shaver should the Close 
Shave Company produce per day to maximize its sales revenue? 


SOLUTION 


Let x be the number of cordless shavers made per day and y be the number of cord-type shavers made per day. 
The objective function is R(x, y) = 40x + 30y. 
The stated constraints are 4x + 2y < 800 and x + y < 300. 
The natural constraints are x > 0 and y > 0. 


From Fig. 19-10, we see that the vertices of the region formed by the constraints are A(O, 0), B(200, 0), 
C(100, 200), and D(O, 300). 


R(O, 0) = 40(0) + 30(0) = 0 +0 =0 

R(200, 0) = 40(200) + 30(0) = 8000 + 0 = 8000 

R(100, 200) = 40(100) + 30(200) = 4000 + 6000 = 10000 
R(O, 300) = 40(0) + 30(300) = 0 + 9000 = 9000. 


The Close Shave Company achieves the maximum sales revenue of $10 000 per day by producing 100 cord- 
less shavers and 200 cord-type shavers per day. 


See Chapter 34 for more solved problems and more supplementary problems. 
SUPPLEMENTARY PROBLEMS 


19.20 Ifa> b, prove that a—c > b—c where c is any real number. 


19.21. Ifa >bandk > 0, prove that ka > kb. 


19.22 Find the values of x for which of the following inequalities holds. 


2 2% 1 t. #9 
pasa yif a> 5 d) 2> 
a 3 eT ge eee 


(@) 2@+3)>3e-N+6 WH T+5 
19.23 For what values of a will (a+ 3) < 2(2a+ 1)? 


19.24 Prove that $(a? + b*) > ab for all real values of a and b, the equality holding if and only if a = b. 
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19.25 


19.26 


19.27 


19.28 


19.29 


19.30 


19.31 


19.32 


19.33 


A 10 200 


Fig. 19-10 


Prove that 


if x and y are positive and x F y. 


Prove that 
2 2 
END 2eiy 4 250.958 
x+y 

Prove thatxy+1>x+yifx>1andy>1orifx<1andy<l. 


If a> 0, a 4 1 and nis any positive integer, prove that 


1 1 
at >a’+—. 
a a 


Show that ./2 + ./6 < /3+J5. 


Determine the values of x for which each of the following inequalities holds. 


1_7 
(a) x +2x—24>0 (b) 2 -6<x (c) 3x2 -—2x <1 (dad) 3x+-> 
x 


Determine graphically the range of values of x for which (a) x* — 3x — 4 > 0, (b) 2x2 — 5x +2 <0. 


Write the solution for each inequality in interval notation. 
(a) |3x+3|/-15>-6 (6) [2x-3| <7 


Write the solution for each inequality in the interval notation. 


(0, 0) 
4x + 2y = 800 x+y=300 


(@) x > 10r— 21 (0) @-DE-Dw+>0 © <3 
x+1 
(p SEVEN <0 Che cy Oe 


x x+27 x+2 


2 


0 
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Graph each inequality and shade the solution region. 


(a) 4x-y <5 (b) y—3x >2 


Graph each system of inequalities and shade the solution region. 


(a) x+2y < 20 and 3x + 10y < 80 
(b) 3x+y>4, x+y>2, -x+y<4, and BSS 


Use linear programming to solve each problem. 


(a) Ramone builds portable storage buildings. He uses 10 sheets of plywood and 15 studs in a small building and 15 
sheets of plywood and 45 studs in a large building. Ramone has 60 sheets of plywood and 135 studs available 
for use. If Ramone makes a profit of $400 on a small building and $500 on a large building, how many of each 
type of building should he make to maximize his profit? 


(b) Jean and Wesley make wind chimes and bird houses in their craft shop. Each wind chime requires 3 hours of 
work from Jean and 1 hour of work from Wesley. Each bird house requires 4 hours of work from Jean and 2 
hours of work from Wesley. Jean cannot work more than 48 hours per week and Wesley cannot work more than 
20 hours per week. If each wind chime sells for $12 and each bird house sells for $20, how many of each item 
should they make to maximize their revenue? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


19.22 


19.23 


19.30 


19.31 


19.32 


19.33 


19.34 


/ 


“ 


4 
_ 


Yy 


Y 


(a) x<3 (b) x >2 (c) O<x<2 (d)x<-3 or x>3 


~ 1 
a) 
(a)x>4 or x<-6 (b) —2<x<3 (c) -3<2<1 (a) x>5 or 0<x<5 
(a) x>4orx<—-l ) 5<x<2 
(a) (-%, —4) U[2, 0) (b) ©2, 5) 
(a) (—%, 3) U[7, 0) (c) ©3,1I)UQ,0)  (e) (-%, —4) UCI, ») 
(b) (%, —1)U ©, 1) (d) 2, 1] (f) (2, 3) U [6, 0%) 
(a) Figure 19-11 (b) Figure 19-12 

y 4x-y=5 Ay 3x=2 


Y, Yj 


ys 
Yj 


%, A higkingy f Y as 


Ye ae 


Fig. 19-11 
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+ 3x+y=4 
-10+ 


Fig. 19-13 Fig. 19-14 


19.35 (a) Figure 19-13 (b) Figure 19-14 


19.36 (a) Ramone maximizes his profit by making 6 small buildings and 0 large buildings. 
(b) Jean and Wesley will maximize their revenue by making 8 wind chimes and 6 bird houses. 


CHAPTER 20 


Polynomial Functions 


20.1 POLYNOMIAL EQUATIONS 


A rational integral equation of degree n in the variable x is an equation which can be written in the form 
igh” hy + Ggcak 7? he pe hag = 0, An #0 


where 7 is a positive integer and do, a1, d2,..., An—1, An are constants. 

Thus 4x3 — 2x? + 3x —5 =0, x? — J/2x+ ; = 0 and x+ + /—3x — 8 = 0 are rational integral equations 
in x of degree 3, 2 and 4 respectively. Note that in each equation the exponents of x are positive and integral, 
and the coefficients are constants (real or complex numbers). 

The coefficient of the highest degree term is called the lead coefficient and dp is called the constant 
term. 

In this chapter, only rational integral equations are considered. 

A polynomial of degree n in the variable x is a function of x which can be written in the form 


P(x) = Ayx" + Oni + io +---+a,x+ 49, an cad 0 


where n is a positive integer and do, a1, d2,..., Gn—1, An are constants. Then P(x) = 0 is a rational integral 
equation of degree n in x. 

If P(x) = 3x3 +x? + 5x — 6, then P(—2) = 3(—2)° + (-2)? + 5-2) — 6 = —36. 

If P(x) = x? + 2x — 8, then P(V/5) = 54+ 2/5 — 8 = 2/5 — 3. 

Any value of x which makes P(x) vanish is called a root of the equation P(x) = 0. Thus 2 is a root of the 
equation P(x) = 3x3 — 2x? — 5x — 6 =0, since P(2) = 24-8 -10-6=0. 


20.2 ZEROS OF POLYNOMIAL EQUATIONS 


A. Remainder theorem If ris any constant and if a polynomial P(x) is divided by (x — r), the remainder 
is P(r). 
For example, if P(x) = 2x3 — 3x2 — x + 8 is divided by x+ 1, then r = —1 and the remainder = 
P-1)=-2-—3+4+1+8=4. That is, 


2x3 — 3x7 -—x+8 4 
. liom tas = Q(x) +——.,,_ where Q(x) is a polynomial in x. 
x+1 x+1 
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B. Factor theorem If is a root of the equation P(x) = 0, i.e. if P(r) = 0, then (x — r) is a factor of P(x). 
Conversely, if (x — r) is a factor of P(x), then r is a root of P(x) = 0, or P(r) = 0. 
Thus 1, —2, —3 are the three roots of the equation P(x) = we+4x°+x—-6=0, since 
P(1) = P(-2) = P(—3) = 0. Then (x — 1), (x + 2) and (x + 3) are factors of x37 + 4x? +x —6. 


C. Synthetic division Synthetic division is a simplified method of dividing a polynomial P(x) by x — r, 
where r is any assigned number. By this method the values of the coefficients of the quotient and the 
value of the remainder can readily be determined. 


EXAMPLE 20.1. Divide (5x + x* — 14x?) by (x + 4) using synthetic division. 
Write the terms of the dividend in descending powers of the variable and fill in missing terms using zero for the 
coefficients; write the divisor in the form x — a. 


(x* + 0x? — 147 + 5x +0) + (x — C4) 


Write the constant term a from the divisor on the left ina __| and write the coefficients from the dividend to the 
right of the symbol 


—4| 14+0-144+5+0 
Bring down the first term in the divisor to the third row, leaving a blank row for now. 


—4| 140-144+5+0 


1 


Multiply the term in the quotient row (third row) by the divisor and write the product in the second row under the 
second term in the first row, add the numbers in the column formed, and write the sum as the second term in the quotient 
row. 


-~4) 140-1445+0 
= | 


t=a 


Multiply the last term on the right in the quotient row by the divisor, write it under the next term in the top row, 
add, and write the sum in the quotient row. Continue this process until all of the terms in the top row have a number 
under them. 


a4). 120s i14 45-40 
ateig=obi2 


1—4+ 2-—3+412 


The third row is the quotient row with the last term being the remainder. The degree of the quotient polynomial is 
one less than the degree of the dividend because we are dividing by a linear factor. The terms of the quotient row are the 
coefficients of the terms in the quotient polynomial. The degree of the quotient polynomial here is 3. 

The quotient with remainder for (5x + x* — 14x*) + (x + 4) is 


12 


Lx — 4x7 42x —3 4 
x+4 


D. Fundamental theorem ofalgebra Every polynomial equation P(x) = 0 has at least one root, real or complex. 
Thus x7 — 3x° + 2 = 0 has at least one root. 
But f(x) = ./x + 3 = 0 has no root, since no number r exists such that f(r) = 0. Since this equation is 
not rational, the fundamental theorem does not apply. 
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E. Number of roots of an equation Every rational integral equation P(x) = 0 of the nth degree has exactly 
n roots. 
Thus 2x3 + 5x? — 14x — 8 = 0 has exactly 3 roots, namely 2, -}, —4, 
Some of the ” roots may be equal. Thus the equation of the sixth degree (x — ay (x — sya 
4) = 0 has 2 as a triple root, 5 as a double root, and —4 as a single root; i.e., the six roots are 2, 2, 2, 5, 
5, —4. 


20.3 SOLVING POLYNOMIAL EQUATIONS 


A. Complex and irrational roots 
(1) If a complex number a + bi is a root of the rational integral equation P(x) = 0 with real coefficients, 
then the conjugate complex number a — bi is also a root. 
It follows that every rational integral equation of odd degree with real coefficients has at least one 
real root. 
(2) If the rational integral equation P(x) = 0 with rational coefficients has a + a/b as a root, where a and b 
are rational and Vb is irrational, then a — a/b is also a root. 


B. Rational root theorem 
If b/c, a rational fraction in lowest terms, is a root of the equation 


yx" or ae a eax +--+ a,x +a = 0, an = 0 


with integral coefficients, then b is a factor of ag and c is a factor of dy. 

Thus if b/c is a rational root of 6x? + 5x2 — 3x — 2 = 0, the values of b are limited to the factors of 2, 
which are +1, +2; and the values of c are limited to the factors of 6, which are +1, +2, +3, +6. Hence 
the only possible rational roots are +1, +2, +1/2, +1/3, 41/6, +2/3. 


C. Integral root theorem 
It follows that if an equation P(x) = 0 has integral coefficients and the lead coefficient is 1: 


ay il a + tae ey = 0, 
then any rational root of P(x) = 0 is an integer and a factor of apo. 


Thus the rational roots, if any, of xo + 2x? — 11x — 12 = 0 are limited to the integral factors of 12, 
which are +1, +2, +3, +4, +6, +12. 


D. Intermediate value theorem 
If P(x) = 0 is a polynomial equation with real coefficients, then approximate values of the real roots of 
P(x) =0 may be found by obtaining the graph of y= P(x) and determining the values of x at the 
points where the graph intersects the x-axis (y = 0). Fundamental in this procedure is the fact that if 
P(a) and P(b) have opposite signs then P(x) = 0 has at least one root between x = a and x = b. This 
fact is based on the continuity of the graph of y = P(x) when P(x) is a polynomial with real coefficients. 


EXAMPLE 20.2. For each real zero of P(x) = 2x7 — 5x* — 6x + 4 isolate the zero between two consecutive integers. 

Since P(x) = 2x* — 5x? — 6x + 4 has degree 3, there are at most 3 real zeros. We will look for the real zeros in the 
interval —5 to 5. The interval is arbitrary and may need to be expanded if the real zeros are not found here. By synthetic 
division, we will find the value of P(x) for each integer in the interval selected. The remainders from the synthetic 
division are the values of P(x) and are summarized in the table below. 


P(x) 341 180 77 20 3 4 =) — 12 =) 28 99 
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Note that P—2) = —20 and P-—1) =3 have opposite signs, so from the Intermediate Value Theorem there is a 
real zero between —2 and —1. Similarly, since P(O) = 4 and P(1) = —5 there is a real zero between O and 1, and 
since P(3) = —5 and P(4) = 28 there is a real zero between 3 and 4. Three real zeros have been isolated, so we 
have located all the real zeros of P(x). 

It is not always possible to locate all the real zeros this way because there could be more than one zero between 
two consecutive integers. When there is an even number of zeros between two consecutive integers the Intermediate 
Value Theorem will not reveal them when we use just integers for x. The Intermediate Value Theorem does not tell you 
how many real zeros are in the interval, just that there is at least one real zero in the interval. 


E. Upper and lower limits for the real roots 
A number a is called an upper limit or upper bound for the real roots of P(x) = 0 if no root is greater than a. 
A number b is called a lower limit or lower bound for the real roots of P(x) = 0 if no root is less than b. The 
following theorem is useful in determining upper and lower limits. 
Let P(x) = dyx" + dy_x"—! + dy_ox? +---+ a9 = 0, where ao, a),...,d, are real and a, > 0. 
Then: 
(1) If upon synthetic division of P(x) by x — a, where a > 0, all of the numbers obtained in the third row 
are positive or zero, then a is an upper limit for all the real roots of P(x) = 0. 
(2) If upon synthetic division of P(x) by x — b, where b < 0, all of the numbers obtained in the third row 
are alternately positive and negative (or zero), then b is a lower limit for all the real roots of P(x) = 0. 


EXAMPLE 20.3. Find an interval that contains all the real zeros of P(x) = 2x? — 5x* + 6. 
We will find the integer, b, that is the least upper limit of the real zeros of P(x) and the integer, a, that is the lower 


limit on the real zeros of P(x). All real zeros will be in the interval [a, b]. To find a and b we use synthetic division on 
P(x) = 2x3 — 5x? +6. 


if 2= 52046 o) 2234046 3( 25204 4 
ee ey ee hide Pad £634 9 
a mee a ZS els 


When we divide using 3, the quotient row is all positive, so 3 is the smallest integer that is an upper limit for the 
real zeros of P(x). Thus b = 3. 


=1)2-S4046 
=247=79 


2-74+7-1 


When we divide using —1, the quotient row alternates in sign, so —1 is the greatest integer that is a lower limit for 
the real zeros of P(x). Thus, a = —1. 

The real zeros of P(x) = 2x? —5x?+6 are in the interval (—1, 3) or —1 <x <3. Since P(—1) # 0 and 
P(3) 4 0, we used interval notation that indicates that neither endpoint is a zero. 


F. Descartes’ Rule of Signs 
If the terms of a polynomial P(x) with real coefficients are arranged in order of descending powers of x, a 
variation of sign occurs when two consecutive terms differ in sign. For example, x* — 2x” + 3x — 12 has 3 
variations of sign, and 2x7 — 6x° — 4x4 + x? — 2x+4 has 4 variations of sign. 

Descartes’ Rule of Signs says that the number of positive roots of P(x) = 0 is either equal to the 
number of variations of sign of P(x) or is less than that number by an even integer. The number of negative 
roots of P(x) = 0 is either equal to the number of variations of sign of P(—x) or is less than that number by 
an even integer. 
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Thus in P(x) = x? — 2x° + 2x? — 3x + 12 = 0 there are 4 variations of sign of P(x); hence the number 
of positive roots of P(x) = 0 is 4, (4 — 2) or (4 — 4). Since P(—x) = ¢ ay = 262) 4 3GaF =3e2)+ 
12 = —x? + 20° + 2x7 + 3x + 12 = 0 has one variation of sign, then P(x) = 0 has exactly one negative 
root. Hence there are 4, 2, or 0 positive roots, 1 negative root, and at least 9 —- (4+ 1) =4 nonreal 
roots. (There are 4, 6, or 8 nonreal roots. Why?) 


20.4 APPROXIMATING REAL ZEROS 


In solving a polynomial equation P(x) = 0, it is not always possible to find all the zeros by the previous 
methods. We have been able to determine the irrational and imaginary zeros when we were able to find 
quadratic factors that we could solve using the quadratic formula. If we cannot find the quadratic factors of 
P(x) = 0, we will not be able to solve for the imaginary zeros, but we can often find an approximation for 
some of the real zeros. 

To approximate a real zero of P(x) = 0, we must first find an interval that contains a real zero of P(x) = 0. 
We can do this using the Intermediate Value Theorem to locate to numbers a and b such that P(a) and P(b) 
have opposite signs. We keep using the Intermediate Value Theorem until we have isolated the real zero in 
an interval small enough that it will be known to the desired degree of accuracy. 


EXAMPLE 20.4. Find a real zero of x* + 3x + 8 = 0 correct to two decimal places. 

By Descartes’ Rule of Signs, P(x) = x* + 3x + 8 has no positive real zeros and | negative real zero. 

Using synthetic division, we find P(—2) = —6 and P(—1)=4, so by the Intermediate Value Theorem P(x) = 
x? + 3x +8 has a real zero between —2 and —1. 

We now use synthetic division and the Intermediate Value Theorem to determine the tenths interval containing the 
zero. The results are summarized in the table below. 


x 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
P(x) 4 3:37 2.67 1.90 1.06 0.13 0.90 2.01 3.23 456| —6 


We can see that P(—1.5) is positive and P(—1.6) is negative so the zero is between —1.6 and —1.5. 
Now we check for the hundredths digit by using synthetic on the interval between —1.6 and —1.5. We do not have to 
find all the hundredths values, just a sign change between two consecutive values. 


x 1.50 1.51 1.52 


P(x) 0.13 | 0.03 | —0.07 


We see that P(—1.51) is positive and P(—1.52) is negative, so by the Intermediate Value Theorem there is a real zero 
between —1.51 and —1.52. 

Since the real zero is located between —1.51 and —1.52, we just need to determine whether it rounds off to —1.51 or 
—1.52. To do this we find P(—1.515), which is about —0.02. This value of P(— 1.515) is negative and P(—1.51) is positive, 
so we know that the zero is between —1.515 and —1.510, and all the numbers in this interval rounded to two decimal 
places are —1.51. 

Thus, to two decimal places the only real zero of x* + 3x +8 =O is —1.51. 


To use a graphing calculator to approximate the real zeros of a polynomial we graph the function and use 
the trace and zoom features of the calculator. After we graph the function, we use the trace feature to locate an 
interval that contains a real zero using the Intermediate Value Theorem. We then use the zoom feature to focus 
in on this interval. We continue using the trace and zoom feature until we find two x values that round to the 
desired degree of accuracy and have function values that are opposite in sign. 
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SOLVED PROBLEMS 


20.1 


20.2 


20.3 


20.4 


20.5 


Prove the remainder theorem: If a polynomial P(x) is divided by (x — r) the remainder is P(r). 


SOLUTION 


In the division of P(x) by (x—7r), let Q(x) be the quotient and R, a constant, the remainder. By definition 
P(x) = (x — Q(x) + R, an identity for all values of x. Letting x = r, P(r) = R. 


Determine the remainder R after each of the following divisions. 
(a) (2x? + 3x? — 18x — 4) + (x—2). R= P(2) = 2(23) + 3(27) — 182) —4 = —12 


(b) (x* — 3x9 +5x+8) + (x4 D. R= P-1)=(1)1 — 3-1 +5C1)+8 
=14+3-54+8=7 


4x3 + 5x7 — 1) + : R=P ; 4 : as 1)’ 1= : 
ke) Ge a Se | ears | = 7 AL ae 
(d) (8-22 +x-4) +x. R=P(0)=-4 

8,4, 3\ oS) 8 RY 4B) 3 2. 
) (=: 5 >) ree) r= (5) ==(3) =(3) ge 


(f) =P -P4+1I+@4+V-). R=PRH)=CI-CiI-CiI +1 
=8+4+P41=14+i-i+1=2 


Prove the factor theorem: If r is a root of the equation P(x) = 0, then (x — r) is a factor of P(x); and 
conversely if (x — r) is a factor of P(x), then r is a root of P(x) = 0. 


SOLUTION 


In the division of P(x) by (x—1r), let Q(x) be the quotient and R, a constant, the remainder. Then P(x) = 
(x — r)Q(x) + R or P(x) = (x — r)Q(x) + P(r) by the remainder theorem. 
If ris a root of P(x) = 0, then P(r) = 0. Hence P(x) = (x — r)Q(x), or (x — r) is a factor of P(x). 
Conversely if (x — r) is a factor of P(x), then the remainder in the division of P(x) by (x — r) is zero. Hence 
P(r) = 0, i.e., ris a root of P(x) = 0. 


Show that (x — 3) is a factor of the polynomial P(x) = x4 — 493 — 7x? + 22x 4 24. 


SOLUTION 


P(3) = 81 — 108 — 63 + 66 + 24 = 0. Hence (x — 3) is a factor of P(x), 3 is a zero of the polynomial P(x), and 3 is 
a root of the equation P(x) = 0. 


(a) Is —1 a root of the equation P(x) = x —7x-6=0? 
(b) Is 2 a root of the equation P(y) = yt 2y? —y+7=0? 
(c) Is 2i a root of the equation P(z) = 2z3 + 327 + 8z+ 12 =0? 


SOLUTION 

(a) P(-1)=-1+7-—6=0. Hence —1 is a root of the equation P(x) = 0, and [x — (1)] = x+ 1 is a factor of 
the polynomial P(x). 

(b) P(2)= 16-8 —2+7 = 13. Hence 2 is nota root of P(y) = 0, and (y — 2) is nota factor of y+ — 2y? — y+ 7. 


(c) PQi)= 2(2i)° + 3(2i)° + 8(2i) + 12 = —16i — 12+ 16i+ 12 = 0. Hence 2i is a root of P(z) = 0, and (z — 
2i) is a factor of the polynomial P(z). 
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20.6 


20.7 


20.8 


20.9 


20.10 
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Prove that x — a is a factor of x” — a”, if n is any positive integer. 


SOLUTION 


P(x) = x" — a"; then P(a) = a" — a” = 0. Since P(a) = 0, x — a is a factor of x" — a". 


(a) Show that x° + @ is exactly divisible by x+ a. 
(b) What is the remainder when y° + a° is divided by y + a? 


SOLUTION 

(a) P(x) =x +a°; then P(—a) = (—ay +a = —a° + & = 0. Since P(—a) = 0, ° +a” is exactly divisible by 
x+a. 

(b) PY) = yo + a®, Remainder = P(—a) = (—a)® +. a® = a® + a® = 2a°. 


Show that x + ais a factor of x” — a” when nis an even positive integer, but not a factor when n is an odd 
positive integer. Assume a # 0. 


SOLUTION 
Px) =x"-a". 
When n is even, P—a) = (-a)" — a" = a" — a" = 0. Since P—a) = 0, x + a is a factor of x” — a" when n is 
even. 
When n is odd, P—a) = (—a)" — a” = —a" — a" = —2a". Since P—a) # 0, x” — a’ is not exactly divisible 
by x +a when n is odd (the remainder being —2a"). 


Find the values of p for which 

(a) 2x* — px” + 6x — 3p is exactly divisible by x + 2, 
(b) GA wx +3-— p) + (x — 3) has a remainder of 4. 
SOLUTION 


(a) The remainder is 2¢ 2y pC 2+ 6-2) — 3p = —16 — 4p — 12 — 3p = —28 — 7p = 0. Then p = —4. 


(b) The remainder is 3* — p?(3) + 3 — p = 84 — 3p? — p = 4. Then 3p” + p — 80 = 0, (p — 5)(p + 16) = 0 and 
p=5,—16/3. 


By synthetic division, determine the quotient and remainder in the following. 
(3x> — 4x4 — 5x3 — 8x + 25) + (x — 2) 


SOLUTION 


9) 3-4-9 40— 84-95 


6+4-2- 4-24 
ss Quotient: 3x4 + 2x3 — x? — 2x — 12 


Fa fae I Remainder: 1 


The top row of figures gives the coefficients of the dividend, with zero as the coefficient of the missing power of 
x (Ox). The 2 at the extreme left is the second term of the divisor with the sign changed (since the coefficient of x in 
the divisor is 1). 

The first coefficient of the top row, 3, is written first in the third row and then multiplied by the 2 of the divisor. 
The product 6 is placed first in the second row and added to the —4 above it to give 2, which is the next figure in the 
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third row. This 2 is then multiplied by the 2 of the divisor. The product 4 is placed in the second row and added to 
the —5 above it to give the — | in the third row; etc. The last figure in the third row is the Remainder, while all the 
figures to its left constitute the coefficients of the Quotient. 
Since the dividend is of the 5th degree and the divisor of the Ist degree, the quotient is of the 4th degree. 
The answer may be written: 


3x4 + 2x7 — 9? —2x — 124 


x-2 
20.11 (x4 — 2x3 — 24x? + 15x + 50) + (x+ 4) 
SOLUTION 
—4| 1-2-—24415+50 
—4+4+24-— 0-60 
1—6+ 0415-10 Answer: x° — 6x? + 15 — = 
x+4 
20.12 (2x4 — 17x? — 4) + («+ 3) 
SOLUTION 
-3| 24+0-174+0-4 
—64+18-—349 
2—64+ 1-—3+4+5 Answer: 2x° — 6x7 +x—3+ 2 
x+3 
20.13 (4° — 10x? +x -— 1) + @—1/2) 
SOLUTION 
1/2) 4-104+1- 1 
+ 2-—4-3/2 3 
2 Ay Be A 
4— 8-—3-5/2 Answer: 4x° — 8x — 3 eed 


20.14 Given P(x) = x° — 6x? — 2x + 40, compute (a) P(—5) and (b) P(4) using synthetic division. 


SOLUTION 

(a) —5| 1-— 6— 2+ 40 (b) 4| 1-—6— 2+40 
— 5455 — 265 +4-— 8-40 
1—11+53:— 225 1—2-— 10+ 0 
P(—5) = —225 P(4)=0 


20.15 Given that one root of x° + 2x? — 23x — 60 = 0 is 5, solve the equation. 
SOLUTION 


5| 14+2-—23-60 
+5+ 35+ 60 Divide x* + 2x? — 23x — 60 by x— 5. 


14+74+12+ 0 


The depressed equation is x? + 7x + 12 = 0, whose roots are —3, —4. The three roots are 5, —3, —4. 


20.16 Two roots of x* — 2x” — 3x — 2 = 0 are —1 and 2. Solve the equation. 
SOLUTION 


-1] 1+0-2-3-2 
—14+1+4+1+42 Divide x* — 2x? — 3x -—2 by x+1. 


1—1-—1-2+0 
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The first depressed equation is x* — x? —x-2=0. 
2| 1-1-1-2 
424242 Divide x° — x* — x — 2 by x—2. 


1+1+1+0 


The second depressed equation is x7 + x + 1 = 0, whose roots are -5 + ; i/3. 
The four roots are —1, 2, -5 + ; iJ/3. 

20.17 Determine the roots of each of the following equations. 

(a) (x- 1x + 2)\(x+ 4) =0. Ans. | as a double root, —2, —4 

(b) (2x + 1)(x — 2)°(2x — 5) = 0. —1/2, 2/3 as a triple root, 5/2 

(c) (x7 — 2x — 15) =0. 0 as a triple root, 5, —3 

(d) «@+14+73)@4+1- V3) — 6) =0. (-1— ¥3), (-1+ V3), 6 

(e) [x-Da&+ mines +1 =0. +i as triple roots, — 1 as a double root 

(f) 3+ m)*(5x _ ny = 0. —m as a quadruple root, n/5 as a double root 
20.18 Write the equation having only the following roots. 

(a) 5,1,-3; (6) 2,-1/4, -—1/2; () 22,2 44/3; (d) 0,1 + Si. 


SOLUTION 
(a) («—5)\(*—-D~t3)=0 or %—3x?- 13x4+15=0. 


1 1 7 lx 1 
(b) (x (x47) (x45) =0 oe Bi Eh, ee BP 1 ie ae 


which has integral coefficients. 
© 6-64 0h-C=«3)e-O 473 = -—4i6 =) +44) [6-—2—-vV3) 
= (x — 4x — 2) — 3] =? — 40? — 4x + D =0, or x4 — 4° — 3x? + 16x -—4 = 0. 


(d) x[x-—(1 +5] [x — (1 — 51] = xf — 1) — Si] [f(x — 1) +5] = af(x — 1)? +25] 
= x(x" —2x+26)=0, or x — 2x7 + 26x =0. 


20.19 Form the equation with integral coefficients having only the following roots. 


1 a2 


1 1 
(a) l, 3 (b) 0, ray —l; (c) +31, +52; (d) 2 as a triple root, —1. 


SOLUTION 
(a) («x—-DQx-D)GBx+1l)=0 or 6-77? +1=0 
(b) x(4x — 3)3x—2)x+1)=0 or 12x4-5x3- 11x? +6x=0 
1 1 1 
(c) &—3D0+ 30 (9 - 32) (: - 32) =( +9) G - 5) =0, (7 +9)(2x?-1)=0, 
or 2x*+ 17x? -9=0 
(d) («x-2%(@@+1)=0 or 4-546? +4x-8=0 
20.20 Each given number is a root of a polynomial equation with real coefficients. What other number is a 
root? (a) 2i, (b) —3 + 2i, (A. =3- = 172, 
SOLUTION 
(a) =2, O-3=2% © 341/72 
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20.21 


20.22 


20.23 


20.24 


20.25 


20.26 


20.27 


Each given number is a root of a polynomial equation with rational coefficients. What other number is a 


root? (a) —J/7, — (b) —44+.2V3, (ce) 5-42. 


SOLUTION 
(@) V7, (b) -4-2V3, (©) 5+4V2 


Criticize the validity of each of the following conclusions. 


(a) x° + 7x — 6i = 0 has x = i as a root; hence x = —i is a root. 
(b+) P+ — 2/3)x2 +(5- 2/3)x +5=0 has /3 —iV/2 as a root; hence /3 + iV2 is a root. 


(c) x¢+ (1 — 2V2)x3 + (4 — 272)? + (3 —4/2)x +1=0 has x=—-1+-/2 as a root; hence 
x= —1— 2 is a root. 


wm 


SOLUTION 


(a) x = —iis not necessarily a root, since not all the coefficients of the given equation are real. By substitution it is, 
in fact, found that x = —i is not a root. 

(b) The conclusion is valid, since the given equation has real coefficients. 

(c) x = —1 —2v2 is not necessarily a root, since not all the coefficients of the given equation are rational. By 
substitution it is found that x = —1 — 72 is not a root. 


Write the polynomial equation of lowest degree with real coefficients having 2 and 1 — 3i as two of its 
roots. 


SOLUTION 


(x — 2)[x — 1 — 30] [x — (1 + 30] = @ —2)0? —2x+10)=0 or — 4° + 14x-20=0 


Form the polynomial equation of lowest degree with rational coefficients having —1 + /5 and —6 as 
two of its roots. 


SOLUTION 
Ix—- C14 V5) [fk - C1 — V5) 4+ 6) = 0? 42x 4046) =0 or 48x 4+8x—24=0 


Form the quartic polynomial equation with rational coefficients having as two of its roots 
(a) —Siand /6, = (b) 24iand1— J3. 


SOLUTION 

(a) (x + 5i)(x — 5(x — VO\x + V6) = 02 + 25)2-— 6) =0 or x4 +4+19x? —150=0 

(o) [x-(2+0] h-@-d)) h-A-V3))b-04V3)] = — 4x4 DG? —- 2x -2) =0 
or x*— 6x + 11x° —2x-10=0 


Find the four roots of x* + 2x2 +1=0. 
SOLUTION 


xt 4207 +4+1=07? +1) =[a+i@—-—)P =0. The roots are i, i, —i, —i. 


Solve x* — 3x? + 5x” — 27x — 36 = 0, given that one root is a pure imaginary number of the form bi 
where b is real. 
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SOLUTION 


Substituting bi for x, b+ + 3b°i — 5b? — 27bi — 36 = 0. 
Equating real and imaginary parts to zero: 


b* — 5b? — 36 = 0, (b? — 9\(b?> + 4) = O and b = 43 since b is real; 
3b? — 27b = 0, 3b(b* — 9) =O and b=0, +3. 


The common solution is b = +3; hence two roots are +3i and (x — 3i)(x + 3i) =x? + 9 is a factor of 
x4 — 3x3 + 5x? — 27x — 36. By division the other factor is x? — 3x—4 = (x — 4)(x+ 1), and the other two roots 
are 4, —1. 

The four roots are +3i, 4, —1. 


Form the polynomial equation of lowest degree with rational coefficients, one of whose roots is 


(a) V3-VJ2, (b) J2+V-1. 


SOLUTION 


(a) Letx = V3 — J/2. 
Squaring both sides, x7 = 3 —2/64+2=5-—2V/6 and x —5=-2V6. 


Squaring again, x* — 10x? + 25 = 24 and x*— 10x°+1=0. 


(b) Letx= J2+J—1. 
Squaring both sides, x7 = 2+2/—2-—1=1+2/—2and x? —1=2/-2. 


Squaring again, x? — 2° +1 =—8 and x4 — 2x7 4+9=0. 


(a) Write the polynomial equation of lowest degree with constant (real or complex) coefficients having 
the roots 2 and 1 — 37. Compare with Problem 20.23 above. 

(b) Write the polynomial equation of lowest degree with real coefficients having the roots —6 and 
—1 + /5. Compare with Problem 20.24 above. 


SOLUTION 
(a) (x-2)x-(1-3)]=0 or P—30—d)x+2-61=0 
(b) (x +6)[x-C1+V75)]=0 or 2 +(7— V5)x— 6(/5 — 1) =0 


Obtain the rational roots, if any, of each of the following polynomial equations. 


(a) x* —2x* —3x-2=0 
The rational roots are limited to the integral factors of 2, which are +1, +2. 
Testing these values for x in order, +1, —1,-+2, —2, by synthetic division or by substitution, 
we find that the only rational roots are — 1 and 2. 
(b) x —x-6=0 
The rational roots are limited to the integral factors of 6, which are +1, +2, +3, +6. 
Testing these values for x in order, +1, —1, +2, —2,+3, —3, +6, —6, the only rational root 
obtained is 2. 
(c) 23+2x2-7x-6=0 
If b/c (in lowest terms) is a rational root, the only possible values of b are 
+1, +2, +3, +6; and the only possible values of c are +1, +2. Hence the possible rational 
roots are limited to the following numbers: +1, +2, +3, +6, 41/2, 43/2. 
Testing these values for x, we obtain —1, 2, —3/2 as the rational roots. 
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(d) 2x+ +27 +2x-4=0 
If b/c is a rational root, the values of b are limited to +1, +2, +4; and the values of c are 


limited to +1, +2. Hence the possible rational roots are limited to the numbers +1, +2, 


+4, +172. 
Testing these values for x, we find that there are no rational roots. 


20.31 Solve the polynomial equation x° — 2x? — 31x + 20 = 0. 


SOLUTION 
Any rational root of this equation is an integral factor of 20. Then the possibilities for rational roots are: 


+1, +2, +4, +5, +10, +20. 
Testing these values for x by synthetic division, we find that —5 is a root. 


=§| 1=8= 91-50 
=5+4+ 35-20 


174 440 


The depressed equation x7 — 7x + 4 = 0 has irrational roots 7/2 + /33/2. 
Hence the three roots of the given equation are —5, 7/2 + /33/2. 


20.32 Solve the polynomial equation 2x* — 3x3 — 7x? — 8x +6 = 0. 


SOLUTION 
If b/c is a rational root, the only possible values of b are +1, +2, +3, +6; and the only possible values of c are 
+1, +2. Hence the possibilities for rational roots are +1, +2, +3, +6, +1/2, +3/2. 

Testing these values of x by synthetic division, we find that 3 is a root. 


4) tS 297K Pag 
4649466 


2+34+2-2+4+0 


The first depressed 2x? + 3x? + 2x — 2 = 0 is tested and 1/2 is obtained as a root. 


1/2| 24+34+2-2 
+14242 
2444440 


The second depressed equation 2x? + 4x + 4 = 0 or x? + 2x + 2 = 0 has the nonreal roots —1 + i. 
The four roots are 3, 1/2, —1 +i. 


20.33 Prove that /3 + ./2 is an irrational number. 


SOLUTION 


Let x = /3 + V2; then x? = (/3 + V2)? = 342/642 =54+2V76 and x? -—5 =2/6. 
Squaring again, x+ — 10x? + 25 = 24 or x* — 10x* + 1 = 0. The only possible rational roots of this equation 
are +1. Testing these values, we find that there is no rational root. Hence x = J3 + J2 is irrational. 
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20.34 Graph P(x) = x* +x — 3. From the graph determine the number of positive, negative and nonreal roots 
of P+x—-3=0. 


SOLUTION 


x = 23) => | 1 0 1 2 3 4 
P(x) 33 13 ) 3 1 7 27 65 


From the graph it is seen that there is one positive and no negative real root (see Fig. 20-1). Hence there are two 
conjugate nonreal roots. 


20.35 Find upper and lower limits of the real roots of (a) x° — 3x7 +5x+4=0, (b) 8 +x°-6=0. 


P(x) 


SOLUTION 


(a) The possible rational roots are +1, +2, +4. 
Testing for upper limit. 


1] 1-34+5+44 a) 1-34.54 4 3) 1-345+4 4 
+1-24+3 +2-2+ 6 +3404 15 
1-24347 1—14+3+410 1+04+5+419 


Since all the numbers in the third row of the synthetic division of P(x) by x — 3 are positive (or zero), an upper 
limit of the roots is 3, i.e., no root is greater than 3. 


Testing for lower limit. 


=i) #34554 
—1+4-9 


ta44025 


Since the numbers in the third row are alternately positive and negative, —1 is a lower limit of the roots, i.e., no 
root is less than —1. 


(b) The possible rational roots are +1, +2, +3, +6. 


CHAPTER 20 Polynomial Functions 227 


Testing for upper limit. 
1| 1+1+0-6 2| 14+1+0- 6 
+14+2+42 +2+6+4 12 


14+2+2-4 1+3+6+ 6 


Hence 2 is an upper limit of the roots. 


Testing for lower limit. 


-1) 147 40=6 
== G6 


1+0+0-6 


Since all the numbers of the third row are alternately positive and negative (or zero), a lower limit to the 
roots is —1. 


20.36 Determine the rational roots of 4x° + 15x — 36 = 0 and thus solve the equation completely. 


SOLUTION 


The possible rational roots are +1, +2, +3, +4, +6, +9, +12, +18, +36, 41/2, +3/2, +9/2, +1/4, 
+3/4, +9/4. To avoid testing all of these possibilities, find upper and lower limits of the roots. 


Testing for upper limit. 
1) 440+ 15-36 2| 4+0+15—36 
+4+ 4419 + 8+ 16+ 62 
4+4+19—-17 4+8+ 31+ 26 


Hence no (real) root is greater than or equal to 2. 


Testing for lower limit. 


-1| 4404 15-36 
at a 19 


4—4+19—55 
Hence no real root is less than or equal to —1. 


The only possible rational roots greater than —1 and less than 2 are +1, +1/2, + 3 , £1/4, +3/4. Testing 
these we find that 3/2 is the only rational root. 2 


3/2| 44+04+15-36 
+6+ 9436 
44+6+4+24+ 0 


V87. 


1. 


+ 


3 
The other roots are solutions of 4x? + 6x + 24 = 0 or 2x +3x4+12=0,ie,x=— Z q 
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20.37 Employing Descartes’ Rule of Signs, what may be inferred as to the number of positive, negative and 


20.38 


20.39 


nonzero roots of the following equations? 
(a) 2x3 + 3x? — 13x+6=0 (d) 2x4+7x°+6=0 (g) +x7—-1=0 


(b) x* — 2x7 —3x -2=0 (e) x4-3x°-4=0 (h) x® — 3x7 —4x+1=0 
(c) x7 —2x+7=0 (f) *+3x-14=0 
SOLUTION 


(a) There are 2 variations of sign in P(x) =2x°+3x*—13x+6. There is 1 variation of sign in 
P(—x) = —2x° + 3x7 + 13x +6. Hence there are at most 2 positive roots and | negative root. 
The roots may be: (1) 2 positive, | negative, 0 nonreal; or (2) 0 positive, 1 negative, 2 nonreal. (Nonreal roots 
occur in conjugate pairs.) 
(b) There is 1 variation of sign in P(x)= x+ — 2x7 —3x—2, and 3. variations of sign in 
P(—x) = x* — 2x? + 3x — 2. Hence there are at most | positive root and 3 negative roots. 
The roots may be: (1) 1 positive, 3 negative, 0 nonreal; 
or (2) 1 positive, 1 negative, 2 nonreal. 
(c) There are 2 variations of sign in P(x) = x* — 2x +7, and no variation of sign in P(—x) = x* + 2x +7. 
Hence the roots may be: (1) 2 positive, 0 negative, 0 nonreal; 
or (2) 0 positive, 0 negative, 2 nonreal. 
(d) Neither P(x) = 2x* + 7x? + 6 nor P(—x) = 2x4 + 7x? + 6 has a variation of sign. Hence all 4 roots are nonreal, 
since P(0)¥ 0. 
(e) There is 1 variation of sign in P(x) = x* — 3x2 — 4 =0, and | variation of sign in P(—x) = x4 — 3x? — 4, 
Hence the roots are: 1 positive, | negative, 2 nonreal. 
(f) There is 1 variation of sign in P(x) = x8 + 3x — 14, and no variation in Px) = —x? — 3x — 14. 
Hence the roots are: 1 positive, 2 nonreal. 
(g) There is 1 variation of sign in P(x) = x® +33 — 1, and | variation in Px) = x6 — x3 — 1. 
Hence the roots are: 1 positive, | negative, 4 nonreal. 
(h) There are 2 variations of signin P(x) = x® — 3x7 — 4x + 1, and 2 variations of sign in P—x) = x® — 3x? + 4x4 1. 
Hence the roots may be: 
(1) 2 positive, 2 negative, 2 nonreal; (3) 0 positive, 2 negative, 4 nonreal; 
(2) 2 positive, 0 negative, 4 nonreal; (4) 0 positive, 0 negative, 6 nonreal. 


Determine the nature of the roots of x” — 1 = 0 when nis a positive integer and (a) nis even, (b) nis odd. 


SOLUTION 


(a) P(x) = x" — (has 1 variation of sign, and Px) = x"— 1 has 1 variation of sign. Hence the roots are: 1 positive, 
1 negative, (n — 2) nonreal. 


(b) P(x) =x" —1 has 1 variation of sign, and P(—x) = —x" — 1 has no variation of sign. Hence the roots are: 
1 positive, 0 negative, (n — 1) nonreal. 


Obtain the rational roots, if any, of each equation, making use of Descartes’ Rule of Signs. 


(a)  —x° +3x—27=0, (c) 2° +x—66=0, 
(b) 2 +2x+12=0, (d) 3x4 +7x7° +6=0. 


SOLUTION 


(a) By Descartes’ Rule of Signs, the equation has 3 or | positive roots and no negative root. Hence the rational 
roots are limited to positive integral factors of 27, which are 1, 3, 9, 27. 
Testing these values for x, the only rational root obtained is 3. 


(b) By the rule of signs, the equation has no positive root and 1 negative root. Hence the rational roots are limited 
to the negative integral factors of 12, i.e., to —1, —2, —3, —4, —6, —12. 
Testing these values for x, we obtain —2 as the only rational root. 
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(c) By the rule of signs, the equation has | positive root and no negative root. Hence the rational roots are limited 
to positive rational numbers of the form b/c where b is limited to integral factors of 66 and c is limited to inte- 
gral factors of 2. The possible rational roots are then 1, 2, 3, 6, 11, 22, 33, 66, 1/2, 3/2, 11/2, 33/2. 
Testing these values for x, we obtain 2 as the only rational root. 


(d) The equation has no real root, since neither P(x) = 3x4 + 7x? + 6 nor P(—x) = 3x4 + 7x” + 6 has a variation of 
sign and P(O) 40. 


Hence all of its four roots are nonreal. 


20.40 Use the Intermediate Value Theorem to isolate each of the real zeros of P(x) between two consecutive 
integers. 


(a) P(x) = 3x3 — 8x? — 8x+8 (b) P(x) = 5x? — 4x7 — 10x +8 


SOLUTION 


(a) For P(x) = 3x3 — 8x* — 8x-+ 8, we find the upper and lower limits of the real zeros. 


i), Sata Li 28. Bae 3] 28) S48 
+0+0+0 sa 5213 fou 42-04 
7-8-8458 ee 426 19 16 

3] 3-8-8405 4] -3— So 84.8 
+94+3-15 412-4 164-33 
Fh Ss 7 34+ 44 8440 


Since the quotient row when synthetic division is done with 4 is all positive, the upper limit of the real 
zeros of P(x) is 4. 
-1| 3- 8—- 8+8 —2| 3-— 8-— 8+ 8 
= 34+11=3 — 6+28—40 


311+. 345 3— 144 14-32 


Since the quotient row when synthetic division is done with —2 alternates in sign, the lower limit of the 
real zeros of P(x) is —2. 


We now examine the interval from —2 to 4 to isolate the real zeros of P(x) between consecutive integers. 
Since P(O) = 8 and P(1) = —5S there is a real zero between 0 and 1. Since P(3) = —7 and P(4) = 40 there 

is a real zero between 3 and 4. Since P(—1) = 5 and P(—2) = —32, there is a real zero between —2 and —1. 
The real zeros of P(x) = 3x? — 8x* — 8x + 8 are between —2 and —1, 0 and 1, and 3 and 4. 


(b) For P(x) = 5x° — 4x7 — 10x + 8, we find the upper and lower limits of the real zeros. 
0} 5-4-1048 1| 5-4-1048 2] 5-— 4-104 8 
+0+ 0+0 +5+ 1-9 +10+12+ 4 


5—4-10+4+8 S54+1- 9-1 5+ 64+ 2412 


The upper limit for the zeros of P(x) is 2. 


aif 634-1048 <2] 3-4-1045 
=54 941 — 10 + 28 — 36 


29 1+9 5— 14+ 18 — 28 


The lower limit of the real zeros of P(x) is —2. 
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We now examine the interval from —2 to 2 to isolate the real zeros of P(x). Since P(O) = 8 and P(1) = —1, 
there is a real zero between 0 and 1. Since P(1) = —1 and P(2) = 12, there is a real zero between | and 2. 
Since P(—1) = 9 and P(—2) = —28, there is a real zero between —2 and —1. 

Thus, the real zeros of P(x) = 5x? — 4x? — 10x + 8 are located between —2 and —1, 0 and 1, and 1 and 2. 


20.41 Approximate a real zero of P(x) = x* — x — 5 to two decimal places. 
SOLUTION 


By Descartes’ Rule of Signs, P(x) = x* — x — 5 has | positive real zero and 2 or 0 negative real zeros. 
Now we determine the upper limit of real zeros of P(x). 


Oh i40-1=5 if Teo—1—4 a) 146-125 
+0+0+0 +1+1+0 +2+446 


1+0-—1-—5 1+1+0-5 14+24+3+1 


The upper limit on the real zeros of P(x) is 2. 

Since P(1) = —5 and P(2) = 1, the positive real zero is between | and 2. 

We now determine the tenths interval of the zero. Using synthetic division, we determine the tenths values until 
we find two values with different signs. Since P(2) = 1 is closer to 0 than P(1) = —5, we start with x = 1.9. Since 
P(1.9) = —0.041 and P(2.0) = 1, the real zero is between 1.9 and 2.0. 

Since P(1.90) = —0.041 is closer to 0 than P(2.0) = 1, we look for the hundredths interval starting with x = 1.91. 
P(1.91) = 0.0534. Since P(1.90) = —0.041 and P(1.91) = 0.058, there is a real zero between 1.90 and 1.91. 

We now determine P(1.905) to decide whether the zero rounds off to 1.90 or 1.91. P(1.905) = 0.008. Since 
P(1.900) is negative and P(1.905) is positive, the zero is between 1.900 and 1.905. When rounded to two 
decimal places, all numbers in this interval round to 1.90. 

Thus, rounded to two decimal places, a real zero of P(x) = x —x—5 is 1.90. 


20.42 Approximate ./3 to three decimal places. 
SOLUTION 


Let x = /3, sox =3 and P(x) = x° —3=0. 

By Descartes’ Rule of Signs, P(x) has one positive real zero and no negative real zeros. 

Since P(1) = —2 and P(2) = 5, the zero is between | and 2. 

Since P(1) is closer to 0 than P(2), locate the tenths interval by evaluating P(x) from x = 1 to x = 2 starting with 
x = 1.1. Once a sign change in P(x) is found we stop. 


x 1.0 Ll 1.2 1.3 1.4 1.5 
P(x) =2 —1.669 | —1.272 | —0.803 —0.256 0.375 


Since P(1.4) is negative and P(1.5) is positive, the real zero is between 1.4 and 1.5. 
Now determine the hundredths interval by exploring the values of P(x) in the interval from x = 1.40 to x = 1.50. 


x 1.40 1.41 1.42 1.43 1.44 1.45 
P(x) —0.256 | —0.197 | —0.137 | —0.076 | —0.014 0.049 


Since P(1.4) is negative and P(1.5) is positive, the zero is between 1.4 and 1.5. 
The next step is to determine the thousandths interval for the zero by exploring the values of P(x) in the interval 
between x = 1.440 and x = 1.450. 


x 1.440 1.441 1.442 1.443 


P(x) —0.014 | —0.008 | —0.002 0.005 
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Since P(1.442) is negative and P(1.443) is positive, the zero is between 1.442 and 1.443. 

Since P(1.4425) = 0.002, the real zero is between 1.4420 and 1.4425. All values in the interval from 1.4420 to 
1.4425 round to 1.442 to three decimal places. 

Therefore, </3 = 1.442 to three decimal places. 


See Chapter 34 for more solved problems and more supplementary problems. 
SUPPLEMENTARY PROBLEMS 
20.43 If P(x) = 2x° —x* — x42, find (a) P(O), (b) P(2), (c) P@1), (d) P(4), (e) P(V2). 


20.44 Determine the remainder in each of the following. 


(a) 20-7) + (+1) (d) (43 + y+ 27) + y+ 3) 
(b) GF +3x7-—4e+2)+(*-2)) (e) @? 4241) + @- V1) 
(c) Gx +4x-4)+@-] (f) (2x33 + 35) + (x+1) 


20.45 Prove that x + 3 is a factor of x* + 7x” + 10x — 6 and that x = —3 is a root of the equation x° + 7x* + 10x — 6 = 0. 


20.46 Determine which of the following numbers are roots of the equation y* + 3y? + 12y — 16 = 0: 
2, (b)-4 (3, @i1, ©) 2. 


20.47 Find the values of k for which 
(a) 4x° + 3x? — kx + 6k is exactly divisible by x + 3, 
(b) »° + 4kx — 4k° = 0 has the root x = 2. 


20.48 By synthetic division determine the quotient and remainder in each of the following. 
(a) (2° + 3x7 -4x-2)+@4+) (0) O° — 39° + 4y—5) + (+2) 
(b) 3x +3 — 4) + (~— 2) (d) (4x3 + 6x? — 2x + 3) + (2x41) 


20.49 If P(x) = 2x* — 3x3 + 4x — 4, compute P(2) and P(—3) using synthetic division. 
20.50 Given that one root of x? — 7x — 6 = 0 is —1, find the other two roots. 
20.51 Show that 2x* — x3 — 3x2 — 31x — 15 = 0 has roots 3, — 5 Find the other roots. 


20.52 Find the roots of each equation. 
(a) (x4+3P%Q@—-2P@4+D=0 (0) 0? 4+3x42)0? — 4x45) =0 
(b) 4x4(x + 2)*(x — 1) = 0 (d) (? +4) + 1)? =0 


20.53. Form equations with integral coefficients having only the following roots. 
(a) 2,-3, —4 (b) 0, —4, 2/3, 1 (c) +3i, double root 2 (d) -1+42i,2 +i 
20.54 Form an equation whose only roots are 1 + J2, -1 + iV3. 


20.55 Write the equation of lowest possible degree with integral coefficients having the given roots. 


@1,0,i @2+i ©-1+V3,1/3 @)-2iv3 © V2.5 (Ff) i/2,6/5 
20.56 In the equation x° + ax* + bx + a = 0, aand bare real numbers. If x = 2 + iis a root of the equation, find a and b. 
20.57 Write an equation of lowest degree with integral coefficients having 2 — 1 as a double root. 


20.58 Write an equation of lowest degree with integral coefficients having V3 + 2i as a root. 
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Solve each equation, given the indicated root. 
(a) x4 +23 — 12x? + 32x — 40 = 0; 1 — iV3 (c) 8-5 +6=0;3- 73 
(b) 6x4 — 11x38 +2 +. 33x —45 =0;14+ i2 (d) x4 — 4x3 + 6x? — 16x + 8 = 0; 2i 


Obtain the rational roots, if any, of each equation. 
(a) x4 +2x3 — 4x? —5x-6=0 (c) 2x4 — x3 4+ 2x7 —2x-4=0 
(b) 4° —3x+1=0 (d) 3x +27? —12x-4=0 


Solve each equation. 

(a) 2° —x* —9x+9=0 (d) 4x4 + 8x3 —5x?-2x+1=0 

(b) 2x3 — 3x7 -—11x4+6=0 (e) 5x4 43° 48x? +6x-4=0 

(c) 3x9 + 2x? +2x-1=0 (f) 3x° + 2x4 — 15x73 — 10x7 + 12x +8 =0 


Prove that (a) V5 — J/2 and (b) s/2 are irrational numbers. 
If P(x) = 2x° — 3x2 + 12x — 16, determine the number of positive, negative and nonreal roots. 


Locate between two successive integers the real roots of x* — 3x* — 6x — 2 = 0. Find the least positive root of the 
equation accurate to two decimal places. 


Find upper and lower limits for the real roots of each equation. 
(a) ° — 3x7 +2x-4=0 (b) 2x4 + 5x? —6x—- 14=0 


Find the rational roots of 2x* — 5x* + 4x + 24 = 0 and thus solve the equation completely. 


Using Descartes’ Rule of Signs, what may be inferred as to the number of positive, negative and nonreal roots of the 
following equations? 


(a) 2x3 +3x°+7=0 (c) © +43 — 3x? —x4+12=0 
(b) 3x3 — 22 +2x-—1=0 (d) ® —3x—-2=0 


Given the equation 3x4 — x3 +x? —5=0, determine (a) the maximum number of positive roots, (b) the 
minimum number of positive roots, (c) the exact number of negative roots, and (d) the maximum number of 
nonreal roots. 


Given the equation 5x3 + 2x—4=0, how many roots are (a) negative, (b) real? 


Does the equation x® + 4x4 + 3x7 + 16 = 0 have (a) 4 nonreal and 2 real roots, (b) 4 real and 2 nonreal roots, 
(c) 6 nonreal roots, or (d) 6 real roots? 


(a) How many positive roots has the equation x — 7x? — 11 = 0? 
(b) How many nonreal roots has the equation x 4+ x + x *3=0? 
(c) Show that x® + 2x3 + 3x — 4 = 0 has exactly 4 nonreal roots. 


(d) Show that x*+ + x3 — x? — 1 =0 has only one negative root. 


Solve completely each equation. 
(a) 8x° — 20x? + 14x -3 = 0 (c) 49° + 5x7 +2x-6=0 
(b) 8x* — 14° — 9x7 + llx-2=0 (d) 2x* — 2° — 23x7 + 18x +18 =0 


Approximate the indicated root of each equation to the specified accuracy. 
(a) 2x37 + 3x7 —9x -—7=0; positive root, to the nearest tenth 
(b) x3 + 9x* + 27x — 50 =0; positive root, to the nearest hundredth 


(c) 2 —3x* —3x+ 18 =0; negative root, to the nearest tenth 
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(d) x3 + 6x? + 9x + 17 = 0; negative root, to the nearest tenth 
(e) °° +24 — 27x3 — 83x* + 50x + 162 = 0; root between 5 and 6, to the nearest hundredth 
(f) xt — 3x3 + x° — 7x + 12 = 0; root between 1 and 2, to the nearest hundredth 


20.74 In finding the maximum deflection of a beam of given length loaded in a certain way, it is necessary to solve the 
equation 4x7 — 150x? + 1500x — 2871 = 0. Find correct to the nearest tenth the root of the equation lying between 
2 and 3. 


20.75 The length of a rectangular box is twice its width, and its depth is one foot greater than its width. If its volume is 64 
cubic feet, find its width to the nearest tenth of a foot. 


20.76 Find x/20 correct to the nearest hundredth. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 

20.43 (a)2 (b)12 (0 )3/2— (e) 3v2 

20.44 (a) -9 (b+) 14 (ce) -13/8 @ 12. 1 (fF) 33 
20.46 —4, | and 2i are roots 


20.47 (a)k=9 (b) k=4, -2 


3 147 
20.48 (a) 2x7 +x-—5+—— (c) y> — 5y* + 10y? — 207? + 40y — 76 + ——~ 
x+1 y+2 
4 3 2 100 2 5 
(b) 3x* + 6x? + 13x° + 26x + 52+ (d) 2x° +2x-—2+ 
x—2 2x+1 
20.49 12, 227 
20.50 3, —2 
20.51 —1+2i 
20.52 (a) double root —3, triple root 2, —1 (c) -1,-2,2 +1 


(b) quadruple root 0, quadruple root —2, | (d) double roots +2i, double root —1 


20.53 (a) 2x° + 3x7 —1lx-6=0 (c) x4 — 4x3 + 13x? — 36x + 36 = 0 
(b) 3x4 +723 — 18x? + 8x =0 (d) x4 — 2x7 +. 2x7 — 10x +25 =0 


20.54 x*-x? —10x-4=0 
20.55 (a) xt*—-P4+2x7-x=0 (d) x +2x°+3x+6=0 
(b) x7 —4x+5=0 (e) x4-x? -2=0 
(c) 3x3 + 5x? — 8x +2=0 (Ff) 20x? — 24x? + 5x -6=0 
20.56 a=—5,b=9 


20.57 x4 4+ 40° +2x? —4r+1=0 


20.58 x4 +2x7+49=0 
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20.59 (a) 1 +iV3, -5,2  (b) 1 £ iV2, -5/3,3/2 (3) 3+ V3, -1 (d) +2i,2+/2 


20.60 (a) —3,2 (b) 1/2, 1/2, -1 (c) no rational root (d) -—1/3, +2 


20.61 (a) 1, +3 (d) +4, -1+V2 
(b) 3, —2,1/2 (e) —1,2/5, +V2i 
(c) 1/3, -;+3V3i = (f) £1, £2, -2/3 


20.63 1 positive root, 0 negative roots, 2 nonreal roots. 

20.64 Positive root between 2 and 3; negative root between —1 and 0; positive root = 2.41 approx. 
20.65 (a) Upper limit 3, lower limit —1 (b) Upper limit 2, lower limit —2 

20.66 —3/2,2 + 2i 


20.67 (a) 1 negative, 2 nonreal 
(b) 3 positive or | positive, 2 nonreal 
(c) 1 negative, 2 positive, 2 nonreal or | negative, 4 nonreal 


(d) 1 positive, 2 negative, 2 nonreal or | positive, 4 nonreal 


20.68 (a)3 (1 (1 @2 

20.69 (a)none —(b) one 

20.70 (c) 

20.71 (a)one _—_(b) four or six 

20.72 (a) 1/2,1/2,3/2 (6) 2, -1,1/4,1/2 (ec) 3/4, -1 +i @) 3,3/2,-24+ 2 
20.73 (a) 19 (b) 125 (ec) -22 (dd) 49 (e) 5.77 (f) 1.38 

20.74 2.5 

20.75 2.9 ft 


20.76 2.71 


Rational Functions 


21.1 RATIONAL FUNCTIONS 


A rational function is the ratio of two polynomial functions. If P(x) and Q(x) are polynomials, then a function of 
the form R(x) = P(x)/Q(x) is a rational function where Q(x) 40. 
The domain of R(x) is the intersection of the domains of P(x) and Q(x). 


21.2. VERTICAL ASYMPTOTES 


If R(x) = P(x)/Q(a), then values of x that make Q(x) = 0 result in vertical asymptotes if P(x) 40. However, if 
for some value x = a, P(a) = 0 and Q(a) = 0, then P(x) and Q(x) have a common factor of x — a. If R(x) is then 
reduced to lowest terms, the graph of R(x) has a hole in it where x = a. 

A vertical asymptote for R(x) is a vertical line x = k, k is a constant, that the graph of R(x) approaches but 
does not touch. R(x) is not defined because Q(k) = 0 and P(k) # 0. The domain of R(x) is separated in distinct 
intervals by the vertical asymptotes of R(x). 


EXAMPLE 21.1. What are the vertical asymptotes of 


2x —3 
R(x) = ? 
=a A 
Since 
2x—3 
R@) = >=— 
@=s 5 
is undefined when x* — 4 = 0, x = 2 and x = —2 could result in vertical asymptotes. When x = 2, 2x — 3 4 0 and when 


x = —2,2x—3 # 0. Thus, the graph of R(x) has vertical asymptotes of x = 2 and x = —2. 


21.3 HORIZONTAL ASYMPTOTES 


A rational function R(x) = P(x)/Q(x) has a horizontal asymptote y = a if, as |x| increases without limit, R(x) 
approaches a. R(x) has at most one horizontal asymptote. The horizontal asymptote of R(x) may be found from a 
comparison of the degree of P(x) and the degree of Q(x). 
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(1) If the degree of P(x) is less than the degree of Q(x), then R(x) has a horizontal asymptote of y = 0. 


(2) Ifthe degree of P(x) is equal to the degree of Q(x), then R(x) has a horizontal asymptote of y = a,/b,, where 
dy 18 the lead coefficient (coefficient of the highest degree term) of P(x) and b,, is the lead coefficient of Q(x). 


(3) If the degree of P(x) is greater than the degree of Q(x), then R(x) does not have a horizontal asymptote. 


The graph of R(x) may cross a horizontal asymptote in the interior of its domain. This is possible since we 
are only concerned with how R(x) behaves as |x| increases without limit in determining the horizontal 
asymptote. 


EXAMPLE 21.2. What are the horizontal asymptotes of each rational function R(x)? 


ee b) RQ) =—— io 
(a) RQ) = 2-1 (b) R@) = 224 (c) R&) = sy 
(a) For R(x) = a a ; 


the degree of the numerator 3x? is 3 and the degree of the denominator is 2. Since the numerator exceeds the degree of 
the denominator, R(x) does not have a horizontal asymptote. 


(b) The degree of the numerator of 


x 


aos x2— 1 


is 1 and the degree of the denominator is 2, so R(x) has a horizontal asymptote of y = 0. 


(c) The numerator and denominator of 


each have degree 1. Since the lead coefficient of the numerator is 2 and the lead coefficient of the denominator is 5, R(x) 
has a horizontal asymptote of y = 2. 


21.4 GRAPHING RATIONAL FUNCTIONS 


To graph a rational function R(x) = P(x)/Q(x), we first determine the holes: values of x for which both P(x) and 
Q(x) are zero. After any holes are located, we reduce R(x) to lowest terms. The value of the reduced form of R(x) 
for an x that yields a hole is the y coordinate of the point that corresponds to the hole. 

Once R(x) is in lowest terms, we determine the asymptotes, symmetry, zeros, and y intercept if they exist. 
We graph the asymptotes as dashed lines, plot the zeros and y intercept, and plot several other points to deter- 
mine how the graph approaches the asymptotes. Finally, we sketch the graph through the plotted points and 
approaching the asymptotes. 


EXAMPLE 21.3. Sketch a graph of each rational function R(@). 


7 


3 x 
(a) RQ) = Po1 (b) R@) = mE 


iF 


3 
(a) R= 
x —1 
has vertical asymptotes at x = 1, and at x = —1, a horizontal asymptote of y = 0, and no holes. 
Since the numerator of R(x) is a constant, it does not have any zeros. Since R(O) = —3, R(x) has a y intercept of 


(0; =3): 
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Plot the y intercept and graph the asymptotes as dashed lines. We determine some values of R(x) in each interval of 
the domain (—o, —1), and (—1, 1), and (1, 0). R(—x) = R(x), so R(x) is symmetric with respect to the y axis. 


3 
1 R(0.5) = R(—0.5) = = 
= a oe (0.5)* — 1 


R(2) = R(—2) 


Plot (2, 1), (—2, 1), (0.5, —4), and (—0.5, —4). Using the asymptotes as a boundary, we sketch the graph. The 
graph of 


3 
R(x) = 2] 
is shown in Fig. 21-1. 
2 
xe 
b RQ) = 
(b) W=7 5 
has vertical asymptotes at x = 2 and x = —2, a horizontal asymptote of y = —1, and no holes. 


The zeros of R(x) are for x = 0. Since when x = 0, R(O) = 0 and (0, 0) is the zero and the y intercept. 

Plot the point (0, 0) and the vertical and horizontal asymptotes. 

We determine some values of R(x) in each interval of its domain (—o, —2),(—2, 2), and (2, «). Since 
R(—x) = R(x), the graph is symmetric with respect to the y axis. 


3? 9 -9 1? 1 
. RQ) = R(-1) = —— = = 
qos SS (1) = R(-1) — 


R(3) = R(—3) 


Plot (3, —9/5), (~3, —9/5), (1, 1/3), and (1, — 1/3). 
Using the asymptotes as boundary lines, sketch the graph of R(x). 
The graph of 


is shown in Fig. 21-2. 
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21.55 GRAPHING RATIONAL FUNCTIONS USING A GRAPHING CALCULATOR 


The graphing features of a graphing calculator allow for easy graphing of rational functions. However, unless 
the graphing calculator specifically plots the x values for the asymptotes, it connects the distinct branches of the 
rational function. You need to determine the vertical asymptotes, then set the scale on the x axis of the graphing 
window so that the values of the vertical asymptotes are used. 

Horizontal asymptotes must be read from the graph itself, since they are not drawn or labeled and only 
appear as a characteristic of the graph in the calculator display window. 

Holes are based on factors that can be canceled out from the rational function. These are difficult to locate 
from the display on a graphing calculator. 

In general, when using a graphing calculator to aid in the production of a graph on paper, it is good practice 
not to depend on the graphing calculator to determine the vertical asymptotes, horizontal asymptotes, or holes 
for a rational function. Determine these values for yourself and place them on the graph you are constructing. 
Use the display on the graphing calculator to indicate the location and shape of the graph and to guide your 
sketch of the graph. 


See Chapter 34 for more solved problems and more supplementary problems. 


SOLVED PROBLEMS 


21.1 State the domain of each rational function R(x). 


3 3 — 27 — 3 3x7 — 1 
(a) RQ) = (b) R@) == (©) R@) ==— 


SOLUTION 


(a) For R@&) = 3x/(x + 2), set x + 2 = 0 and see that R(x) is not defined for x = —2. The domain of R(x) is {all real 
numbers except —2} or domain = (—%, —2) U (—2, ©). 

(b) For R(x) = (x? — 2x? — 3x)/x, we see that R(x) is not defined for x = 0. Thus, the domain of R(x) is {all real 
numbers except 0} or domain = (— 09, 0) U (0, ©). 


(c) For R(x) = (3x7 — 1)/G8 — x), we set x7 —x = 0 and determine that for x = 0, x = 1, and x = —1 R(x) is 
undefined. The domain of R(x) is {all real numbers except —1,0,1} or domain = (—o, —1)U 
(—1, 0) U (0, 1) UCL, 0%). 


21.2 Determine the vertical asymptotes, horizontal asymptotes, and holes for each rational function R(x). 


3 3 _ 9? —3 3x2 — 1 
(a) RQ) = 5 (b) R(x) === (c) R®) == 


xB 


SOLUTION 


(a) Values that make the denominator zero but do not make the numerator zero yield asymptotes. In 
R(x) = 3x/(x + 2), x = —2 makes the denominator x+2=0 but does not make the numerator 3x = 0. 
Thus, x = —2 is a vertical asymptote. 

Since the degree of the numerator 3x is | and the degree of the denominator x + 2 is 1, R(x) has a horizontal 
asymptote of y = 3/1 = 3, where 3 is the lead coefficient of the numerator and | is the lead coefficient of the 
denominator. 

Since x = 0 is the only value that makes the numerator 0 and x = 0 does not make the denominator 0, R(x) 
has no holes in its graph. 


(b) Only x = 0 makes the denominator of R(x) = (x8 — 2x7 — 3x) /x zero. Since x = 0 also makes the numerator 
zero, R(x) has no vertical asymptotes. 
Since the degree of the numerator of R(x) is 3 and the degree of the denominator is 1, the degree of the 
numerator exceeds the degree of the denominator and there is no horizontal asymptote. 
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21.3 


21.4 


Since x = 0 makes both the numerator and denominator of R(x) zero, there is a hole in the graph of R(x) 
when x = 0. We reduce R(x) to lowest terms and get R(x) = x? — 2x — 3 whenx # 0. The graph of this reduced 
form would have the value of —3 if x were 0, so the graph of R(x) has a hole at (0, —3). 

(c) Since x* — x = 0 has solutions of x = 0, x = 1, and x = —1, the vertical asymptotes of R(x) = (3x? — 1)/ 
(x? — x) are x =0,x= 1, andx=—1. 

The degree of the numerator of R(x) is less than the degree of the denominator, so y = 0 is the horizontal 
asymptote of R(x). 

The numerator is not zero for any values, x = —1,x = 0, and x = 1, that make the denominator zero, so the 
graph of R(x) does not have any holes in it. 


What are the zeros and y intercept of each rational function R(x)? 


3 3 _ 9x? — 3x 3x7 — 1 


SOLUTION 


(a) For R(x) = 3x/(x + 2), the numerator 3x is zero if x = 0. Since x = 0 does not make the denominator zero, there 
is a zero when x = 0). Thus, (0, 0) is the zero of R(x). The y intercept is the value of y when x = 0. Thus, (0, 0) is 
the point for the y intercept. 


(b) For R(x) = (3 — 2x? — 3x) /x, the numerator x3 — 2x? — 3x is zero when x = 0, x = —1, and x = 3. However, 

x = 0 makes the denominator zero, so it will not yield a zero of R(x). The zeros of R(x) are (3, 0) and (—1, 0). 

From Problem 21.1(b), we know that x = 0 is not in the domain of R(x). Thus, R(x) does not have a y 
intercept. 


(c) For R(x) = (3x? — 1)/3 — x), the numerator 3x* — 1 = 0 has solutions x = 3/3 and x = —/3/3. Thus the 
zeros of R(x) are (/3/3, 0) and (—/3/3, 0). 
From Problem 21.1(c), we know that the domain of R(x) does not contain x = 0, so R(x) does not have a y 
intercept. 


Sketch a graph of each rational function R(x). 


3x x — 2x? — 3x 3x7 — 1 
(a) R(x) = r=) (b) R(x) = i, (c) R(x) = "ae 
SOLUTION 


From Problems 21.1, 21.2, and 21.3, we know the domains, vertical asymptotes, horizontal asymptotes, holes, zeros, 
and y intercepts for these three rational functions. We will use this information in graphing each of these rational 
functions. 


(a) R(x) = 3x/(x + 2) has a vertical asymptote of x = —2, a horizontal asymptote of y = 3, and (2, —3) is the point 
for the zero and y intercept. We draw dashed lines for the asymptotes and plot (0, 0). We select some x values 
and determine the points, then plot them. For x=-—4, —3, —1, and 2, we get the points 
(—4, 6), (—3, 9), (—1, —3), and (2, 1.5). Now we sketch the graph of R(x) going through the plotted points 
and approaching the asymptotes. Since the domain of R(x) is separated into two parts, we will have two parts 
to the graph of R(x). See Fig. 21-3. 


(b) R(x) = (x3 — 2x” — 3x) /x= x? — 2x — 3 when x 0, and there is a hole at (0, —3). There are no asymptotes for 
the graph of R(x), there is no y intercept, but there are zeros at (3, 0) and (—1, 0). We plot the zeros and place an 
open circle O around the point (0, —3) to indicate the hole in the graph. Now we select values of x, determine 
the corresponding points, and plot them. For x = —2, 1, 2, and 4, we get the points (—2, 5), (1, —4), (2, —3), and 
(4, 5). Since the domain of R(x) is separated into two parts by the x value for the hole of R(x), the graph of R(x) is 
separated into two parts by the hole at (0, —3). See Fig. 21-4. 


(c) R(x) = (x? — 1)/(8 — x) has vertical asymptotes of x = —1,x =0, and x = 1, a horizontal asymptote of 
y = 0, and zeros of (/3/3, 0) and (-V3/3, 0). We approximate the zeros to be (0.6, 0) and (—0.6, 0) and 
we plot these points and graph the asymptotes. To be sure that we graph all the parts of R(x), we select x 
values from each interval in the domain. For x = —2, —1.5, —0.75, —0.25, 0.25, 0.75, 1.5, and 2, we get 
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Fig. 21-3 Fig. 21-4 


the points (—2, —1.8), (—1.5, —3.1), (—0.75, 2.1), 0.25, —3.5), (0.25, 3.5), (0.75, —2.1), (1.5, 3.1), and (2, 
1.8). Since the domain of R(x) is separated into four parts the graph of R(x) is in four separate parts. See 
Fig. 21-5. 
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See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


21.5 State the domain of each rational function. 


4 x42 
(a) Rx) = 42 (d) RQ) = Pura. (g) R@) = area 
1 6—x +4 
(b) Rx) = ya, (e-) Ra)= xe3 (h) R@&)= 78 — 3x 
R= R@) = 2x —5 R(x) = =x? +x 
(c) R@)= qed (f) R@)= weg (i) RQ) = = Be 6 
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21.6 Determine the asymptotes of each rational function. 


(a) R@)= : (d) os = (g) R@) = 
. pa 3 _ x 2 aa +4 
x 2x? — 5 2 
b) R(x) = = R(x) = h) Rx) = = 
() RO = j~ @) RW== TG (1) RO = 35 
3x+6 —x? + 2x ; x+5 
(c) R@) =—-; (f) RQ) = mae (i) RO) = 5, 
21.7. Determine the zeros and y intercept for each rational function. 
3 ~—27 x? —5x+6 
(a) R@) = 24 (d) R@)= 5 (g) Ra) = Paes 
2 Brie. 1 
(b) R@) =-5 (©) R@=— (h) R@) =~ 
x —4 x-—3 x 
2x+8 v4 x+3 
(0) R= (NRO=Z> ORO =Z 
21.8 = Graph each rational function. 
2 2x —6 4—x° 
R(x) == d) R(x) = R(x) = 
(a) R@) - (d) R@) ci (g) R@) ~a9 
) R= © RW=*2 WH RW=-—, 
a | OEE og ag 
1 x xv —5x+4 
(RO=-z {NM RY=Z ZO RW = 
21.9 — Graph each rational function. 
x+2 3x 
@ R®=S RW =Z—> 
21.10 Graph each rational function. 
@re=-—2, worn 
9 BO Tea O= Fax 


ANSWERS TO SUPPLEMENTARY PROBLEMS 
21.5 (a) (~~, —2) U(—2, ©) (7) (00, —4) 0 (4, 60) 

00, 2) U (2, &) (g) (—9, 0) U @, 00) 

(c) (—0, —2)U(—2, 2)U (2,00) — (h) (—0, —1/3) U (—1/3, 0) U (0, 1/3) U (1/3, 00) 
0, —2)U(—2,1)U(1,%) = (i) (~~, 2) U (2, 3) U3, ©) 

oo, —3) U(—3, 00) 


21.6 Vertical asymptotes Horizontal asymptotes 


(a) x=3 y=0 
(b) x=4,x = —4 y=0 
(c) x=1 y=3 
(d) x=0 none 
(e) x=-2 none 
(f) x=-3 none 
(g) x= —-4 y= 

(A) x=5,x%=2 y= 


(i) x=5 y=-l 
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21.7 Zeros y intercept 
(a) none (0, 3/2) 
(b) (0, 0) (0, 0) 
(c) (-4, 0) (0, 8/3) 
(d) (3, 0) none 
(e) (0, 0) (0, 0) 


(f) (2, 0), (—2, 0) (0, 4) 
(g) (3, 0), (2, 9) (0, 2/3) 
(h) (1, 0) none 
(i) (—3, 0) (0, 3) 


21.8 (a) Fig.21-6 (d) Fig.21-9 —(g) Fig. 21-12 
(b) Fig.21-7  (e) Fig. 21-10 (A) Fig. 21-13 
(c) Fig. 21-8 (f) Fig. 21-11 (@) Fig. 21-14 
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Fig. 21-8 
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Fig. 21-12 
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Fig. 21-16 


Fig. 21-15 
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Fig. 21-18 


Fig. 21-17 


(a) Reduced to lowest terms R(x) = 1/(x — 2) when x 4 —2. Graph is Fig. 21-15. 


21.9 


(b) Reduced to lowest terms R(x) = 3/(x — 2) when x 4 0. Graph is Fig. 21-16. 


(b) Fig. 21-18 


(a) Fig. 21-17 


21.10 


22.1 


Sequences and Series 


SEQUENCES 


A sequence of numbers is a function defined on the set of positive integers. The numbers in the sequence are 
called terms. A series is the sum of the terms of a sequence. 


22.2 
A. 


22.3 


ARITHMETIC SEQUENCES 


An arithmetic sequence is a sequence of numbers each of which, after the first, is obtained by adding to the 
preceding number a constant number called the common difference. 

Thus 3,7,11,15,19,...is an arithmetic sequence because each term is obtained by adding 4 
to the preceding number. In the arithmetic sequence 50,45,40,... the common difference is 45 — 
50 = 40 — 45 = —5. 

Formulas for arithmetic sequences 
(1) The nth term, or last term: / = a+ (n — 1)d 


(2) The sum of the first n terms: 5 = 5(a L7o [2a + (n — 1)d] 


where a = first term of the sequence; d = common difference; 
n = number of terms; / = nth term, or last term; 
S = sum of first n terms. 


EXAMPLE 22.1. Consider the arithmetic sequence 3, 7, 11,... where a= 3 andd=7—3=11—7=4. The 
sixth term is] =a+(n— 1)d=3+4+(6— 1)4 = 23. 
The sum of the first six terms is 


n 


$= Sat) =56+23)=78 or $= 5 [2a + (n— Nd] = $126) + 6 - 1)4] = 78. 


GEOMETRIC SEQUENCES 


A geometric sequence is a sequence of numbers each of which, after the first, is obtained by multiplying 
the preceding number by a constant number called the common ratio. 
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Thus 5, 10, 20, 40, 80, ... is a geometric sequence because each number is obtained by multiplying 
the preceding number by 2. In the geometric sequence 9, —3, 1 -i, 5. ... the common ratio is 
—3 1 —1/3 1/9 1 
9° -3> 1-1/3 3 


B. Formulas for geometric sequences. 
(1) The nth term, or last term: / = ar’! 
a(r” — 1) _ rl—a 


(2) The sum of the first n terms: S = = , 
r-1 r-—1 


r#l 


where a = first term; r = common ratio; m = number of terms; 
/ = nth term, or last term; S = sum of first n terms. 


EXAMPLE 22.2. Consider the geometric sequence 5, 10, 20,... where a = 5 and 


10 20 
~ 5 10 
The seventh term is / = ar”—! = 5(27—!) = 5(2°) = 320. 


The sum of the first seven terms is 


ar" —1)  5(27-1) | 


S= a aa = 635. 


22.4 INFINITE GEOMETRIC SERIES 


The sum to infinity (S..) of any geometric sequence in which the common ratio r is numerically less than 1 is 
given by 


Soo = ; where |r| < 1. 
rT 


where a = | andr = — 5. Its sum to infinity is 


a 1 1 2 


Se = 7 -T--lp 323° 


22.5 HARMONIC SEQUENCES 


A harmonic sequence is a sequence of numbers whose reciprocals form an arithmetic sequence. 
Thus 


1 
To" 


col 


1 1 
74’ 6? 


Nile 


is a harmonic sequence because 2, 4, 6, 8, 10, ...is an arithmetic sequence. 


22.6 MEANS 


The terms between any two given terms of sequence are called the means between these two terms. 


CHAPTER 22 Sequences and Series 247 


Thus in the arithmetic sequence 3, 5, 7, 9, 11,... the arithmetic mean between 3 and 7 is 5, and four 
arithmetic means between 3 and 13 are 5, 7, 9, 11. 
In the geometric sequence 2, —4, 8, —16, ... two geometric means between 2 and — 16 are —4, 8. 


In the harmonic sequence 


1 1. 1 il 1 
the harmonic mean between 5 and 4 is 3 and three harmonic means between 5 and r are 74S 


SOLVED PROBLEMS 


22.1 Which of the following sequences are arithmetic sequences? 


Gi. 19611 165 Veo. since 6-1 = 10-16 = Ss. G5} 
il 5. 7 . 1. -9 7 dS: 2 2 
(b) gehgege Yes, since | a 1 a d=) 
() 4 1,6 <i... Vein cia deo 6a fi-(-Fe45, Gs 5) 
(d) 9, 12, 16,... No, since 12 —9 4 16 — 12. 
ee ees Fee 
ae ec ak a ar ae 
(f) 7,9+3p, 11+ 6p,... Yes, with d= 2+ 3p. 


22.2 Prove the formula S = (n/2)(a + /) for the sum of the first n terms of an arithmetic sequence. 
SOLUTION 


The sum of the first n terms of an arithmetic sequence may be written 


S=a+t+(at+d)+(a+2d)+---+/ (terms) 
or S=l4+(—d)+(l-—2d)+---+a (n terms) 


where the sum is written in reversed order. 
Adding, 28 =(a+1)4+(a4+/1)4+(a4+1)4+---+(a4+l) to n terms. 


Hence 28 = n(a+1) and $= 5(a +1). 


22.3 Find the 16th term of the arithmetic sequence: 4,7, 10, ... 


SOLUTION 
Herea=4,n=16,d=7—4=10—7=3, and/=a+(n— 1l)d=4+4 (16—- 1)3 = 49. 


22.4 Determine the sum of the first 12 terms of the arithmetic sequence: 3, 8, 13, ... 


SOLUTION 
Here a =3,d=8—3=13-—-8=5,n= 12, and 


12 
S= S[2a+ (n— 1d] = 52GB) + 12 — 1)5] = 366. 
Otherwise: lT=a4+(n— Id=34+(12-1)5=58 and 
$=" atl) = G + 58) = 366, 


248 CHAPTER 22 Sequences and Series 


22.5 Find the 40th term and the sum of the first 40 terms of the arithmetic sequence: 10, 8, 6,... 


SOLUTION 
Here d = 8 —10 =6—8=-2,a=10,n=40. 
Then l=a+t(n—1)d = 10+(40—1)(—2)=-—68 and 


n 40 
S=sterih= 00 68) = —1160. 


22.6 Which term of the sequence 5, 14, 23, ... is 239? 


SOLUTION 
l=a4+(n—1)d, 239 = 5+ (n— 1)9, 9n = 243 and the required term is n = 27. 


22.7 Compute the sum of the first 100 positive integers exactly divisible by 7. 


SOLUTION 

The sequence is 7, 14, 21, ... an arithmetic sequence in which a = 7, d= 7, n = 100. 
n 100 

Hence = 3a +(n—1)d] = “a eM) + (100 — 1)7] = 35 350. 


22.8 How many consecutive integers, beginning with 10, must be taken for their sum to equal 2035? 


SOLUTION 
The sequence is 10, 11, 12, ... an arithmetic sequence in which a = 10, d= 1, S = 2035. 
Using Ss sat (n- 1d], 
n n 


we obtain 2035 = 3l20 +(n—1)1], 2035 = a +19), n’+19n— 4070 = 0, 


(n—55)n+74)=0, n=55, —74. 
Hence 55 integers must be taken. 


22.9 How long will it take to pay off a debt of $880 if $25 is paid the first month, $27 the second month, $29 
the third month, etc.? 


SOLUTION 
From S = F[a+(n- Dd], 
we obtain 880 = 5205) +(n—1)2], 880=24n+n’, n*+24n— 880 =0, 


(n — 20)(n + 44) = 0, n = 20, —44. 
The debt will be paid off in 20 months. 


22.10 How many terms of the arithmetic sequence 24, 22, 20, ... are needed to give the sum of 150? Write the 
terms. 


SOLUTION 
150 = 5 [48 +(n—1)(—2)], n*?—25n+150=0, (n—10)(n—15)=0, n= 10, 15. 


Forn= 10: 24, 22, 20, 18, 16, 14, 12, 10, 8, 6. 
Forn= 15: 24, 22, 20, 18, 16, 14, 12, 10, 8, 6, 4, 2, 0, —2, —4. 
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Determine the arithmetic sequence whose sum to n terms is n? + 2n. 


SOLUTION 


The nth term = sum to n terms — sum to n — | terms 
=n +2n—[(n— 1% +2n— 1] = 2n4+1. 
Thus the arithmetic sequence is 3, 5, 7, 9,... 


Show that the sum of n consecutive odd integers beginning with 1 equals n’. 


SOLUTION 


We are to find the sum of the arithmetic sequence 1, 3, 5, ... to n terms. 


Then a-1,d=2,n=n and S=FRat(n Dd] = 5 (20) + (n= 12] = 2°. 


Find three numbers in an arithmetic sequence such that the sum of the first and third is 12 and the 
product of the first and second is 24. 


SOLUTION 


Let the numbers in the arithmetic sequence be (a — d), a, (a+ d). Then (a — d)+(a+d)= 12 ora=6. 
Since (a — d)a = 24, (6 — d)6 = 24 or d = 2. Hence the numbers are 4, 6, 8. 


Find three numbers in an arithmetic sequence whose sum is 21 and whose product is 280. 


SOLUTION 


Let the numbers be (a — d), a, (a+ d). Then (a— d)+a+(a+d)=21 ora=7. 
Since (a — d)(a)(a + d) = 280, a(a* — d?) = 7(49 — d”) = 280 and d = +3. 
The required numbers are 4, 7, 10 or 10, 7, 4. 


Three numbers are in the ratio of 2:5: 7. If 7 is subtracted from the second, the resulting numbers form 
an arithmetic sequence. Determine the original numbers. 


SOLUTION 


Let the original numbers be 2x, 5x, 7x. The resulting numbers in the arithmetic sequence are 2x, (5x — 7), 7x. 
Then (5x — 7) — 2x = 7x — (5x — 7) or x = 14. Hence the original numbers are 28, 70, 98. 


Compute the sum of all integers between 100 and 800 that are divisible by 3. 


SOLUTION 
The arithmetic sequence is 102, 105, 108, ..., 798. Then / = a+ (n— 1)d, 798 = 102 + (n — 1)3, n = 233, and 


n 233 
S=5 (a+ 1) = (102 +798) = 104850. 


A slide of uniform grade is to be built on a level surface and is to have 10 supports equidistant from each 
other. The heights of the longest and shortest supports will be 425 feet and 2 feet respectively. Determine 
the required height of each support. 


SOLUTION 


From / = a+ (n — 1) d we have 424 =2+4+(10-1)dandd= 4s ft. 
Thus the heights are 2, 64, 11, 15}, 20, 244, 29, 333, 38, 424 feet respectively. 
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A freely falling body, starting from rest, falls 16 ft during the first second, 48 ft during the second 
second, 80 ft during the third second, etc. Calculate the distance it falls during the fifteenth second 
and the total distance it falls in 15 seconds from rest. 


SOLUTION 


Here d = 48 — 16 = 80 — 48 = 32. 
During the 15th second it falls a distance / = a+ (n— 1)d = 16+ (15 — 1) 32 = 464 ft. 


1 
Total distance covered during 15 sec is S = 5 (a +D= 26 + 464) = 3600 ft. 


In a potato race, 8 potatoes are placed 6 ft apart on a straight line, the first being 6 ft from the basket. A 
contestant starts from the basket and puts one potato at a time into the basket. Find the total distance she 
must run in order to finish the race. 


SOLUTION 
Here a = 2-6 = 12 ft and / = 2(6- 8) = 96 ft. Then § = (a+) = (12 +96) = 4328 


Show that if the sides of a right triangle are in an arithmetic sequence, their ratio is 3:4:5. 
SOLUTION 
Let the sides be (a — d), a, (a +d), where the hypotenuse is (a + d). 

Then (a + dy? =a? + (a—d)* or a = 4d. Hence (a — d):a: (a+ d) = 3d:4d:5d = 3:4:5. 


Derive the formula for the arithmetic mean (x) between two numbers p and q. 


SOLUTION 


i : : : = _1 
Since p, x, g are in an arithmetic sequence, we have x —-p=q—x orx=5(p+4). 


Find the arithmetic mean between each of the following pairs of numbers. 


(a) 4 and 56. Arithmetic mean = a“ = 30. 

(b) 3/2 and —6/2. Arithmetic mean = 32 — = — 

(c) a+5d and a — 3d. Arithmetic mean = e348) - aed =a-+d. 

Insert 5 arithmetic means between 8 and 26. 

SOLUTION 

We require an arithmetic sequence of the form 8, —, —, —, —, —, 26; thus a = 8, / = 26 andn=7. 


Then /=a+(n— 1)d,26=8+(7-— 1)d,d=3. 
The five arithmetic means are 11, 14, 17, 20, 23. 


Insert between | and 36 a number of arithmetic means so that the sum of the resulting arithmetic 
sequence will be 148. 
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SOLUTION 


S=5n(at+), 148 = 5n(1 + 36), 37n = 296 and n=8. 
l=a+(n—1)d, 36=1+(8—1)d, 7d=35 and d=5. 


The complete arithmetic sequence is 1, 6, 11, 16, 21, 26, 31, 36. 


22.25 Which of the following sequences are geometric sequences? 


12 
(a) 3,6, 12,... Yes, since : = ra =). (r=2) 
12 9 3 3 
b) 16, 12,9,... Y i —=—=-. =— 
(b) 16, 12, 9, es, since ‘1 A (- ;) 
: 3 —9 
(GC) -= 15°35. = 9525 Yes, | 3. (r = —3) 
: 4 9 
(d) 1,4,9,... No, since — # -. 
1° 4 
11.2 1 2 2 2 
(e) =, =, -,... Ws Mn r=- 
23 9 1/2 1/3 3 3 
i) A . I/h 1/2h3 1 1 
2h, —, —=,..- Y = a : = —~ 
Cf) 2h, Fs ope Ee Oh Ch | Oe "= Om 
22.26 Prove the formula 
r’—] 
gt = 
r—1 
for the sum of the first n terms of a geometric sequence. 
SOLUTION 
The sum of the first n terms of a geometric sequence may be written 
(1) S=a+tartar+ar+---+ar"! (n terms). 


Multiplying (1) by r, we obtain 


(2) rS=artar+are+---+ar"!+ar' (n terms). 
Subtracting (1) from (2), 


rS—S=ar"—a, (r—1)S=a(r" —1) and S 


r-1 


22.27 Find the 8th term and the sum of the first eight terms of the sequence 4, 8, 16, ... 


SOLUTION 


Here a= 4, r= 8/4 = 16/8 = 2,n=8. 
The 8th term is 7 = ar”~! = 4(2)®"! = 4(27) = 4(128) = 512. 
The sum of the first eight terms is 


ni 8 = 
sa ar 1) 2 42 1) 2 4(256 — 1) — 1020. 
r-1 2-1 1 


_ a1) 
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Find the 7th term and the sum of the first seven terms of the sequence 9, — 6, 4, ... 


SOLUTION 
—6 4 2 
H =O: Se 
ere a r 9 7 ; 
a 64 
Then the 7th term is l=ar’! =9[(— 3) = ai 


ee a(r"— 1) a(l—r") _ 9[1 —(—2/3)’] _ 9[1 — (—128/2187)]__ 463 
Fst ~~ jer bao 5/3 81 


The second term of a geometric sequence is 3 and the fifth term is 81/8. Find the eighth term. 


SOLUTION 
1 4 81 27 
5th term = ar* = ca 2nd term = ar =3. Then ee ae rP=— and r= of 
8 ar 3 8 2 
1 (27 2187 
Hence the 8th term = ar’ = (ar*) >= ot —j= 2NBT 
8 \8 64 


Find three numbers in a geometric sequence whose sum is 26 and whose product is 216. 


SOLUTION 


Let the numbers in geometric sequence be a/r, a, ar. Then (a/r)(a)(ar) = 216, a = 216 anda=6. 
Also a/r+a-+ar= 26, 6/r+ 6+ 6r = 26, 6r? — 20r + 6 = 0 and r = 1/3, 3. 
For r = 1/3, the numbers are 18, 6, 2; for r= 3, the numbers are 2, 6, 18. 


The first term of a geometric sequence is 375 and the fourth term is 192. Find the common ratio and the 
sum of the first four terms. 


SOLUTION 


Ist term = a = 375, 4th term = ar? = 192. Then 3757? = 192, r? = 64/125 and r= 4/5. 
The sum of the first four terms is 


_ alr") 375[1 — (4/5)*] 


: l-r = 1-4/5 


= 1107. 


The first term of a geometric sequence is 160 and the common ratio is 3/2. How many consecutive terms 
must be taken to give a sum of 2110? 


SOLUTION 


_ n_ n n 5 
get =). agate A= 2\ She 2) = a(2), nas. 
i-r 3/2—1 2 32 


The five consecutive terms are 160, 240, 360, 540, 810. 


In a geometric sequence consisting of four terms in which the ratio is positive, the sum of the first two 
terms is 8 and the sum of the last two terms is 72. Find the sequence. 
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SOLUTION 


3 
The four terms are a, ar, ar, ar?. Then a + ar = 8 and ar’ + ar’ = 72. 


bape ae 72 
ar ar’ ar( a = 9, so that r = 3. 


H = = 
oe a+ar a(l+r) 8 


Since a + ar = 8, a = 2 and the sequence is 2, 6, 18, 54. 


Prove that x, x + 3, x + 6 cannot be a geometric sequence. 


SOLUTION 


If x, x +3, x+ 6 is a geometric sequence then 


_—x+3  xt+6 


r =——, P+ 6x+9=x7 4 6x or 9=0. 
x x+3 


Since this equality can never be true, x, x +3, x + 6 cannot be a geometric sequence. 


A boy agrees to work at the rate of one cent the first day, two cents the second day, four cents the third 
day, eight cents the fourth day, etc. How much would he receive at the end of 12 days? 


SOLUTION 
Here a= 1,r=2,n= 12. 


— ar" —1) 


r—-—1 


S 2!? _ | = 4096 — 1 = 4095¢ = $40.95. 


It is estimated that the population of a certain town will increase 10% each year for four years. What is 
the percentage increase in population after four years? 


SOLUTION 


Let p denote the initial population. After one year the population is 1.10p, after two years (1.10)"p, after three years 
(1.10)°p, after four years (1.10)*p = 1.46p. Thus the population increases 46%. 


From a tank filled with 240 gallons of alcohol, 60 gallons are drawn off and the tank is filled up with 
water. Then 60 gallons of the mixture are removed and replaced with water, etc. How many gallons 
of alcohol remain in the tank after 5 drawings of 60 gallons each are made? 


SOLUTION 


After the first drawing, 240 — 60 = 180 gal of alcohol remain in the tank. 
After the second drawing, 


of alcohol remain, etc. 
The geometric sequence for the number of gallons of alcohol remaining in the tank after successive drawings is 


3 


180, 180 180 3)" h = 180 we 
5 4)° 4 s+. Where a = ae G 
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After the fifth drawing (n = 5): 
3 4 
l=ar'= 180(7) = 57 gal 
of alcohol remain. 


22.38 A sum of $400 is invested today at 6% per year. To what amount will it accumulate in five years if 
interest is compounded (a) annually, (b) semiannually, (c) quarterly? 


SOLUTION 


Let P = initial principal, i = interest rate per period, S = compound amount after n periods. 
At end of Ist period: interest = Pi, new amount = P + Pi = P(1 +i). 
At end of 2nd period: interest = P(1 + i)i, new amount = P(l+ 71) + Pd +iai= PA+ i). 
Compound amount at end of n periods is S = P(1 +i)”. 


(a) Since there is 1 interest period per year, n = 5 and i = 0.06. 
S = P(1 +i)" = 400(1 + 0.06)° = 400(1.3382) = $535.28 
(b) Since there are 2 interest periods per year, n = 2(5) = 10 andi = 5(0.06) = 0.03. 
S = P(1 +i)" = 400(1 + 0.03)!° = 400(1.3439) = $537.56. 
(c) Since there are 4 interest periods per year, n = 4(5) = 20 and i= +(0.06) = 0.015. 
S = P(1 +i)" = 400(1 + 0.015)? = 400(1.3469) = $538.76. 


22.39 What sum (P) should be invested in a loan association at 4% per annum compounded semiannually, so 
that the compound amount (S) will be $500 at the end of 35 years? 


SOLUTION 


Since there are 2 interest periods per year, n= 2(3 5) =7 (periods) and the interest rate per period is 
i = 5(0.04) = 0.02. 
Then S = P(1 +i)" or P= SU +i” = 500(1 + 0.02)~’ = 500(0.870 56) = $435.28. 


22.40 Derive the formula for the geometric mean, G, between two numbers p and q. 


SOLUTION 
Since p, G, q are in geometric sequence, we have G/p = q/G, @= pg and G= +,/pq. 


It is customary to take G = ./pq if p and g are positive. 
and G = —./pq if p and g are negative. 


22.41 Find the geometric mean between each of the following pairs of numbers. 


(a) 4 and 9. G= /40) =6 
(b) —2 and -8. G= -—/(—2-8) = -4 


() V74+V¥3 and J7- V3.0 G=V(V74+ 73/7 — V3) = V7—-3 =2 


22.42 Show that the arithmetic mean A of two positive numbers p and gq is greater than or equal to their 
geometric mean G. 
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SOLUTION 
Arithmetic mean of p and q is A= 3(p + q). Geometric mean of p and q is G= ,/pq. 


Then A — G = 3(p +4) — JPG = 3(P — 2./P9+ D) = 3 — VO 
Now 3(/P - Ja is always positive or zero; hence A > G. (A = Gif and only if p = q.) 


22.43 Insert two geometric means between 686 and 2. 
SOLUTION 


We require a geometric sequence of the form 686, —, —, 2 where a = 686, 1 = 2,n = 4. 
Then / = ar""!, 2 = 68677, > = 1/343 and r = 1/7. 
Thus the geometric sequence is 686, 98, 14, 2 and the means are 98, 14. 


Note. Actually, r> = 1/343 is satisfied by three different values of r, one of the roots being real and two 
imaginary. It is customary to exclude geometric sequences with imaginary numbers. 


22.44 Insert five geometric means between 9 and 576. 
SOLUTION 
We require a geometric sequence of the form 9,—, —, —, —, —, 576 where a = 9, 1 = 576, n= 7. 
Then / = ar""!, 576 = 9r°, r° = 64, 7? = +8 and r= +2. 


Thus the sequences are 9, 18, 36, 72, 144, 288, 576 and 9, — 18, 36, —72, 144, —288, 576; and the corres- 
ponding means are 18, 36, 72, 144, 288 and — 18, 36, —72, 144, —288. 


22.45 Find the sum of the infinite geometric series. 


1 1 a 2 

ch pS i ih hs a 
oe eues ears Top eae 

12 4 8 a 1/3 1 
db) =—— es eute Soac= = = 
Os-ota ait i—y (—-(-2) 3 

1 1 a 1 1.04 104 

() 14——+ = = 26 


104 * (oa i<7 (1/4 esi" 4 


22.46 Express each of the following repeating decimals as a rational fraction. 


(a) 0.444... (b) 0.4272727... — (c) 6.305305... — (d) 0.78367836... 
SOLUTION 
(a) 0.444... = 0.440.04+0.004+..., where a =0.4,r=0.1. 
a 04 04 4 
ne 


l1-r 1-01 09 9 


(b) 0.4272727... = 0.4 + 0.0272727... 
0.0272727. .. = 0.027 + 0.00027 + 0.0000027 + ..., where a = 0.027, r = 0.01. 


pe ggg OO gg Fe 
ee | TOO OO I TO. THO 
(c) 6.305305... = 6 + 0.305305... 
0.305305... = 0.305 + 0.000305 + ..., where a = 0.305, r= 0.001. 
0.305 305 305 
ep == oy ag 


i—r 10.001 ° * 999 ~ °599 
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(d) 0.78367836... = 0.7836 + 0.00007836 + ..., where a = 0.7836, r = 0.0001. 


a __ 0.7836 7836 «2612 
1—r  1—0.0001 9999 3333 


Soo = 


The distances passed over by a certain pendulum bob in succeeding swings form the geometric 


sequence 16, 12, 9,... inches respectively. Calculate the total distance traversed by the bob before 
coming to rest. 
SOLUTION 

Soo = = " as = 64 inches 


j=7 1-34 (4 


1 1 1 
Find the least number of terms of the series 3 + 6 +—-+ .--- that should be taken so that their sum will 


12 
differ from their sum to infinity by less than 1/1000. 
SOLUTION 
Let S.. = sum to infinity, S,, = sum to n terms. Then 
a a(1 —r") _ ar" 
Seo =F r l-r  1-r 
It is required that 
r" 1 
= <pgp° Where @= 1/3. = 1/2. 
Then 
1/3)(1/2)" 1 1 1 2 
We a <——, 3(2") > 2000, 2" > 666<. 
1-1/2 1000, 3(2") =. 2000 3 


When n = 9, 2” < 666 z; when n = 10, 2” > 666 5. Thus at least 10 terms should be taken. 


Which of the following sequences are harmonic sequences? 


111 
(a) yep is a harmonic sequence since 3, 5, 7, ... is an arithmetic sequence. 
111 
(b) 2, 4, 6,... is not a harmonic sequence since Oe are is not an arithmetic sequence. 
I 21 : ; : 15 ; . . 
(c) =, =, 5;--- is a harmonic sequence since 12, —, 3, ... is an arithmetic sequence. 
12° 15° 3 2 
Z 111 
Compute the 15th term of the harmonic sequence e700" 


SOLUTION 
The corresponding arithmetic sequence is 4, 7,10, ...; its 15th term is / = a+(n— 1)d=4+4+(15 — 1)3 = 46. 


if 
Hence the 15th term of the harmonic progression is 76: 


Derive the formula for the harmonic mean, H, between two numbers p and gq. 
SOLUTION 


Since p, H, qg is a harmonic sequence, is an arithmetic sequence. 
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2, 
we aaa! and He 


1 
Then = : 
q Pq p+q 


It 4-4 2 
H p q H 4H 
Another method. 


: : : : 1 1 
Harmonic mean between p and qg = reciprocal of the arithmetic mean between — and -. 


. . 1 Ld. D7d 2 pt+qd 
Arithmetic mean between — and — = + = : 
Pq 2\p 4 2pq 


2 
Hence the harmonic mean between p and g = mee 


p+q 
22.52 What is the harmonic mean between 3/8 and 4? 
SOLUTION 


35 
24° 


Arithmetic mean between 8 and ! = i(? + : — 
3 4 2\3 


3 
Hence the harmonic mean between 8 and 4 = 24/35. 


2pq _ 2(3/8)(4) 24 
pt+q.  3/8+4 °° 35° 


Or, by formula, harmonic mean = 


22.53 Insert four harmonic means between 1/4 and 1/64. 
SOLUTION 


To insert four arithmetic means between 4 and 64: / = a+ (n — 1)d, 64 = 4+ (6— 1)d, d = 12. 
Thus the four arithmetic means between 4 and 64 are 16, 28, 40, 52. 


1 1 it - ad 7 
Hence the four harmonic means between 4 and ar 


64° 16’ 28° 40’ 52° 


22.54 Insert three harmonic means between 10 and 20. 


SOLUTION 
: : . 1 1 
To insert three arithmetic means between 0 and 20° 
I + ( l)d d : +(5- ld d : 
=a n—- 5 = — -_ 5 Sy 
20 10 80 
Thus the th ithmeti bet : aes fe 
us the three arithmetic means between i028 70 *© 89° 80° 80° 
; 80 40 
Hence the three harmonic means between 10 and 20 are 73? 16. 


22.55 Determine whether the sequence —1, —4, 2 is in arithmetic, geometric or harmonic sequence. 


SOLUTION 


Since —4 — (—1) 4 2 — (—4), it is not in arithmetic sequence. 


: —4 a 4. . F 
Since = # =, it is not in geometric sequence. 


1 1 1 
Since =P aaa are in arithmetic sequence, i.e., 4 (-D= 5 ( I the given sequence is in harmonic 


sequence. 


See Chapter 34 for more solved problems and more supplementary problems. 


258 


CHAPTER 22 Sequences and Series 


SUPPLEMENTARY PROBLEMS 


22.56 


22.57 


22.58 


22.59 


22.60 


22.61 


22.62 


22.63 


22.64 


22.65 


22.66 


22.67 


22.68 


22.69 


22.70 


22.71 


22.72 


Find the nth term and the sum of the first n terms of each arithmetic sequence for the indicated value of n. 


(a) 1, 7, 13,...n= 100 (c) —26, —24, —22,...n= 40 (e) 3, 45,6,... n= 3) 
(b) 2, 54,9,...n = 23 (d) 2,6, 10,... n= 16 (Gf) x-—y,x,x+y,...n=30 


Find the sum of the first n terms of each arithmetic sequence. 


@ 230 WBewa. wibsst.. 


An arithmetic sequence has first term 4 and last term 34. If the sum of its terms is 247, find the number of terms and 
their common difference. 


An arithmetic sequence consisting of 49 terms has last term 28. If the common difference of its terms is 1/2, find the 
first term and the sum of the terms. 


Find the sum of all even integers between 17 and 99. 

Find the sum of all integers between 84 and 719 which are exactly divisible by 5. 

How many terms of the arithmetic sequence 3, 7, 11, ... are needed to yield the sum 1275? 

Find three numbers in an arithmetic sequence whose sum is 48 and such that the sum of their squares is 800. 


A ball starting from rest rolls down an inclined plane and passes over 3 in. during the Ist second, 5 in. during the 2nd 
second, 7 in. during the 3rd second, etc. In what time from rest will it cover 120 inches? 


If 1¢ is saved the Ist day, 2¢ the 2nd day, 3¢ the third day, etc., find the sum that will accumulate at the end of 
365 days. 


The sum of 40 terms of a certain arithmetic sequence is 430, while the sum of 60 terms is 945. Determine the nth 
term of the arithmetic sequence. 


Find an arithmetic sequence which has the sum of its first n terms equal to 2n* + 3n. 


Determine the arithmetic mean between (a) 15 and 41, (b) — 16 and 23, (c) 2 — V3 and 4 + 373, (d) x — 3y and 
5x + 2y. 


(a) Insert 4 arithmetic means between 9 and 24. 

(b) Insert 2 arithmetic means between — 1 and 11. 

(c) Insert 3 arithmetic means between x + 2y and x + 10y. 

(d) Insert between 5 and 26 a number of arithmetic means such that the sum of the resulting arithmetic sequence 
will be 124. 


Find the nth term and the sum of the first n terms of each geometric sequence for the indicated value of n. 
(a) 2,3,9/2,... n=5 (d) 1,3,9,... n=8 
(b) 6, —12, 24,...n=9 (e) 8,4,2,... n= 12 
(c) 1,1/2,1/4,...n=10 § (f) V3,3,3V3,...n=8 


Find the sum of the first n terms of each geometric sequence. 
(a) 1, 1/3, 1/9,... (b) 4/3, 2, 3,... (c) Wy. = 25,4) 205 


A geometric sequence has first term 3 and last term 48. If each term is twice the previous term, find the number of 
terms and the sum of the geometric sequence. 
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Prove that the sum S$ of the terms of a geometric sequence in which the first term is a, the last term is / and the 
common ratio is r is given by 


_rl-a 


ro1- 


In a geometric sequence the second term exceeds the first term by 4, and the sum of the second and third terms is 24. 
Show that there are two possible geometric sequences satisfying these conditions and find the sum of the first 5 
terms of each geometric sequence. 


In a geometric sequence consisting of four terms, in which the ratio is positive, the sum of the first two terms is 10 
and the sum of the last two terms is 22 + Find the sequence. 


The first two terms of a geometric sequence are b/(1 +c) and b/(1 + c)’. Show that the sum of n terms of this 
sequence is given by the formula 
1 — 1 —2 
c= »(—") 
c 


Find the sum of the first n terms of the geometric sequence: a — 2b, ab? — 2b>, ab* — 2b°,... 


The third term of a geometric sequence is 6 and the fifth term is 81 times the first term. Write the first five terms of 
the sequence, assuming the terms are positive. 


Find three numbers in a geometric sequence whose sum is 42 and whose product is 512. 


The third term of a geometric sequence is 144 and the sixth term is 486. Find the sum of the first five terms of the 
geometric sequence. 


A tank contains a salt water solution in which is dissolved 972 lb of salt. One third of the solution is drawn off and 
the tank is filled with pure water. After stirring so that the solution is uniform, one third of the mixture is again 
drawn off and the tank is again filled with water. If this process is performed four times, what weight of salt 
remains in the tank? 


The sum of the first three terms of a geometric sequence is 26 and the sum of the first six terms is 728.What is the nth 
term of the geometric sequence? 


The sum of three numbers in geometric sequence is 14. If the first two terms are each increased by | and the third 
term decreased by 1, the resulting numbers are in an arithmetic sequence. Find the geometric sequence. 


Determine the geometric mean between: 
(a) 2 and 18, (b) 4 and 6, (c) —4 and — 16, (d) a+b and 4a + 4b. 


(a) Insert two geometric means between 3 and 192. 
(b) Insert four geometric means between J/2 and 8. 
(c) The geometric mean of two numbers is 8. If one of the numbers is 6, find the other. 


The first term of an arithmetic sequence is 2; and the first, third and eleventh terms are also the first three terms of a 
geometric sequence. Find the sum of the first eleven terms of the arithmetic sequence. 


How many terms of the arithmetic sequence 9, 11, 13, ... must be added in order that the sum should equal the sum 
of nine terms of the geometric sequence 3, —6, 12, —24,...? 


In a set of four numbers, the first three are in a geometric sequence and the last three are in an arithmetic sequence 
with a common difference of 6. If the first number is the same as the fourth, find the four numbers. 
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22.89 


22.90 


22.91 


22.92 


22.93 


22.94 


22.95 


22.96 


22.97 


22.98 
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Find two numbers whose difference is 32 and whose arithmetic mean exceeds the geometric mean by 4. 


Find the sum of the infinite geometric series. 
(a) 3+14+1/34+--- (©) 14 1/241/24+--- (2) 4—8/34+16/9---- 
(b) 44+2+14--- (d) 6-2+42/3---- (f) 1+0.14+0.01+--- 


The sum of the first two terms of a decreasing geometric series is 5/4 and the sum to infinity is 9/4. Write the first 
three terms of the geometric series. 


The sum of an infinite number of terms of a decreasing geometric series is 3, and the sum of their squares is 
also 3. Write the first three terms of the series. 


The successive distances traversed by a swinging pendulum bob are respectively 36, 24, 16, ... in. Find the distance 
which the bob will travel before coming to rest. 


Express each repeating decimal as a rational fraction. 


(a) 0.121212--» (c) 0.270270:-. (e) 0.1363636--- 
(b) 0.090909--- (d) 1.424242... (f) 0.428571428571428 --- 


(a) Find the 8th term of the harmonic sequence 2/3, 1/2, 2/5,... 
(b) Find the 10th term of the harmonic sequence 5, 30/7, 15/4, ... 
(c) What is the nth term of the harmonic sequence 10/3, 2, 10/7, ...? 


Find the harmonic mean between each pair of numbers. 
(a) 3and6~— (b)- 1/2 and 1/3 (c) V3 and J/2. (d) a+banda—b 


(a) Insert two harmonic means between 5 and 10. 
(b) Insert four harmonic means between 3/2 and 3/7. 


An object moves at uniform speed a from A to B and then travels at uniform speed b from B to A. Show that the 
average speed in making the round trip is 2ab/(a+b), the harmonic mean between a and b. Calculate the 
average speed if a = 30 ft/sec and b = 60 ft/sec. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


22.56 


22.57 


22.58 


22.59 


22.60 


22.61 


22.62 


22.63 


22.64 


(a) 1= 595, S = 29 800 (c) 1=52, $= 520 (e) 1=57,S= 1110 
(b) 1=79, S= 9314 (d) 1= 62, S=512 (f) l= x+ 28y, S = 30x + 405y 


n(n + 1) n(7n — 1) 
5) (b) n3n —1) (c) a 


(a) 
n=13,d=5/2 
a=4, S = 784 
2378 

50 800 

25 

12, 16, 20 


10 sec 
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22.65 $667.95 


n+1 
2 


22.66 
22.67 5,9, 13,17,... nth term = 4n+ 1 
22.68 (a) 28, (6) 7/2, (c) 3+V3, (d 3x-y/2 


22.69 (a) 12, 15, 18, 21 (c) x+4y, x+ 6y, x+ 8y 


(b) 3,7 (d) The arithmetic sequence is 5, 8, 11, 14, 17, 20, 23, 26 


22.70 (a) 1=81/8,S=211/8 (c) 1= 1/512, S = 1023/512 


(b) 1= 1536, S = 1026 (d) 1= 2187, S = 3280 


3 1 i‘ 8 3 be 1—(—2)" 
an @'-G)] ©3[G)-] e== 


22.72 n=5,S=93 
22.74 2,6, 18,... and S = 242; 4, 8, 16,... and S = 124 


22.75 4, 6,9, 27/2 


(a — 2b) x (b?" — 1) 
be 1 


22.78 2/3, 2, 6, 18, 54 


22.77 


22.79 2, 8, 32 

22.80 844 

22.81 192 1b 

22.82 2-3"! 

22.83 2,4,8 

22.84 (a)6 (b)2V6 (c) —8 = (d) 2a42b 
22.85 (a) 12,48 (b) 2,2V2,4,4/2 = (c) 32/3 
22.86 187 or 22 

22.87 19 

22.88 8, —4,2,8 

22.89 18, 50 

22.90 (a) 9/2 (b)8 (©) 4/3. (d) 9/2 (e) 12/5 
22.91 3/4, 1/2, 1/3 


22.92 3/2, 3/4, 3/8 


(e) 1= 1/256, S = 4095/256 
(f) 1= 81, S= 120+ 40/3 


(f) 10/9 
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22.93 
22.94 
22.95 
22.96 
22.97 


22.98 


108 in. 


(a) 4/33 (b) 1/11. (e):10/37 


10 


(@ 1/5 @)2 (©) re 


(a) 4 (b) 2/5 (ec) 6/2 — 43 


(a) 6, 15/2 (b) 1, 3/4, 3/5, 1/2 


40 ft/sec 


Sequences and Series 


Logarithms 


23.1 DEFINITION OF A LOGARITHM 


If b* = N, where N is a positive number and b is a positive number different from 1, then the exponent x is the 
logarithm of N to the base b and is written x = log, N. 


EXAMPLE 23.1. Write 37 = 9 using logarithmic notation. 
Since 3” = 9, then 2 is the logarithm of 9 to the base 3, i.e., 2 = log; 9. 


EXAMPLE 23.2. Evaluate log, 8. 
log, 8 is that number x to which the base 2 must be raised in order to yield 8, 1.e., 2" = 8, x = 3. Hence log, 8 = 3. 


Both b* = N and x = log, N are equivalent relationships; b* = N is called the exponential form and 
x = log, N the logarithmic form of the relationship. As a consequence, corresponding to laws of exponents 
there are laws of logarithms. 


23.2 LAWS OF LOGARITHMS 


I. The logarithm of the product of two positive numbers M and N is equal to the sum of the logarithms of the 
numbers, i.e., 


log, MN = log, M + log, N. 


II. The logarithm of the quotient of two positive numbers M and N is equal to the difference of the logarithms 
of the numbers, i.e., 


M 
log, N= log, M — log, N. 


Il. The logarithm of the pth power of a positive number M is equal to p mutiplied by the logarithm of the 
number, i.e., 


log, M? = plog, M. 
EXAMPLES 23.3. Apply the laws of logarithms to each expression. 
17 
(a) log, 3(5) (b) logy 4 (c) log, 5° (d) logi V2 
(a) log, 3(5) = log, 3 + log, 5 
17 
(b) losio 54 = logy 17 — logy, 24 
(c) log, 5° = 3 log, 5 
1 
(d) logy V2 = logyg 2! = 3 810 2 


263 


264 CHAPTER 23 _ Logarithms 


23.3 COMMON LOGARITHMS 


The system of logarithms whose base is 10 is called the common logarithm system. When the base is omitted, it 
is understood that base 10 is to be used. Thus log 25 = logy, 25. 
Consider the following table. 


Number V 0.0001 0.001 0.01 0.1 1 10 100 1000 10000 


Exponential 10* 103 10-2 107! 10° 10! 102 10° 104 
form of N 
log N 4 3 2 1 0 1 2 3 4 


It is obvious that 10'°*”7 will give some number greater than 10 (which is 10') but smaller than 100 (which 


is 10°). Actually, 10'°?’” = 34.49; hence log 34.49 = 1.5377. 

The digit before the decimal point is the characteristic of the log, and the decimal fraction part is the 
mantissa of the log. In the above example, the characteristic is | and the mantissa is .5377. 

The mantissa of the log of a number is found in tables, ignoring the decimal point of the number. Each man- 
tissa in the tables is understood to have a decimal point preceding it, and the mantissa is always considered positive. 

The characteristic is determined by inspection from the number itself according to the following rules. 


(1) Fora number greater than 1, the characteristic is positive and is one Jess than the number of digits before 
the decimal point. For example: 


Number 5297 348 900 34.8 60 5.764 3 


Characteristic 3 2 2 1 1 0 0 


(2) Fora number less than 1, the characteristic is negative and is one more than the number of zeros immedi- 
ately following the decimal point. The negative sign of the characteristic is written in either of these two 
ways: (a) above the characteristic as 1, 2, etc.; (b) as 9 — 10, 8 —10, etc. Thus the characteristic of 0.3485 
is 1 or 9 — 10, of 0.0513 is 2 or 8 —10, and of 0.0024 is 3 or 7 — 10. 


23.4 USING A COMMON LOGARITHM TABLE 


To find the common logarithm of a positive number use the table of common logarithms in Appendix A. 
Suppose it is required to find the log of the number 728. In the table of common logarithms glance 
down the N column to 72, then horizontally to the right to column 8 and note the figure 8621, which is 
the required mantissa. Since the characteristic is 2, log 728 = 2.8621. (This means that 728 = 107°?!) 
The mantissa for log 72.8, for log 7.28, for log 0.728, for log 0.0728, etc., is .8621, but the characteristics 
differ. Thus: 
log 728 = 2.8621 log 0.728 = 1.8621 or 9.8621 — 10 
log 72.8 = 1.8621 log 0.0728 = 2.8621 or 8.8621 — 10 
log 7.28 = 0.8621 log 0.007 28 = 3.8621 or 7.8621 — 10 


When the number contains four digits, interpolate using the method of proportional parts. 


EXAMPLE 23.4. Find log 4.638. 
The characteristic is 0. The mantissa is found as follows. 


Mantissa of log 4640 = .6665 
Mantissa of log 4630 = .6656 


Tabular difference = .0009 
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.8 x tabular difference = .000 72 or .0007 to four decimal places. 
Mantissa of log 4638 = .6656 + .0007 = .6663 to four digits. 
Hence log 4.638 = 0.6663. 


The mantissa for log 4638, for log 463.8, for log 46.38, etc., is .6663, but the characteristics differ. Thus: 


log 4638 = 3.6663 log 0.4638 = 1.6663 or 9.6663 — 10 
log 463.8 = 2.6663 log 0.046 38 === 2.6663 or 8.6663 — 10 
log 46.38 = 1.6663 log 0.004 638 = 3.6663 or 7.6663 — 10 
log 4.638 = 0.6663 log 0.000 463 8 = 4.6663 or 6.6663 — 10 


The antilogarithm is the number corresponding to a given logarithm. “The antilog of 3” means “the number 
whose log is 3”; that number is obviously 1000. 


EXAMPLES 23.5. Find the value of N. 
(a) logN = 1.9058  (b) logN =7.8657—10  (c) logN = 9.3842 — 10. 


(a) In the table the mantissa .9058 corresponds to the number 805. Since the characteristic of log N is 1, the number must 
have two digits before the decimal point; thus VN = 80.5 (or antilog 1.9058 = 80.5). 


(b) In the table the mantissa .8657 corresponds to the number 734. Since the characteristic is 7 — 10, the number must have 
two zeros immediately following the decimal point; thus N = 0.007 34 (or antilog 7.8657 — 10 = 0.007 34). 


(c) Since the mantissa .3842 is not found in the tables, interpolation must be used. 


Mantissa of log 2430 = .3856 Given mantissa = .3842 
Mantissa of log 2420 = .3838 Next smaller mantissa = .3838 
Tabular difference = .0018 Difference = .0004 


Then 2420 + 4 (2430 — 2420) = 2422 to four digits, and N = 0.2422. 


23.5 NATURAL LOGARITHMS 


The system of logarithms whose base is the constant e is called the natural logarithm system. When we want to 
indicate the base of a logarithm is e we write In. Thus, In 25 = log, 25. 

The exponential form of In a = b is e? = a. The number e is an irrational number that has a decimal 
expansion e = 2.718 281 828 450 45.... 


23.6 USING A NATURAL LOGARITHM TABLE 


To find the natural logarithm of a positive number use the table of natural logarithms in Appendix B. 

To find the natural logarithm of a number from | to 10, such as 5.26, we go down the N column to 5.2, then 
across to the right to the column headed by .06 to get the value 1.6601. Thus, In 5.26 = 1.6601. This means that 
5.26 = e!-6601 

If we want to find the natural logarithm of a number greater than 10 or less than one, we write the number in 
scientific notation, apply the laws of logarithms, and use the natural logarithm table and the fact that 
In 10 = 2.3026. 


EXAMPLES 23.6. Find the natural logarithm of each number. 
(a) 346 ~—(b) 0.0217 


(a) In 346 = In(3.46 x 107) 
= In3.46 + In 10? 
= In3.46 +2 In 10 
= 1.2413 + 2(2.3026) 
= 1.2413 + 4.6052 
In 346 = 5.8465 
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(b) In 0.0217 = In(2.17 x 1072) 
= In2.17+1n10~? 
= 1n2.17 —2 Inl0 
= 0.7747 — 2(2.3026) 
= 0.7747 — 4.6052 
In 0.0217 = —3.8305 


The value of In 4.638 cannot be found directly from the natural logarithm table since it has four significant 
digits, but we can interpolate to find it. 
In 4.640 = 1.5347 
In 4.630 = 1.5326 


tabular difference = 0.0021 


0.8 x tabular difference = 0.8 x 0.0021 = 0.001 68 or 0.0017 to four decimal places. 

Thus, In 4.638 = In 4.630 + 0.0017 = 1.5326 + 0.0017 = 1.5343. 

The antilogarithm of a natural logarithm is the number that has the given logarithm. The procedure for 
finding the antilogarithm of a natural logarithm less than 0 or greater than 2.3026, requires us to add or subtract 
multiples of In 10 = 2.3026 to bring the natural logarithm into the range 0 to 2.3026 that can be found from the 


table in Appendix B. 


EXAMPLES 23.7. Find the value of N. 
(a) nN=2.1564 (b) NN=~—4.9705 _ (c) InN= 1.8869 


(a) InN = 2.1564 is between 0 and 2.3026, so we look in the natural logarithm table for 2.1564. It is in the table, so we get N 
from the sum of the numbers that head the row and column for 1.1564. Thus, V = antilogarithm 2.1564 = 8.64. 


(b) Since In N = —4.9705 is less than 0, we must rewrite it as a number between 0 and 2.3026 minus a multiple of 
2.3026 = In 10. Since if we add 3 times 2.3026 to —4.9705 we get a positive number between 0 and 2.3026, we 
will rewrite — 4.9705 as 1.9373 — 3(2.3026). 


In N = —4,.9705 
= 1.9373 — 3(2.3026) 
= In 6.94 — 3 In 10 Note: In 6.94 = 1.9373 and In 10 = 2.3026 
=n 6.94+1n 10-7 
= 1n(6.94 x 1073) 
In N = In 0.006 94 
N = 0.006 94 


(c) Since In N = 1.8869 is between 0 and 2.3026, we look for 1.8869 in the natural logarithm table, but it is not there. We 
will have to use interpolation to find N. 


In 6.600 = 1.8871 In N = 1.8869 
In 6.590 = 1.8856 In 6.590 = 1.8856 
tabular difference = 0.0015 difference = 0.0013 


13 
N = 6.590 + 75 (800 — 6.590) = 6.590 + 0.009 = 6.599 


23.7 FINDING LOGARITHMS USING A CALCULATOR 


If the number we want to find the logarithm of a number with four or more significant digits, we can round the 
number to four significant digits and use the logarithm tables and interpolation or we can use a scientific or 
graphing calculator to find the logarithm for the given number. The use of the calculator will yield a more 


accurate result. 
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A scientific calculator can be used to find logarithms and antilogarithms to base 10 or base e. Scientific 
calculators have keys for the log and In functions, and the inverse of these yields the antilogarithms. 

Much of the computation once done using logarithms can be done directly on a scientific calculator. The 
advantages of doing a problem on the calculator are that the numbers rarely have to be rounded and that the 
problem can be worked quickly and accurately. 


SOLVED PROBLEMS 


23.1 Express each of the following exponential forms in logarithmic form: 


(a) pl=r, () B=8 4=16, (d)3?%= . (e) 8-2/3 =1 


SOLUTION 


1 2 1 
(a) q= log, Tr; (b) 3 = log, 8, (c) 2 = log, 16, (d) —2 = log, 9° (e) “5 = loge Z 


23.2 Express each of the following logarithmic forms in exponential form: 
1 
(a) log, 25 = 2, (b) log, 64 = 6, (c) logiya TE = 2, (d) log, a’ = 3, (e) log. 1 = 0. 


SOLUTION 


(a) 5° = 25, (b) 2° = 64, (c) (3) - - (d) & =a’, (e) 2 =1 


23.3 Determine the value of each of the following. 
(a) logy 64. Let logy 64 = x; then 4° = 64 = 4? and x = 3. 
(b) log3 81. Let log3 81 = x; then 3* = 81 = 34 and x = 4. 
(c) logy.8. Let log, ;. 8 = x; then (3)"= 8, (2-!)* = 23, 2-* = 23 and x = —3. 
(2) log /10=x, 10°°=V/10=10'7, x=1/3 
ie be S/See, Sais Gas ss a5", ca 72 


23.4 Solve each of the following equations. 


(@ lexc=2, Pex x=9 

1 
b) 1 =i, 43? = = 
(b) logy 5° i 2% 


(c) log, 25 = 2, x2=25, x= +5. Since bases are positive, the solution is x = 5. 


370 4’ 9’ 9 OF 
(e) log(3x*+2x—4)=0, 10°=3x7+2x—4, 3x74+2x-5=0, x=1, —5/3. 


9 2 9 4 a? 
(d) log, a> "3 ea ae (5) = =< Is the required solution. 


23.5 Prove the laws of logarithms. 


SOLUTION 
Let M = b* and N = b’; then x = log, M and y = log, N. 


I. Since MN = b*- bY = b**’, then log, MN = x+y = log, M + log, N. 
_ M Py M 
Il. Since a b*”, then log, WV 


Ill. Since M? = (b*)? = b?*, then log, M? = px = plog, M. 


=x—y=log, M — log, N. 
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23.6 


23.7 


23.8 
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Express each of the following as an algebraic sum of logarithms, using the laws I, II, II. 
(a) log, UVW = log, (UV)W = log, UV + log, W = log, U + log, V + log, W 


UV 
(b) logy = log, UV — log, W = log, U + log, V — log, W 


XYZ 
(c) Ty Mi a a a 
= logX + log Y + log Z — log P — logQ 
U2 
(d) log V3 = log U? — log V? = 2logU — 3logV 


U?V3 
(ec) log — 


— = log U’V? — log W* = log U? + log V? — log W* 
= 2logU + 3 log V — 4log W 


ae 1/2 a3 __ 1 2 
(f) log Tazz = log U — log V’" = 5 lop U—,loeV 


JB 33/2 ' 3 3 
a _ 3/2 3/4 _ 9 _? 
(g) log, Vy ae log, y3/4 ~ log, x log. y —+ 7108 x 7108. y 
Op on Gaey aR == | Bioee 2 heh lose 
g 4 gs 4 g 3 g 
1 3 1 
=, loga 1g ne jn EF 


Given that log2 = 0.3010, log3 = 0.4771, log5 = 0.6990, log7 = 0.8451 (all base 10) accurate to 
four decimal places, evaluate the following. 


(a) log 105 = log (3-5-7) = log3 + log5 + log7 = 0.4771 + 0.6990 + 0.8451 = 2.0212 
(b) log 108 = log (2? - 3°) = 2log2 +3 log 3 = 2(0.3010) + 3(0.4771) = 2.0333 
(c) log /72 = log \/3? - 23 = log (37/3 - 2) = slog3 + log2 = 0.6191 
(d) log2.4= log = log > = log3 + 3 log 2 — log 10 
= 0.4771 + 3(0.3010) — 1 = 0.3801 
(e) log 0.0081 = log = log 81 — log 10* = log 3* — log 10* 
= 4log 3 — 4 log 10 = 4(0.4771) — 4 = —2.0916 or 7.9084 — 10 


Note. In exponential form this means 10~*-°?!© = 0.0081. 


Express each of the following as a single logarithm (base is 10 unless otherwise indicated). 


2 2 10 
(a) log2 —log3 + log5 = log, + log5 = log, ©) — log 


2 8 
(b) 3log2 —4log3 = log 2? — log 3* = log3z = loss 


1 1 2 
(c) 5 log 25 — slog 64 + 5 log 27 = log 51/2 — 10864"? + log 27°? 


4 
= log5 — log4+ log9 = log? + log9 = log?) = los 


1 
(d) log5 — 1 = log5 — log 10 = log = logs 
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23.9 


23.10 


23.11 


23.12 


(e) 2log3 + 4log2 — 3 = log 3? + log 2+ — 3 log 10 = log 9 + log 16 — log 10° 


1 
= log 9 - 16) — log 10° = log ae 


= log 0.144 


1 
(f) 3log, b — 5 log, ¢ = log, b? + log, c-!/” = log, (b'c~/*) 
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In each of the following equations, solve for the indicated letter in terms of the other quantities. 


(a) logsx =yt+e:x. SOE 
(b) loga = 2logb:a. loga=logh*,a=b* 


(c) log, J = log, Ip — tr. log, I = log, Ip — tlog, e = log, Ip + log, e 


= log, Ibe, IT=Ihbe" 


(d) 2logx+3logy = 4logz—2:y. 
Solving for log y, 3logy = 4logz — 2 — 2logx and 


=f 


4 2 2 
log y = ~logz — = — <logx = log z‘/? + log 10-27 + log x2? = log 4710-77x-7/3, 


3 3.3 
Hence y = 1072/3x7-2/374/3, 


(e) log(x+3)=logx+log3:x. log(x+3)=log3x, x+3 = 3x, 


Determine the characteristic of the common logarithm of each of the following numbers. 


x= 3/2 


(a) 57 (c) 5.63 (e) 982.5 (g) 186000 (i) 0.7314  (k) 0.0071 
(b) 57.4 (d) 35.63 (f) 7824 (h) 0.71 (j) 0.0325 = (Z) 0.0003 


SOLUTION 


(a)1 (0 (e) 2 (g)5 (@) 9-10 (k) 7-10 
(b)1 (dl (f)3 @9-10 (8-10 () 6-10 


Verify each of the following common logarithms. 


(a) log 87.2 = 1.9405 (h) log 6.753 = 0.8295 (8293 + 2) 
(b) log 37 300 = 4.5717 (i) log 183.2 = 2.2630 (2625 + 5) 
(c) log 753 = 2.8768 (7) log 43.15 = 1.6350 (6345 + 5) 
(d) log 9.21 = 0.9643 (k) log 876400 =5.9427 (9425 + 2) 
(e) log 0.382 =9.5821 — 10 (1) log 0.2548 = 9.4062 — 10 (4048 + 14) 


(f) log 0.00 159 = 7.2014 — 10 (m) log 0.043 72 = 8.6407 — 10 (6405 + 2) 
(g) log 0.0256 = 8.4082 — 10 (n) log 0.009 848 = 7.9933 — 10 (9930 + 3) 


Verify each of the following. 


(a) Antilog 3.8531 = 7130 (h) Antilog 2.6715 = 469.3 (3/9 x 10 = 3approx.) 
(b) Antilog 1.4997 = 31.6 (i) Antilog 4.1853 = 15320 (6/28 x 10 = 2approx.) 
(c) Antilog 9.8267 — 10 = 0.671 (j) Antilog 0.9245 = 8.404 (2/5x 10 =4) 
(d) Antilog 7.7443 — 10 = 0.00555 (k) Antilog 1.6089 = 0.4064 (4/11 x 10 = 4approx.) 
(e) Antilog 0.1875 = 1.54 (I) Antilog 8.8907 — 10 = 0.077 75 (3/6 x 10 = 5) 
(f) Antilog 2.3927 = 0.0247 (m) Antilog 1.2000 = 15.85 (13/27 x 10 = Sapprox.) 


(g) Antilog 4.9360 = 86 300 (n) Antilog 7.2409 —10 = 0.001742 (4/25 x 10 = 2 approx.) 
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23.13 Write each of the following numbers as a power of 10: (a) 893, (b) 0.358. 


SOLUTION 
(a) We require x such that 10* = 893. Then x = log 893 = 2.9509 and 893 = 107°, 


(b) We require x such that 10° = 0.358. 
Then x = log 0.358 = 9.5539 — 10 = —0.4461 and 0.358 = 107-°*46!, 


Calculate each of the following using logarithms. 


23.14 P=3.81 x 43.4 
SOLUTION 
log P = log3.81 + log 43.4 
log 3.81 = 0.5809 
(+) log 43.4 = 1.6375 


log P = 2.2184 
Hence P = antilog 2.2184 = 165.3. 
Note the exponential significance of the computation. Thus 


3.81 x 43.4 = 10°98 x 191-9375 


= 1.Q9:3809-+ 1.6375 = 107-2184 = 165.3 


23.15 P=73.42 x 0.004 62 x 0.5143 
SOLUTION 


log P = log 73. 42 + log 0.004 62 + log 0.5143 


log 73. 42 = 1.8658 
(+) log 0.004 62 = 7.6646 — 10 
(+) log 0.5143 = 9.7112 — 10 


log P = 19.2416 — 20 = 9.2416 — 10. 
Hence P = 0.1744. 
784.6 x 0.0431 
28.23 
SOLUTION 


23.16 P= 


log P = log 784.6 + log 0.0431 — log 28.23 


log 784.6 = 2.8947 
(+) log 0.0431 = 8.6345 — 10 


11.5292 — 10 
(—) log28.23 = 1.4507 
log P = 10.0785 — 10 = 0.0785 


P=1.198 
23.17 P= (7.284) 


SOLUTION 
log P = 5 log 7.284 = 5(0.8623) = 4.3115 and P= 20490. 
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23.18 P= 0.8532 


SOLUTION 
1 1 1 
log P = 5108 0.8532 = 5 (9.9310 — 10) = 5 (49.9310 — 50) = 9.9862 —10 and P=0.9687. 
78.41)°./142.3 
23.19 P= ae 
/ 0.1562 
SOLUTION 
log P = 3 log 78.41 + slog 142.3 — flog 0.1562. 
Numerator NV Denominator D 
3 log 78.41 = 3(1.8944) = 5.6832 jlog 0.1562 = 4(9.1937 — 10) 
(+)5log 142.3 = 5 (2.1532) = 1.0766 — (39.1937 — 40) 
log N = 6.7598 = 16.7598 — 10 log D = 9.7984 — 10 
(—) log D = 9.7984 — 10 
logP = 6.9614 


P =9 150 000 or 9.15 x 10° 


23.20 The period T of a simple pendulum of length / is given by the formula T = 277,/1/g, where g is the accel- 
eration due to gravity. Find T (in seconds) if / = 281.3 cm and g = 981.0 cm/sec”. 
Take 27 = 6.283. 


SOLUTION 
l [281.3 


log T = log 6.283 + 5 (log 281.3 — log 981.0) 


log 6.283 = = 0.7982 

(+) plog 281.3 = 5 (2.4492) = 1.2246 
2.0228 

(—)4log 981.0 = $(2.9917) = 1.4959 
log T = 0.5269 


T = 3.365 seconds 


23.21 Solve for x: 52+? = 3°71, 


SOLUTION 
Taking logarithms, (2x + 2)log5 = (5x — 1) log3. 
Then 2x log 5 — 5xlog3 = — log3 — 2log5, 
x(2 log 5 — 5 log 3) = —log3 — 2log5, 
ro — log3+2log5 — 0.4771 + 2(0.6990) __ 1.8751 


“5log3—2log5 50.4771) — 20.6990) 0.9875" 
log 1.875 = 10.2730 — 10 
(—)log 0.9875 = 9.9946 — 10 


log x= 0.2784 
x= 1.898 
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23.22 Find the value of each of these natural logarithms. 


(a) In 5.78 (c) In 3.456 (e) In 190 (g) In 2839 
(b) In 8.62 (d) In 4.643 (f) In 0.0084 = (A) In 0.014 85 


SOLUTION 
(a) 1n5.78 = 1.7544 from natural logarithm table 
(b) 1n8.62 = 2.1541 from natural logarithm table 


(c) In3.456 = In3.45 + 0.6(1n 3.46 — In3.45) 
= 1.2384 + 0.6(1.2413 — 1.2384) 
= 1.2384 + 0.6(0.0029) 
= 1.2384 + 0.0017 

In 3.456 = 1.2401 


(d) In 4.643 = In 4.64 + 0.3(1n4.65 — In 4.64) 
= 1.5347 + 0.3(1.5369 — 1.5347) 
= 1.5347 + 0.3(0.0022) 
= 1.5347 + 0.0007 

In 4.643 = 1.5354 


(e) In 190 = In(1.90 x 10?) 
= In 1.90 + In 10? 
= In1.90+ 21n 10 
= 0.6419 + 2(2.3026) 
= 0.6419 + 4.6052 
In 190 = 5.2471 


(f) In 0.0084 = In(8.40 x 1073) 
= In8.40 + In 10-3 
= In8.40 — 31n10 
= 2.1282 — 3(2.3026) 
= 2.1282 — 6.9078 
In 0.0084 = —4.7796 


(g) In2839 = In(2.839 x 10°) 
= In2.839 + In 10° 
= [In 2.83 + 0.9(In 2.84 — In2.83)] + 31n 10 
= [1.0403 + 0.9(1.0438 — 1.0403)] + 3(2.3026) 
= [1.0403 + 0.9(0.0035)] + 6.9078 
= [1.0403 + 0.0032] + 6.9078 
= 1.0435 + 6.9078 

In 2839 = 7.9513 


(h) In0.014 85 = In(1.485 x 1077) 
= In 1.485 + 1n 10-7 
= [In 1.48 + 0.5(1n 1.49 — In 1.48)] — 21n 10 
= [0.3920 + 0.5(0.3988 — 0.3920)] — 2 (2.3026) 
= [0.3920 + 0.5(0.0068)] — 4.6052 
= [0.3920 + 0.0034] — 4.6052 
= 0.3954 — 4.6052 

In 0.014 85 = —4.2098 


23.23 Find the value of N. 
(a) InN = 2.4146 (b) InN = 0.9847 (c) InN = —1.7654 
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SOLUTION 
(a) InN = 2.4146 
= 0.1120 + 2.3026 


0.1120 — 0.1044 
0.1133 — 0.1044 


=tn( 111+ (1.12 1.11) + in10 


0.0076 
= in(1.11+-—-0.01)) + In 10 
o( * 0.0080 (0° ) ss 


= In(1.11 + 0.009) + In 10 
=1n1.119+In10 
= In(1.119 x 10) 


InN = In 11.19 
N=11,19 
(b) InN = 0.9847 
0.9847 — 0.9821 
= In{ 2.67 2.68 — 2.67 
o( + 0.9858 — 0.9821 78 ) 
0.0026 
= In( 2.67 + ~~" (0.01 
o( + 0.0037 ) 
= In (2.67 + 0.007) 
InN = 1n2.677 
N =2.677 


(c) nN = —1.7654 

= 0.5372 — 2.3026 
0.5372 — 0.5365 
0.5423 — 0.5365 


=tn(1.714 (1.72 1.7) In 10 


=] 1.71 4 oO 0.01) +1In107! 
Se OO058 


= In(1.71 + 0.001) + In 10-! 
=1n1.711+1n 107! 
=In(1.711 x 107!) 
InN =1n0.1711 
N=0.1711 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 
23.24 Evaluate: (a) log, 32, (b) log 10, (c) log31/9,  (d) log /416, (e) log,e’, (f) logs 4. 


23.25 Solve each equation for the unknown. 


(a) log, x =3 (c) log, 8 = —3 (e) logyx*? = 3/2 
(b) logy = —2 (d) log,(2x+1)=1 (f) logy—1) (4x — 4) =2 


23.26 Express as an algebraic sum of logarithms. 


372 


UV 2x3 —3/223 
a (b) log | (nye  d) log 


(a) log 


23.27 Solve each equation for the indicated letter in terms of the other quantities. 
(a) 2logx = log 16; x (c) log; F = log; 4 — 2log; x; F 
(b) 3logy + 2log2 = log 32; y (d) In(30 — U) = 1n30 — 2t; U 
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23.28 
23.29 


23.30 


23.31 


23.32 


23.33 


23.34 


23.35 


23.36 


23.37 


23.38 


23.39 


23.40 


CHAPTER 23 
Prove that if a and b are positive and #1, (log, b)(log, a) = 1. 
Prove that 10'°&” = N where N > 0. 
Determine the characteristic of the common logarithm of each number. 
(a) 248 (d) 0.162 (g) 1.06 (j) 40.60 (m) 7 000 000 
(b) 2.48 (e) 0.0006 (h) 6000 (k) 237.63 (n) 0.000 007 
(c) 0.024 (f) 18.36 (i) 4 (1) 146.203 
Find the common logarithm of each number. 
(a) 237 (d) 0.263 (g) 10 400 (j) 6 000 000 (m) 1 
(b) 28.7 (e) 0.086 (h) 0.00 607 (k) 23.70 (n) 1000 


(c) 1.26 (f) 0.007 (i) 0.000 000 728 =(/) 6.03 


Find the antilogarithm of each of the following. 
(a) 2.8802 (c) 0.6946 = (e) 8.3160 — 10 (g) 4.6618 (i) 1.9484 
(b) 1.6590 (d) 2.9042 (f) 7.8549 — 10 (h) 0.4216 (j) 9.8344 — 10 


Find the common logarithm of each number by interpolation. 
(a) 1463 (c) 86.27 (e) 0.6041 (g) 1.006 (i) 460.3 
(b) 810.6 (d) 8.106 (f) 0.04622 (h) 300.6 (J) 0.003 001 


Find the antilogarithm of each of the following by interpolation. 
(a) 2.9060 (c) 1.6600 (e) 3.7045 (g) 2.2500 (i) 1.4700 
(b) 1.4860 (d) 1.9840 (f) 8.9266 — 10 (h) 0.8003 (j) 1.2925 


Write each number as a power of 10: (a) 45.4, (b) 0.005 278. 


Evaluate. 

(a) (42.8)(3.26)(8.10) (e) aati (h) ade 
) = (f) oe @ (a 
co 80186 @ auyireye yy | S210 
(d) 2853 


(67.2)(8.55) 


Solve the following hydraulics equation: 


20.0 _ (eon) 


14.7 x 
Solve for x. 
(a) 3* = 243 (27=64 © x4=8 (wi a4 () P=] 
(b) %#=1/1285 (d@)x2=16 8 (f)x28=1/9 ( 3*=1 () 223 =1 
Solve each exponential equation: (a) 47~! = 5*+?, (b) 371 = 4. 51-32, 


Find the natural logarithms. 
(a) In 2.367 (b) In 8.532 (c) In 4875 (d) In 0.000 1894 
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23.41 Find N, the antilogarithm of the given number. 


(a) In N= 0.7642 (b) In N= 1.8540 (c) In N= 8.4731 (d) InN = —6.2691 


ANSWERS TO SUPPLEMENTARY PROBLEMS 
23.24 (a) 5 (b) 1/4 (ce) —2 (d) -—2 (e) x (f) 2/3 
23.25 (a) 8 (b) 0.01 (c) 1/2 (d) 1 (e) 2 GF) 5 


1 1 
23.26 (a) 3logU+2logV —5log W (c) gute 


2 2 


1 1 7 
(b) log? + 5logx+5logy 71082 (d) logx — Slogy + 3logz—2loga + 4logb 


23.27 (a) 4 (b)2) (©) F=4/x* (d) U=3001-e 7) 


23.30 (a) 2 (c) 2 (e) 4 (g)0 @ 0 (k) 2 (m) 6 
w0 @Mi1l (dl WM3 Mil O2 Mm 6 

23.31 (a) 2.3747 (d) 1.4200 (g) 4.0170 (j) 6.7782 (m) 0.0000 
(b) 1.4579 (e) 2.9345 (h) 3.7832 (k) 1.3747 (n) 3.0000 


(c) 0.1004 (f) 7.8451—10 (i) 7.8621 (1) 0.7803 


23.32 (a) 759 (c) 4.95 (e) 0.0207 (g) 45 900 (i) 0.888 
(b) 45.6 (d) 0.0802 (f) 0.00716 (h) 2.64 (j) 0.683 
23.33 (a) 3.1653 (c) 1.9359 (e) 1.7811 (g) 0.0026 (i) 2.6631 


(b) 2.9088 (d) 0.9088 (f) 8.6648 — 10 (h) 2.4780 (j) 7.4773 — 10 


23.34 (a) 805.4 (c) 45.71 (e) 5064 (g) 177.8 (i) 0.2951 
(b) 0.3062 (d) 0.9638 (f) 0.08445 (h) 6.314 (J) 19.61 


23.35 (a) 109!-6571 (b) 1072-2776 


23.36 (a) 1130 (c) 29.9 (e) 1.124 (g) 1.90 (i) 145.5 
(b) 0.0248 (d) 4.27 (f) 860 (h) 4.44 (j) 8.54 


23.37 0.0486 
23.38 (a) 5 (c) 4 (e) 1/16 (g) 49/16 (i) 2 
(b)-3 @) +1/4 — (f) £27 0 Gj) —3/2 


23.39 (a) 3.959 (b) 0.6907 
23.40 (a) 0.8616 (b) 2.1438 (c) 8.4919 (d) —8.5717 


23.41 (a) 2.147 (b) 6.385 (c) 4784 (d) 0.001 894 
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CHAPTER 24 


Applications of Logarithms and 
Exponents 


24.1 INTRODUCTION 


Logarithms have their major use in solving exponential equations and solving equations in which the variables 
are related logarithmically. To solve equations in which the variable is in the exponent, we generally start by 
changing the expression from exponential form to logarithmic form. 


24.2 SIMPLE INTEREST 


Interest is money paid for the use of a sum of money called the principal. The interest is usually paid at the 
ends of specified equal time intervals, such as monthly, quarterly, semiannually, or annually. The sum of the 
principal and the interest is called the amount. 

The simple interest, 7, on the principal, P, for a time in years, ¢, at an interest rate per year, r, is given by the 
formula J = Prt, and the amount, A, is found by A = P+ Prt or A = P( +t). 


EXAMPLE 24.1. If an individual borrows $800 at 8% per year for two and one-half years, how much interest must be 
paid on the loan? 


i= Prt 
I = $800(0.08)(2.5) 
I= $160 


EXAMPLE 24.2. If a person invests $3000 at 6% per year for five years, how much will the investment be worth at the 
end of the five years? 


A=P+Prt 

A = $3000 + $3000(0.06)(5) 
A = $3000 + $900 

A = $3900 
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24.3 COMPOUND INTEREST 


Compound interest means that the interest is paid periodically over the term of the loan which results in a new 
principal at the end of each interval of time. 

If a principal, P, is invested for ¢ years at an annual interest rate, r, compounded n times per year, then the 
amount, A, or ending balance is given by: 


ry nt 
he P(t cs ") 
n 
EXAMPLE 24.3. Find the amount of an investment if $20 000 is invested at 6% compounded monthly for three years. 
nt 
A=P(1+7) 
n 


0.06\ 2°) 
A= 20 000(1 + “) 


A = 20000(1 + 0.005)*° 
A = 20000(1.005)*° 

log A = log 20000(1.005)°° 

log A = log 20000 + 36 log 1.005 

log A = 4.3010 + 36(0.002 15) 

log A = 4.3010 + 0.0774 

log A = 4.3784 
A = antilog 4.3784 
A= 2.39 x 10+ log 2.39 = 0.3784 and log 104 = 4 
A = $23 900 

When the interest is compounded more and more frequently, we get to a situation of continuously com- 


pounded interest. If a principal, P, is invested for ¢ years at an annual interest rate, r, compounded continuously, 
then the amount, A, or ending balance, is given by: 


A= Pe" 


EXAMPLE 24.4. Find the amount of an investment if $20 000 is invested at 6% compounded continuously for three years. 


A= Pe" 
A = 200000 
A = 20000e"!8 
InA = In20000e°'8 
InA = In20000 + Ine®!8 
InA = In(2.00 x 10*) + 0.18 Ine 
InA = In2.00+ 4 Inl0+ 0.18(1) Ine=1 
InA = 0.6931 + 4(2.3026) + 0.18 In2.00 = 0.6931 and In 10 = 2.3026 
InA = 10.0835 
InA = 0.8731 + 4(2.3026) 
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0.8731 — 0.8713 
0.8755 — 0.8713 
0.0018 


= cateeae 4 
Ind = in(2.39 +d (0.01) +1n10 


InA= in(2.39 + (2.40 2.39) +41n10 


InA = In(2.39 + 0.004) + In 104 
InA = 1n2.394 + In 104 
Ind = In(2.394 x 10°) 
InA = In23 940 
A = $23 940 


In doing Examples 24.3 and 24.4 we found the answers to four significant digits. However, using the logar- 
ithm tables and doing interpolation results in some error. Also, we may have a problem if the interest is com- 
pounded daily, because when we divide r by n the result could be zero when rounded to thousandths. To deal 
with this problem and to get greater accuracy, we can use five-place logarithm tables, calculators, or computers. 
Generally, banks and other businesses use computers or calculators to get the accuracy they need. 


EXAMPLE 24.5. Use a scientific or graphing calculator to find the amount of an investment if $20 000 is invested at 6% 
compounded monthly for three years. 


nt 
A=P(1+")" 
n 
0.06\ 122) 
A = $20000{ 1 + ne 
12 
A = $20000(1.005)°° use the power key to compute (1.005)°° 


A = $23 933.61 


To the nearest cent, the amount has been increased by $33.61 from the amount found in Example 24.3. It is possible to compute the 
answer to the nearest cent here, while we were able to compute the result to the nearest ten dollars in Example 24.3. 


EXAMPLE 24.6. Use a scientific or graphing calculator to find the amount of an investment if $20 000 is invested at 6% 
compounded continuously for three years. 

A= Pe" 

A = $20 000¢°% 

A = $20 000e°!8 use the inverse of In x to compute e°!® 

A = $23 944.35 
To the nearest cent, the amount has increased by $4.35 from the amount found in Example 24.4. The greater accuracy was 
possible because the calculator computes with more decimal places in each operation and then the answer is rounded. In our 


examples, we rounded to hundredths because cents are the smallest units of money that have a general usefulness. Most 
calculators compute with 8, 10, or 12 significant digits in doing the operations. 


24.4 APPLICATIONS OF LOGARITHMS 


The loudness, L, of a sound (in decibels) perceived by the human ear depends on the ratio of the intensity, J, of 
the sound to the threshold, Jo, of hearing for the average human ear. 


I 
L= 1ol0g( 7) 
0 
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EXAMPLE 24.7. Find the loudness of a sound that has an intensity 10 000 times the threshold of hearing for the average 


human ear. 
I 
L=101 — 
“ a) 


L= 10Ioe( OP) 


0 
L = 10log 10 000 
L= 10 (4) 

L = 40 decibels 


Chemists use the hydrogen potential, pH, of a solution to measure its acidity or basicity. The pH of 
distilled water is about 7. If the pH of a solution exceeds 7, it is called a base, but if its pH is less than 7 
it is called an acid. If [H*] is the concentration of hydrogen ions in moles per liter, the pH is given by the 
formula: 


pH = — log[H*] 


EXAMPLE 24.8. Find the pH of the solution whose concentration of hydrogen ions is 5.32 x 10~> moles per liter. 


pH = —log[H*] 
pH = — log (5.32 x 107°) 


pH = —[log 5.32 + log 107°] 

pH = — log5.32 — (—5) log 10 log 10 = 1 
pH = —1log5.32 4+ 5(1) 

pH = —0.7259 + 5 

pH = 4.2741 

pH = 4.3 


Seismologists use the Richter scale to measure and report the magnitude of earthquakes. The 
magnitude or Richter number of an earthquake depends on the ratio of the intensity, 7, of an earthquake to 
the reference intensity, J), which is the smallest earth movement that can be recorded on a seismograph. 
Richter numbers are usually rounded to the nearest tenth or hundredth. The Richter number is given by 


the formula: 
R=1 
= 10 _— 
g h 


EXAMPLE 24.9. If the intensity of an earthquake is determined to be 50 000 times the reference intensity, what is its 
reading on the Richter scale? 
I 
R= log (7) 
Ip 


0 000/ 
ra 


R= log50000 
R= 4.6990 
R=4.70 
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24.55 APPLICATIONS OF EXPONENTS 


The number e is involved in many functions occurring in nature. The growth curve of many materials can be 
described by the exponential growth equation: 


A= Age” 


where Ag is the initial amount of the material, r is the annual rate of growth, ¢ is the time in years, and A is the 
amount of the material at the ending time. 


EXAMPLE 24.10. The population of a country was 2 400000 in 1990 and it has an annual growth rate of 3%. 
If the growth is exponential, what will its population be in 2000? 


A= Age” 

A = 2.400 000e0.9)0 

A = 2400000e°? N = e?3 

A = 2.400 000(1.350) InN = 0.3Ine 
A = 3240000 InN = 0.3 


N = 1.350 
The decay or decline equation is similar to the growth except the exponent is negative. 
A= Age” 


where Ag is the initial amount, r is the annual rate of decay or decline, f is the time in years, and A is the ending 
amount. 


EXAMPLE 24.11. A piece of wood is found to contain 100 grams of carbon-14 when it is removed from a tree. If the rate 
of decay of carbon-14 is 0.0124% per year, how much carbon-14 will be left in the wood after 200 years? 


A= Age” 

A = 100e70:000 124 (200) N = e7 0.0248 

A = 100e~ 0-748 InN = —0.0248 

A = 100(0.9755) InN = 1n2.2778 — 2.3026 
A = 97.55 grams InN = 1n9.755 — In10 


InN = In(9.755 x 107!) 
InN = 1n0.9755 
N = 0.9755 


SOLVED PROBLEMS 


24.1. A woman borrows $400 for 2 years at a simple interest rate of 3%. Find the amount required to repay the 
loan at the end of 2 years. 


SOLUTION 
Interest J = Prt = 400(0.03)(2) = $24. Amount A = principal P + interest J = $424. 


24.2 Find the interest J and amount A for 
(a) $600 for 8 months (2/3 yr) at 4%, 
(b) $1562.60 for 3 years, 4 months (10/3 yr) at 3h %. 
SOLUTION 
(a) I = Prt = 600(0.04)(2/3) = $16. A=P+I= $616. 
(b) I= Prt = 1562.60(0.035)(10/3) = $182.30. A=P+I= $1744.90. 
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24.3. What principal invested at 4% for 5 years will amount to $1200? 


SOLUTION 
— A 1200-1200 
~14+rt 1+(0.04)(5) 1.2 


A=P(1+rt) or = $1000. 


The principal of $1000 is called the present value of $1200. This means that $1200 to be paid 5 years from now 
is worth $1000 now (the interest rate being 4%). 


24.4 What rate of interest will yield $1000 on a principal of $800 in 5 years? 


SOLUTION 
_A—P_ 1000-800 
~ Pt ~—— 800(5) 


A=P(1+rt) or r = 0.05 or 5%. 


24.5 A man wishes to borrow $200. He goes to the bank where he is told that the interest rate is 5%, interest 
payable in advance, and that the $200 is to be paid back at the end of one year. What interest rate is he 
actually paying? 


SOLUTION 


The simple interest on $200 for 1 year at 5% is J = 200(0.05)(1) = $10. Thus he receives $200 — $10 = $190. Since 
he must pay back $200 after a year, P = $190, A = $200, t = | year. Thus 


_A-P_ 200-190 


a 0586, 
Pt 190(1) oe28 


¥ 
i.e., the effective interest rate is 5.26%. 


24.6 A merchant borrows $4000 under the condition that she pay at the end of every 3 months $200 on the 
principal plus the simple interest of 6% on the principal outstanding at the time. Find the total amount 
she must pay. 


SOLUTION 


Since $4000 is to be paid (excluding interest) at the rate of $200 every 3 months, it will take 4000/200(4) = 5 years, 
i.e., 20 payments. 


Interest paid at 1st payment (for first 3 months) = 4000(0.06) (3) = $60.00. 


Interest paid at 2nd payment = 3800(0.06)(+) = $57.00. 
Interest paid at 3rd payment = 3600(0.06)(+) = $54.00. 
Interest paid at 20th payment = 200(0.06)(+) = $3.00. 


The total interest is 60+57+54+---+9+6+3: an arithmetic sequence with the sum given by 
S = (n/2)(a+ 1), where a = Ist term, / = last term, n = number of terms. 
Then S = (20/2)(60 + 3) = $630, and the total amount she must pay is $4630. 


24.7 What will $500 deposited in a bank amount to in 2 years if interest is compounded semiannually at 2%? 
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SOLUTION 
Method I. Without formula. 


At end of Ist half year, interest = 500(0.02)(5) = $5.00 
At end of 2nd half year, interest = 505(0.02)(5) = $5.05. 
At end of 3rd half year, interest = 510.05(0.02)) = $5.10. 
At end of 4th half year, interest = 515.15(0.02)() = $5.15. 
Total interest = $20.30. Total amount = $520.30. 


Method 2. Using formula. 
P = $500, i = rate per period = 0.02/2 = 0.01. n = number of periods = 4. 


A = P(1 +i)" = 500(1.01)* = 500(1.0406) = $520.30. 


Note. (1.01)* may be evaluated by the binomial formula, logarithms or tables. 


24.8 Find the compound interest and amount of $2800 in 8 years at 5% compounded quarterly. 


SOLUTION 


A = P(1 +3)" = 2800(1 + 0.05/4)*? = 2800(1.0125)** = 2800(1.4881) = $4166.68. 
Interest = A — P = $4166.68 — $2800 = $1366.68. 


24.9 What rate of interest compounded annually is the same as the rate of interest of 6% compounded 
semiannually? 


SOLUTION 


Amount from principal P in 1 year at rate r = P(1 +7). 

Amount from principal P in | year at rate 6% compounded semiannually = P(1 + 0.03): 

The amounts are equal if P(1 +r) = P(1.03), l+r= (1.03), r = 0.0609 or 6.09%. 

The rate of interest i per year compounded a given number of times per year is called the nominal rate. The rate of 
interest r which, if compounded annually, would result in the same amount of interest is called the effective rate. In 
this example, 6% compounded semiannually is the nominal rate and 6.09% is the effective rate. 


24.10 Derive a formula for the effective rate in terms of the nominal rate. 


SOLUTION 


Let r = effective interest rate, 
i = interest rate per annum compounded k times per year, i.e. nominal rate. 


Amount from principal P in 1 year at rate r= P(1 +r). 

Amount from principal P in | year at rate i compounded k times per year = P(1 + i/k). 
The amounts are equal if P(1 +r) = PU +i /k)f ‘ 

Hence r = (1 +i/k)* — 1. 


24.11 The population in a country grows at a rate of 4% compounded annually. At this rate, how long will it 
take the population to double? 
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SOLUTION 
A=P(1+ ny" 
2P = P(1 + 0.04)’ n=1 
2 = (1.04)' 
log 2 = flog (1.04) 
ee log2 
log 1.04 
__ 0.3010 
0.0170 
t = 17.7 years 


24.12 If $1000 is invested at 10% compounded continuously, how long will it take the investment to triple? 


SOLUTION 
A= Pe" 


3000 = 1000e°!" 


3 0-108 
In3 = 0.10t Ine=1 
In3 
t= —— 
0.10 
_ 1.0986 
~ 0.10 
t= 10.986 
t= 11.0 


24.13 Find the pH of blood if the concentration of hydrogen ions is 3.98 x 107°. 


SOLUTION 
pH = — log[H*] 


pH = — log (3.98 x 1078) 

pH = — log 3.98 — (—8) log 10 
pH = —0.5999 + 8 

pH = 7.4001 

pH = 7.40 


24.14 An earthquake in San Francisco in 1989 was reported to have a Richter number of 6.90. How does the 
intensity of the earthquake compare with the reference intensity? 


SOLUTION 


R=1 

= By, 

vi 

6.90 = log — 
Ip 


I 
log — = 6.90 
8 
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2 = antilog 6.90 antilog 0.9000 = 7.94 + ee oi 
Io 0.9004 — 0.8998 
I = (antilog 6.90)Io = 7.94 + TOE 600) 
0.0006 
I = (7.943 x 10°) = 7.94 + 0.003 
I = 7943 0001p antilog 0.9000 = 7.943 


antilog 6.9000 = 7.943 x 10° 


24.15 The population of the world increased from 2.5 billion in 1950 to 5.0 billion in 1987. If the growth was 
exponential, what was the annual growth rate? 


SOLUTION 
A= Ape” 
5.0 = 2.5e’°” 
2= el 
In2 = 37r Ine 


0.6931 = 37r(1) 


0.6931 = 37r 
0.01873 =r 
r = 0.0187 
r = 1.87% 


24.16 In Nigeria the rate of deforestation is 5.25% per year. If the decrease in forests in Nigeria is exponential, 
how long will it take until only 25% of the current forests are left? 


SOLUTION 
A=Age” 
0.25A9 = Age °°?" 
0.25 = e0.0525¢ 
In 0.25 = —0.0525rIne 
In(2.5 x 107!) = —0.05252(1) 
In2.5 — In 10 = —0.0525¢ 
0.9163 — 2.3026 = —0.0525t 
— 1.3863 = —0.0525t 
26.405 = t 


t = 26.41 years 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


24.17 If $5.13 interest is earned in two years on a deposit of $95, then what is the simple annual interest rate? 


24.18 If $500 is borrowed for one month and $525 must be paid back at the end of the month, what is the simple annual 
interest? 
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24.19 


24.20 


24.21 


24.22 


24.23 


24.24 


24.25 


24.26 


24 27 


24.28 


24.29 


24.30 


24.31 


24.32 


24.33 


24.34 


24.35 


24.36 


24.37 


If $4000 is invested at a bank that pays 8% interest compounded quarterly, how much will the investment be worth 
in 6 years? 


If $8000 is invested in an account that pays 12% interest compounded monthly, how much will the investment be 
worth after 10 years? 


A bank tried to attract new, large, long-term investments by paying 9.75% interest compounded continuously if at 
least $30 000 was invested for at least 5 years. If $30 000 is invested for 5 years at this bank, how much would the 
investment be worth at the end of the 5 years? 

What interest will be earned if $8000 is invested for 4 years at 10% compounded semiannually? 

What interest will be earned if $3500 is invested for 5 years at 8% compounded quarterly? 

What interest will be earned if $4000 is invested for 6 years at 8% compounded continuously? 

Find the amount that will result if $9000 is invested for 2 years at 12% compounded monthly. 

Find the amount that will result if $9000 is invested for 2 years at 12% compounded continuously. 

In 1990 an earthquake in Iran was said to have about 6 times the intensity of the 1989 San 
Francisco earthquake, which had a Richter number of 6.90. What is the Richter number of the Iranian 


earthquake? 


Find the Richter number of an earthquake if its intensity is 3160000 times as great as the reference 
intensity. 


An earthquake in Alaska in 1964 measured 8.50 on the Richter scale. What is the intensity of this earthquake 
compared with the reference intensity? 


Find the intensity as compared with the reference intensity of the 1906 San Francisco earthquake if it has a Richter 
number of 8.25. 


Find the Richter number of an earthquake with an intensity 20 000 times greater than the reference intensity. 


Find the pH of each substance with the given concentration of hydrogen ions. 
(a) beer: [H*] = 6.31 x 1075 (c) vinegar: [H*] = 6.3 x 10-3 
(b) orange juice: [H*] = 1.99 x 107+ (d) tomato juice: [H*] = 7.94 x 10> 


Find the approximate hydrogen ions concentration, [H*], for the substances with the given pH. 


(a) apples: pH = 3.0 (b) eggs: pH = 7.8 


If gastric juices in your stomach have a hydrogen ion concentration of 1.01 x 107! moles per liter, what is the pH of 
the gastric juices? 


A relatively quiet room has a background noise level of 32 decibels. How many times the hearing threshold intensity 
is the intensity of a relatively quiet room? 


If the intensity of an argument is about 3 980 000 times the hearing threshold intensity, what is the decibel level of 
the argument? 


The population of the world compounds continuously. If in 1987 the growth rate was 1.63% annually and an initial 
population of 5 billion people, what will the world population be in the year 2000? 
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24.44 
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During the Black Plague the world population declined by about | million from 4.7 million to about 3.7 million 
during the 50-year period from 1350 to 1400. If world population decline was exponential, what was the annual 
rate of decline? 


If the world population grew exponentially from 1.6 billion in 1900 to 5.0 billion in 1987, what was the annual rate 
of population growth? 


If the deforestation of El Salvador continues at the current rate for 20 more years only 53% of the present forests will 
be left. If the decline of the forests is exponential, what is the annual rate of deforestation for El Salvador? 


A bone is found to contain 40% of the carbon-14 that it contained when it was part of a living animal. If the decay of 
carbon-14 is exponential with an annual rate of decay of 0.0124%, how long ago did the animal die? 


Radioactive strontium-90 is used in nuclear reactors and decays exponentially with an annual rate of decay of 
2.48%. How much of 50 grams of strontium-90 will be left after 100 years? 


How long does it take 12 grams of carbon-14 to decay to 10 grams when the decay is exponential with an annual rate 
of decay of 0.0124%? 


How long does it take for 10 grams of strontium-90 to decay to 8 grams if the decay is exponential and the annual 
rate of decay is 2.48%? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


Note: The tables in Appendices A and B were used in computing these answers. If a calculator is used your answers may 


vary. 


24.17 


24.18 


24.19 


24.20 


24.21 


24.22 


24.23 


24.24 


24.25 


24.26 


24.27 


24.28 


24.29 


24.30 


2.7% 


60% 


$6437 


$26 250 


$48 850 


$3820 


$1701 


$2464 


$11 410 


$11 440 


7.68 


6.50 


316 200 000 Ip 


177 800 000 Ip 
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24.44 


4.30 


(a) pH =4.2 (b) pH = 3.7 (c) pH =2.2 (d) pH=4.1 


(a) [H*] = 0.001 or 1.00 x 10-3 (b) [H*] = 1.585 x 108 
1.0 

1585 Ip 

66 decibels 
6.18 billion 
0.48% per year 
1.31% per year 
3.17% per year 
7390 years 

4.2 grams 

1471 years 


8.998 years 
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Permutations and Combinations 


25.1 FUNDAMENTAL COUNTING PRINCIPLE 


If one thing can be done in m different ways and, when it is done in any one of these ways, a second thing can be 
done in n different ways, then the two things in succession can be done in mn different ways. 

For example, if there are 3 candidates for governor and 5 for mayor, then the two offices may be filled in 
3-5 = 15 ways. 

In general, if a; can be done in x; ways, az can be done in x2 ways, a3 can be done in x3 ways,..., and dy 
can be done in x, ways, then the event a,a2a3---a, can be done in x; - x2 -X3--+X, Ways. 


EXAMPLE 25.1. A man has 3 jackets, 10 shirts, and 5 pairs of slacks. If an outfit consists of a jacket, a shirt, and a pair of 
slacks, how many different outfits can the man make? 


x1 +X) x3 =3-10-5 = 150 outfits 


25.2 PERMUTATIONS 


A permutation is an arrangement of all or part of a number of things in a definite order. 

For example, the permutations of the three letters a, b, c taken all at a time are abc, ach, bea, bac, cba, cab. 
The permutations of the three letters a, b, c taken two at a time are ab, ac, ba, bc, ca, cb. 

For a natural number n, n factorial, denoted by n!, is the product of the first n natural numbers. That is, 
n!=n-(n—1)-(n—2)--- 2-1. Also, n! =n-(n— 1)! 

Zero factorial is defined to be 1:0! = 1. 


EXAMPLES 25.2. Evaluate each factorial. 


(a)7! (6) 5! (1! @2! 4! 
(a) 7!=7-6-5-4-3-2-1= 5040 

(b) 5!=5-4-3-2-1= 120 

(c) I=1 

(d) 2!}=2-1=2 

(e) 4!=4- 3-2-1=24 
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The symbol ,P, represents the number of permutations (arrangements, orders) of n things taken r at a 


time. 

Thus gP3 denotes the number of permutations of 8 things taken 3 at a time, and 5P5 denotes the number of 
permutations of 5 things taken 5 at a time. 

Note. The symbol P(n, r) having the same meaning as ,,P, is sometimes used. 


A. Permutations of n different things taken r at a time 


ni 


ne, = n(n — 1)\(n—2)---(2—r+ 1) = —— 
(n—r)! 


When r =n, ,P,; = p»Pn = n(n — 1)\(n—2)--- Ll =n. 


EXAMPLES 25.3. 
5P, =5, 5P2 =5-4= 20, 5P3 =5-4-3 = 60, 5P4 =5-4-3-2= 120, 5P5 =5!=5-4-3-2-1= 120, 
10P7 = 10-9-8-7-6-5-4 = 604 800. 


The number of ways in which 4 persons can take their places in a cab having 6 seats is 6P4 = 6-5-4-3 = 360. 
B. Permutations with some things alike, taken all at a time 


The number of permutations P of n things taken all at a time, of which 7 are alike, nz others are alike, 3 
others are alike, etc., is 


! 

n! 

P= —___ where ny +7) +73 +--- =n. 
n!no!n3!--- 


For example, the number of ways 3 dimes and 7 quarters can be distributed among 10 boys, each to 
receive one coin, 1s 
10! -10-9-8 


—> = — = 120. 
3!7! 1-2-3 : 


C. Circular permutations 


The number of ways of arranging n different objects around a circle is (n — 1)! ways. 
Thus 10 persons may be seated at a round table in (10 — 1)! = 9! ways. 


25.3 COMBINATIONS 


A combination is a grouping or selection of all or part of a number of things without reference to the arrange- 
ment of the things selected. 

Thus the combinations of the three letters a, b, c taken 2 at a time are ab, ac, bc. Note that ab and ba are 
1 combination but 2 permutations of the letters a, b. 

The symbol ,,C, represents the number of combinations (selections, groups) of n things taken r at a time. 

Thus 9C4 denotes the number of combinations of 9 things taken 4 at a time. 

Note. The symbol C(n, r) having the same meaning as ,,C, is sometimes used. 


A. Combinations of n different things taken r at a time 


nPy, n\ _ na — 1I)m—2)---@—r+]) 


rl orln—r! r! 


n C, = 
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For example, the number of handshakes that may be exchanged among a party of 12 students if each 
student shakes hands once with each other student is 


12! 12! 12-1 _& 
W12—2)° 20! 1-2 °° 


2C2 = 


The following formula is very useful in simplifying calculations: 


n Cy =n Caer: 


This formula indicates that the number of selections of r out of n things is the same as the number of 
selections of n — r out of n things. 


EXAMPLES 25.4. 


5 5.4 5! 
— a ——__— 10 —-—-1]1 
5C} i 5, 5C2 12 , 5Cs 51 
9-8 25-24-23 
9C7 = 9Co_7 = 9 C2 12 36, 25C22 = 25C3 = mr we 2300 


Note that in each case the numerator and denominator have the same number of factors. 
B. Combinations of different things taken any number at a time 


The total number of combinations C of n different things taken 1, 2, 3,..., at a time is 
C=2"-1. 


For example, a woman has in her pocket a quarter, a dime, a nickel, and a penny. The total number of 
ways she can draw a sum of money from her pocket is 2+ — 1 = 15. 


25.4 USING A CALCULATOR 


Scientific and graphing calculators have keys for factorials, n!; permutations, ,,P,, and combinations, ,C,. As 
factorials get larger, the results are displayed in scientific notation. Many calculators have only two digits avail- 
able for the exponent, which limits the size of the factorial that can be displayed. Thus, 69! can be displayed and 
70! cannot, because 70! needs more than two digits for the exponent in scientific notation. When the calculator 
can perform an operation, but it cannot display the result an error message is displayed instead of an answer. 

The values of ,P, and ,,C,, can often be computed on the calculator when m! cannot be displayed. This can 
be done because the internal procedure does not require the result to be displayed, just used. 


SOLVED PROBLEMS 


25.1 Evaluate 19P2, gPs5, 7Ps5, 7P7. 


SOLUTION 


2 P2 = 20-19 = 380 7Ps5 =7-6+5+4+3 = 2520 
gPs5 =8-7-6-5-4=6720  7P7 =T!=7-6-5-4-3-2:1 = 5040 


25.2 Find nif (a) 7-,P3 = 6+ n41P3, (b) 3+ ,P4 = n-1Ps- 
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25.3 


25.4 


25.5 


25.6 


25.7 


SOLUTION 
(a) Tn(n— 1)\(n — 2) = 6(n+ 1)(n)\(n — 1). 
Since n 4 0, 1 we may divide by n(n — 1) to obtain 7(n — 2) = 6(n + 1), n = 20. 


(b) 3n(n— 1)(n — 2)(n — 3) = (n — 1)(n — 2)(n — 3)(n — 4)(n — 5). 
Since n #1, 2, 3 we may divide by (n — 1)(n — 2)(n — 3) to obtain 


3n=(n—4)(n—5), 2 —12n+20=0, =(n—10)(n—2) = 0. 


Thus n = 10. 


A student has a choice of 5 foreign languages and 4 sciences. In how many ways can he choose 
1 language and | science? 


SOLUTION 


He can choose a language in 5 ways, and with each of these choices there are 4 ways of choosing a science. 
Hence the required number of ways = 5 - 4 = 20 ways. 


In how many ways can 2 different prizes be awarded among 10 contestants if both prizes (a) may not be 
given to the same person, (b) may be given to the same person? 


SOLUTION 


(a) The first prize can be awarded in 10 different ways and, when it is awarded, the second prize can be given in 9 
ways, since both prizes may not be given to the same contestant. 
Hence the required number of ways = 10-9 = 90 ways. 


(b) The first prize can be awarded in 10 ways, and the second prize also in 10 ways, since both prizes may be given 
to the same contestant. 
Hence the required number of ways = 10- 10 = 100 ways. 


In how many ways can 5 letters be mailed if there are 3 mailboxes available? 


SOLUTION 


Each of the 5 letters may be mailed in any of the 3 mailboxes. 
Hence the required number of ways = 3-3-3-3-3 = 3° = 243 ways. 


There are 4 candidates for president of a club, 6 for vice-president and 2 for secretary. In how many 
ways can these three positions be filled? 


SOLUTION 


A president may be selected in 4 ways, a vice-president in 6 ways, and a secretary in 2 ways. Hence the required 
number of ways = 4-6-2 = 48 ways. 


In how many different orders may 5 persons be seated in a row? 


SOLUTION 


The first person may take any one of 5 seats, and after the first person is seated, the second person may take any one 
of the remaining 4 seats, etc. Hence the required number of orders = 5-4-3-2-1= 120 orders. 


Otherwise. Number of orders = number of arrangements of 5 persons taken all at a time 
=5P5=5!=5-4-3-2-1= 120 orders. 
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In how many ways can 7 books be arranged on a shelf? 


SOLUTION 


Number of ways = number of arrangements of 7 books taken all at a time 
= 7P7 =7!=7-6-5-4-3-2-1=5040 ways. 


Twelve different pictures are available, of which 4 are to be hung in a row. In how many ways can this be done? 


SOLUTION 


The first place may be occupied by any one of 12 pictures, the second place by any one of 11, the third place by any 
one of 10, and the fourth place by any one of 9. 
Hence the required number of ways = 12-11- 10-9 = 11880 ways. 
Otherwise. Number of ways = number of arrangements of 12 pictures taken 4 at a time 
= Ps = 12-11- 10-9 = 11 880 ways. 


It is required to seat 5 men and 4 women in a row so that the women occupy the even places. How many 
such arrangements are possible? 


SOLUTION 


The men may be seated in 5P5 ways, and the women in 4P4 ways. Each arrangement of the men may be associated 
with each arrangement of the women. 
Hence the required number of arrangements = 5Ps5 - 4P4 = 5! 4! = 120-24 = 2880. 


In how many orders can 7 different pictures be hung in a row so that | specified picture is (a) at the 
center, (b) at either end? 


SOLUTION 


(a) Since 1 given picture is to be at the center, 6 pictures remain to be arranged in a row. Hence the number of 
orders = 6P¢ = 6! = 720 orders. 

(b) After the specified picture is hung in any one of 2 ways, the remaining 6 can be arranged in ¢6P. ways. 
Hence the number of orders = 2 - 6P5 = 1440 orders. 


In how many ways can 9 different books be arranged on a shelf so that (a) 3 of the books are always 
together, (b) 3 of the books are never all 3 together? 


SOLUTION 


(a) The specified 3 books can be arranged among themselves in 3P3 ways. Since the specified 3 books, are always 
together, they may be considered as 1 thing. Then together with the other 6 books (things) we have a total of 7 
things which can be arranged in 7P7 ways. 

Total number of ways = 3P3 -7P7 = 3!7! = 6- 5040 = 30240 ways. 
(b) Number of ways in which 9 books can be arranged on a shelf if there are no restrictions = 9! = 362 880 ways. 
Number of ways in which 9 books can be arranged on a shelf when 3 specified books are always together 
(from (a) above) = 3!7! = 30240 ways. 
Hence the number of ways in which 9 books can be arranged on a shelf so that 3 specified books are never 
all 3 together = 362 880 — 30 240 = 332 640 ways. 


In how many ways can n women be seated in a row so that 2 particular women will not be next to each 
other? 


SOLUTION 


With no restrictions, m women may be seated in a row in ,,P,, ways. If 2 of the nm women must always sit next to each 
other, the number of arrangements = 2!(,,_;P,—1). 
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Hence the number of ways nm women can be seated in a row if 2 particular women may never sit 
together = ,P, — 2(,_;Pn—1) =n! —2(n— 1)! =n — 1)! -—2(—- 1)! = (1 - 2)- (2-1)! 


Six different biology books, 5 different chemistry books and 2 different physics books are to be arranged 
on a shelf so that the biology books stand together, the chemistry books stand together, and the physics 
books stand together. How many such arrangements are possible? 


SOLUTION 


The biology books can be arranged among themselves in 6! ways, the chemistry books in 5! ways, the physics books 
in 2! ways, and the three groups in 3! ways. 
Required number of arrangements = 6!5!2!3! = 1 036 800. 


Determine the number of different words of 5 letters each that can be formed with the letters of the word 
chromate (a) if each letter is used not more than once, (b) if each letter may be repeated in any arrange- 
ment. (These words need not have meaning.) 


SOLUTION 


(a) Number of words = arrangements of 8 different letters taken 5 at a time 
= gP5 = 8-7-6-5 -4= 6720 words. 
(b) Number of words = 8-8- 8-8-8 = 8° = 32768 words. 


How many numbers may be formed by using 4 out of the 5 digits 1, 2, 3, 4, 5 (a) if the digits must not be 
repeated in any number, (b) if they may be repeated? If the digits must not be repeated, how many of the 
4-digit numbers (c) begin with 2, (d) end with 25? 


SOLUTION 


(a) Numbers formed = 5P4 = 5-4-3 -2 = 120 numbers. 

(b) Numbers formed = 5-5-5-5 = 54 = 625 numbers. 

(c) Since the first digit of each number is specified, there remain 4 digits to be arranged in 3 places. 
Numbers formed = 4P3 = 4-3-2 = 24 numbers. 


(d) Since the last two digits of every number are specified, there remain 3 digits to be arranged in 2 places. 
Numbers formed = 3P) = 3 - 2 = 6 numbers. 


How many 4-digit numbers may be formed with the 10 digits 0,1, 2,3,...,9 (a) if each digit is used only 
once in each number? (b) How many of these numbers are odd? 


SOLUTION 


(a) The first place may be filled by any one of the 10 digits except 0, i.e., by any one of 9 digits. The 9 digits 

remaining may be arranged in the 3 other places in 9P3 ways. 
Numbers formed = 9 - 9P3 = 9(9- 8 - 7) = 4536 numbers. 

(b) The last place may be filled by any one of the 5 odd digits, 1,3,5,7,9. The first place may be filled by any one of 
the 8 digits, i.e., by the remaining 4 odd digits and the even digits, 2,4,6,8. The 8 remaining digits may be 
arranged in the 2 middle positions in gP2 ways. 

Numbers formed = 5-8 - gP7 = 5- 8-8-7 = 2240 odd numbers. 


(a) How many 5-digit numbers can be formed from the 10 digits 0, 1,2,3, ..., 9, repetitions allowed? 
How many of these numbers (b) begin with 40, (c) are even, (d) are divisible by 5? 
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SOLUTION 


(a) The first place may be filled by any one of 9 digits (any of the 10 except 0). Each of the other 4 places may be 
filled by any one of the 10 digits whatever. 
Numbers formed = 9- 10- 10-10-10 = 9- 10* = 90000 numbers. 


(b) The first 2 places may be filled in 1 way, by 40. The other 3 places may be filled by any one of the 10 digits 
whatever. 
Numbers formed = 1 - 10- 10- 10 = 10° = 1000 numbers. 


(c) The first place may be filled in 9 ways, and the last place in 5 ways (0, 2, 4, 6, 8). Each of the other 3 places may 
be filled by any one of the 10 digits whatever. 
Even numbers = 9- 10- 10- 10-5 = 45.000 numbers. 


(d) The first place may be filled in 9 ways, the last place in 2 ways (0, 5), and the other 3 places in 10 ways each. 
Numbers divisible by 5 = 9- 10- 10- 10-2 = 18000 numbers. 


How many numbers between 3000 and 5000 can be formed by using the 7 digits 0, 1, 2, 3, 4, 5, 6 if each 
digit must not be repeated in any number? 


SOLUTION 


Since the numbers are between 3000 and 5000, they consist of 4 digits. The first place may be filled in 2 ways, i.e., 
by digits 3, 4. Then the remaining 6 digits may be arranged in the 3 other places in 6P3 ways. 
Numbers formed = 2 - 6P3 = 2(6-5- 4) = 240 numbers. 


From 11 novels and 3 dictionaries, 4 novels and | dictionary are to be selected and arranged on a shelf so 
that the dictionary is always in the middle. How many such arrangements are possible? 


SOLUTION 


The dictionary may be chosen in 3 ways. The number of arrangements of 11 novels taken 4 at a time is 1; Py. 
Required number of arrangements = 3 - ;;P4 = 3(11- 10-9- 8) = 23760. 


How many signals can be made with 5 different flags by raising them any number at a time? 


SOLUTION 


Signals may be made by raising the flags 1, 2, 3, 4, and 5 at a time. Hence the total number of signals is 


sP1 +5P2+5P3 +5P4+5P5 =5+20+ 60+ 120 + 120 = 325 signals. 


Compute the sum of the 4-digit numbers which can be formed with the four digits 2, 5, 3, 8 if each digit 
is used only once in each arrangement. 


SOLUTION 


The number of arrangements, or numbers, is 4P4 = 4! = 4-3-2-1= 24. 
The sum of the digits = 2+5+3-+ 8 = 18, and each digit will occur 24/4 = 6 times each in the units, tens, 
hundreds, and thousands positions. Hence the sum of all the numbers formed is 


1(6 - 18) + 10(6- 18) + 100(6 - 18) + 1000(6 - 18) = 119 988. 


(a) How many arrangements can be made from the letters of the word cooperator when all are taken at a 
time? How many of such arrangements (b) have the three os together, (c) begin with the two rs? 
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SOLUTION 
(a) The word cooperator consists of 10 letters: 3 os, 2 rs, and 5 different letters. 


10! :10-9-8-7-6-5-4-3-2-1 


= = 302 400. 
312! (1-2: 3)f1 +2) ee 


Number of arrangements = 


(b) Consider the 3 os as | letter. Then we have 8 letters of which 2 rs are alike. 


8! 
Number of arrangements = = 20 160. 


(c) The number of arrangements of the remaining 8 letters, of which 3 os are alike, = 8!/3! = 6720. 


There are 3 copies each of 4 different books. In how many different ways can they be arranged on a shelf? 


SOLUTION 


There are 3 - 4 = 12 books of which 3 are alike, 3 others alike, etc. 


4)! 12! 
Pe = aye) 


Number oh aieanecmells— saat Gist 


(a) In how many ways can 5 persons be seated at a round table? 


(b) In how many ways can 8 persons be seated at a round table if 2 particular persons must always sit 
together? 


SOLUTION 


(a) Let 1 of them be seated anywhere. Then the 4 persons remaining can be seated in 4! ways. Hence there are 
4! = 24 ways of arranging 5 persons in a circle. 


(b) Consider the two particular persons as one person. Since there are 2! ways of arranging 2 persons among 
themselves and 6! ways of arranging 7 persons in a circle, the required number of ways = 2!6! = 2 - 720 = 
1440 ways. 


In how many ways can 4 men and 4 women be seated at a round table if each woman is to be between 
two men? 


SOLUTION 


Consider that the men are seated first. Then the men can be arranged in 3! ways, and the women in 4! ways. 
Required number of circular arrangements = 3!4! = 144. 


By stringing together 9 differently colored beads, how many different bracelets can be made? 


SOLUTION 


There are 8! arrangements of the beads on the bracelet, but half of these can be obtained from the other half simply 
by turning the bracelet over. 
Hence there are 5 (8!) = 20160 different bracelets. 


In each case, find n: (a) ,Cy—2 = 10, (b) nCis = n Cy, (Cc) nP4 = 30- nCs. 
SOLUTION 
(a) nCn-2 = nC2 = 


nn—1)  n—n | 


2 = _ 
7 5) = 10; n —n—20=0, n=5 
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(b) nCy = nCn—r nC15 = nCn—-11> 15=n-11, n= 26 
: —an[nPs\ — 30+ nP4-(n— 4) 
(0) 30-4C5 = 30( ) — 
_ 30+ ,P4-(n— 4) - 30(n — 4) 
Then nP4 => ——s.? = 170” =8. 


Given ,P, = 3024 and ,,C, = 126, find r. 


SOLUTION 
nP, 3024 
= 54 


a > —_—— 4 
nC, 126 


nP = r\(,C;), a 


How many different sets of 4 students can be chosen out of 17 qualified students to represent a school in 
a mathematics contest? 


SOLUTION 


Number of sets = number of combinations of 4 out of 17 students 


= ply OE Saito cei of Acindnt 
= 7C4 = i ee sets Oo students. 


In how many ways can 5 styles be selected out of 8 styles? 
SOLUTION 


Number of ways = number of combinations of 5 out of 8 styles 


8-7-6 
1-2-3 


gCs = gC 56 ways. 


In how many ways can 12 books be divided between A and B so that one may get 9 and the other 3 
books? 


SOLUTION 


In each separation of 12 books into 9 and 3, A may get the 9 and B the 3, or A may get the 3 and B the 9. 


12-11-1 
aa) = 440 ways. 


Hence the number of ways = 2+ j9Co = 2+ 12C3 2( 


Determine the number of different triangles which can be formed by joining the six vertices of a 
hexagon, the vertices of each triangle being on the hexagon. 


SOLUTION 


Number of triangles = number of combinations of 3 out of 6 points 


6-5-4 
1.23 


=6C3 = = 20 triangles. 


How many angles less than 180° are formed by 12 straight lines which terminate in a point, if no two of 
them are in the same straight line? 
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SOLUTION 


Number of angles = number of combinations of 2 out of 12 lines 


_ fal ee \ 
= 120, = >> = 66 angles. 


25.35 How many diagonals has an octagon? 


SOLUTION 


8-7 


Lines formed = number of combinations of 2 out of 8 corners (points) = gC) = = 28. 


Since 8 of these 28 lines are the sides of the octagon, the number of diagonals = 20. 


25.36 How many parallelograms are formed by a set of 4 parallel lines intersecting another set of 7 parallel lines? 


SOLUTION 


Each combination of 2 lines out of 4 can intersect each combination of 2 lines out of 7 to form a parallelogram. 
Number of parallelograms = 4Cz -7C2 = 6-21 = 126 parallelograms. 


25.37 There are 10 points in a plane. No three of these points are in a straight line, except 4 points which are all 
in the same straight line. How many straight lines can be formed by joining the 10 points? 


SOLUTION 


10-9 
Number of lines formed if no 3 of the 10 points were in a straight line = j9C2 = ——— = 45. 


2 
4-3 _ 


Number of lines formed by 4 points, no 3 of which are collinear = 4C) = - 6. 


Since the 4 points are collinear, they form 1 line instead of 6 lines. 
Required number of lines = 45 — 6+ 1 = 40 lines. 


25.38 In how many ways can 3 women be selected out of 15 women? 


(a) if 1 of the women is to be included in every selection, 
(b) if 2 of the women are to be excluded from every selection, 


(c) if 1 is always included and 2 are always excluded? 


SOLUTION 


(a) Since 1 is always included, we must select 2 out of 14 women. 


14-13 
Hence the number of ways = 4C) = a = 91 ways. 


(b) Since 2 are always excluded, we must select 3 out of 13 women. 


13-12-11 


Hence the number of ways = 13C3 = 31 


= 286 ways. 


12-11 
(c) Number of ways = j5~1-2C3-1 = 12C2 = a = 66 ways. 


25.39 An organization has 25 members, 4 of whom are doctors. In how many ways can a committee of 
3 members be selected so as to include at least 1 doctor? 
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SOLUTION 


Total number of ways in which 3 can be selected out of 25 = 95C3. 
Number of ways in which 3 can be selected so that no doctor is included = 95_4C3 = 2;C3. 
Then the number of ways in which 3 members can be selected so that at least 1 doctor is included is 
25-24-23 21-20-19 


25C3 — 2103 = 31 31 = 970 ways. 


From 6 chemists and 5 biologists, a committee of 7 is to be chosen so as to include 4 chemists. In how 
many ways can this be done? 


SOLUTION 
Each selection of 4 out of 6 chemists can be associated with each selection of 3 out of 5 biologists. 


Hence the number of ways = 6C4-5C3 = 6C2-5C2 = 15-10 = 150 ways. 


Given 8 consonants and 4 vowels, how many 5-letter words can be formed, each word consisting of 3 
different consonants and 2 different vowels? 


SOLUTION 


The 3 different consonants can be selected in gC3 ways, the 2 different vowels in 4C2 ways, and the 5 different letters 
(3 consonants, 2 vowels) can be arranged among themselves in 5Ps = 5! ways. 
Hence the number of words = gC3 - 4C2 - 5! = 56-6- 120 = 40320. 


From 7 capitals, 3 vowels and 5 consonants, how many words of 4 letters each can be formed if each word 
begins with a capital and contains at least 1 vowel, all the letters of each word being different? 


SOLUTION 


The first letter, or capital, may be selected in 7 ways. 
The remaining 3 letters may be 
(a) 1 vowel and 2 consonants, which may be selected in 3C; - 5C2 ways, 
(b) 2 vowels and 1 consonant, which may be selected in 3C - 5C; ways, and 


(c) 3 vowels, which may be selected in 3C3 = 1 way. 


Each of these selections of 3 letters may be arranged among themselves in 3P3 = 3! ways. 


Hence the number of words = 7 - 3!(,C; -5C2 +3C2-5C; + 1) 
=7-63-10+3-5+1) = 1932 words. 


A has 3 maps and B has 9 maps. Determine the number of ways in which they can exchange maps if each 
keeps his initial number of maps. 


SOLUTION 
A can exchange | map with B in 3C; -9C,; = 3-9 = 27 ways. 
A can exchange 2 maps with B in 3C> - 9C; = 3 - 36 = 108 ways. 
A can exchange 3 maps with B in 3C3 -9C3 = 1 - 84 = 84 ways. 
Total number of ways = 27 + 108 + 84 = 219 ways. 


Another method. Consider that A and B put their maps together. Then the problem is to find the number of 
ways A can select 3 maps out of 12, not including the selection by A of his original three maps. 
12-11-10 


Hence, }2C3—1= 12.3 1 = 219 ways. 
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(a) In how many ways can 12 books be divided among 3 students so that each receives 4 books? 


(b) In how many ways can 12 books be divided into 3 groups of 4 each? 


SOLUTION 


(a) The first student can select 4 out of 12 books in j7C4 ways. 
The second student can select 4 of the remaining 8 books in gC4 ways. 
The third student can select 4 of the remaining 4 books in 1 way. 


Number of ways = 12 Cy-gC4-1 = 495-70-1 = 34650 ways. 


(b) The 3 groups could be distributed among the students in 3! = 6 ways. 


Hence the number of groups = 34 650/3! = 5775 groups. 


In how many ways can a person choose | or more of 4 electrical appliances? 


SOLUTION 


Each appliance may be dealt with in 2 ways, as it can be chosen or not chosen. Since each of the 2 ways of dealing 
with an appliance is associated with 2 ways of dealing with each of the other appliances, the number of ways of 
dealing with the 4 appliances = 2- 2-2-2 = 2* ways. But 2+ ways includes the case in which no appliance is 
chosen. 


Hence the required number of ways = 2* — 1 = 16 — 1 = I5 ways. 


Another method. The appliances may be chosen singly, in twos, etc. Hence the required number of ways = 
4aCy + 4C. + 4C3 +4Cy = 44+64+44 1 = 15 ways. 


How many different sums of money can be drawn from a wallet containing one bill each of 1, 2,5, 10, 20 
and 50 dollars? 
SOLUTION 


Number of sums = 2° — 1 = 63 sums. 


In how many ways can 2 or more ties be selected out of 8 ties? 


SOLUTION 


One or more ties may be selected in (28 — 1) ways. But since 2 or more must be chosen, the required number of 
ways = 2° — 1 — 8 = 247 ways. 
Another method. 2, 3, 4, 5, 6, 7, or 8 ties may be selected in 


gCo + gC3 + C4 + gCs + gCo + gC7 + gCg = gCo + gC3 + gC4 + gC3 + 9C2 + 3Ci +1 
= 28+ 56+ 704+ 56+ 28+ 8+ 1 = 247 ways. 


There are available 5 different green dyes, 4 different blue dyes, and 3 different red dyes. How many 
selections of dyes can be made, taking at least | green and | blue dye? 
SOLUTION 


The green dyes can be chosen in (2° — 1) ways, the blue dyes in (2* — 1) ways, and the red dyes in 2? ways. 


Number of selections = (2° — 1)(2* — 1)(2?) = 31- 15- 8 = 3720 selections. 


See Chapter 34 for more solved problems and more supplementary problems. 
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SUPPLEMENTARY PROBLEMS 


25.49 


25.50 


25.51 


25.52 


25.53 


25.54 


25.55 


25.56 


25.57 


25.58 


25.59 


25.60 


25.61 


25.62 


25.63 


25.64 


25.65 


25.66 


25.67 


25.68 


25.69 


25.70 


Evaluate: 16P3, 7P4, 5Ps, 12P1. 
Find n if (a) 10+) P2 = n41P4, (b) 3+ 2n44P3 = 2+ ny4Pa. 
In how many ways can six people be seated on a bench? 


With four signal flags of different colors, how many different signals can be made by displaying two flags one above 
the other? 


With six signal flags of different colors, how many different signals can be made by displaying three flags one above 
the other? 


In how many ways can a club consisting of 12 members choose a president, a secretary, and a treasurer? 


If no two books are alike, in how many ways can 2 red, 3 green, and 4 blue books be arranged on a shelf so that all 
the books of the same color are together? 


There are 4 hooks on a wall. In how many ways can 3 coats be hung on them, one coat on a hook? 


How many two-digit numbers can be formed with the digits 0,3,5,7 if no repetition in any of the numbers is 
allowed? 


How many even numbers of two different digits can be formed from the digits 3, 4,5, 6, 8? 
How many three-digit numbers can be formed from the digits 1,2,3,4,5 if no digit is repeated in any number? 


How many numbers of three digits each can be written with the digits 1,2,...,9 if no digit is repeated in any 
number? 


How many three-digit numbers can be formed from the digits 3,4, 5,6, 7 if digits are allowed to be repeated? 


How many odd numbers of three digits each can be formed, without the repetition of any digit in a number, from the 
digits (a) 1,2,3,4, (b) 1,2,4, 6,8? 


How many even numbers of four different digits each can be formed from the digits 3,5, 6, 7,9? 
How many different numbers of 5 digits each can be formed from the digits 2,3,5,7,9 if no digit is repeated? 
How many integers are there between 100 and 1000 in which no digit is repeated? 


How many integers greater than 300 and less than 1000 can be made with the digits 1, 2,3, 4,5 if no digit is repeated 
in any number? 


How many numbers between 100 and 1000 can be written with the digits 0, 1,2, 3,4 if no digit is repeated in any 
number? 


How many four-digit numbers greater than 2000 can be formed with the digits 1,2,3,4 if repetitions (a) are not 
allowed, (b) are allowed? 


How many of the arrangements of the letters of the word logarithm begin with a vowel and end with a consonant? 
In a telephone system four different letters P, R, S, T and the four digits 3,5,7,8 are used. Find the maximum 


number of “telephone numbers” the system can have if each consists of a letter followed by a four-digit number 
in which the digits may be repeated. 
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In how many ways can 3 girls and 3 boys be seated in a row, if no two girls and no two boys are to occupy adjacent seats? 
How many four character codes can be made by using three dots and two dashes? 
In how many ways can three dice fall? 


How many fraternities can be named with the 24 letters of the Greek alphabet if each has three letters and none is 
repeated in any name? 


How many signals can be shown with 8 flags of which 2 are red, 3 white and 3 blue, if they are all strung up on a 
vertical pole at once? 


In how many ways can 4 men and 4 women sit at a round table so that no two men are adjacent? 
How many different arrangements are possible with the factors of the term a*b*c> written at full length? 
In how many ways can 9 different prizes be awarded to two students so that one receives 3 and the other 6? 


How many different radio stations can be named with 3 different letters of the alphabet? How many with 4 different 
letters in which W must come first? 


In each case find n: (a) 4+ )C2 = n42C3, (b) np2Cn = 45, (©) nCi2 = nC. 

If 5-,P3 = 24-,C4, find n. 

Evaluate (a) 7C7, (b) 5C3, (c) 7C2, (2) 7Cs, (e) 7Co, (f) 8C7, (8) 8Cs, (2) 100C8. 

How many straight lines are determined by (a) 6, (b) n points, no three of which lie in the same straight line? 
How many chords are determined by seven points on a circle? 

A student is allowed to choose 5 questions out of 9. In how many ways can she choose them? 


How many different sums of money can be formed by taking two of the following: a cent, a nickel, a dime, a quarter, 
a half-dollar? 


How many different sums of money can be formed from the coins of Problem 25.86? 


A baseball league is made up of 6 teams. If each team is to play each of the other teams (a) twice, (b) three times, 
how many games will be played? 


How many different committees of two men and one woman can be formed from (a) 7 men and 4 women, (b) 5 men 
and 3 women? 


In how many ways can 5 colors be selected out of 8 different colors including red, blue, and green 
(a) if blue and green are always to be included, 

(b) if red is always excluded, 

(c) if red and blue are always included but green excluded? 


From 5 physicists, 4 chemists, and 3 mathematicians a committee of 6 is to be chosen so as to include 3 physicists, 2 
chemists, and 1 mathematician. In how many ways can this be done? 
In Problem 25.91, in how many ways can the committee of 6 be chosen so that 


(a) 2 members of the committee are mathematicians. 
(b) at least 3 members of the committee are physicists? 


How many words of 2 vowels and 3 consonants may be formed (considering any set a word) from the letters of the 
word (a) stenographic, (b) facetious? 
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In how many ways can a picture be colored if 7 different colors are available for use? 
In how many ways can 8 women form a committee if at least 3 women are to be on the committee? 


A box contains 7 red cards, 6 white cards and 4 blue cards. How many selections of three cards can be made so that 
(a) all three are red, (b) none is red? 


How many teams of nine players can be chosen from 13 candidates if A, B, C, D are the only candidates for two 
positions and can play no other position? 


How many different committees including 3 Democrats and 2 Republicans can be chosen from 8 Republicans and 
10 Democrats? 


At a meeting, after everyone had shaken hands once with everyone else, it was found that 45 handshakes were 
exchanged. How many were at the meeting? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 
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3360, 840, 120, 12 25.67 48 25.83 (a) 15, (6) M@=Y 
(a) 4, (b) 6 25.68 (a) 18, (b) 192 25.84 21 

720 25.69 90720 25.85 126 

12 25.70 1024 25.86 10 

120 25.71 72 25.87 31 

1320 25.72 10 25.88 (a) 30, (b) 45 

1728 25.73 216 25.89 (a) 84, (b) 30 

24 25.74 12, 144 25.90 (a) 20, (b) 21, (c) 10 
9 25.75 560 25.91 180 

12 25.76 144 25.92 (a) 378, (b) 462 

60 25.77 6930 25.93 (a) 40 320, (b) 4800 
504 25.78 168 25.94 127 

125 25.79 15 600; 13 800 25.95 219 


(a) 12, (b) 12 


25.80 (a) 2,7, (b) 8, (c) 20 


25.96 (a) 35, (b) 120 


24 25.81 8 25.97 216 
120 25.82 (a) 1, (b) 10, (c) 21, 25.98 3360 
648 (d) 21, (e) 7, (f) 8 25.99 10 
36 (g) 56, (h) 4950 


CHAPTER 26 


The Binomial Theorem 


26.1 COMBINATORIAL NOTATION 


The number of combinations of n objects selected r at a time, ,,C,, can be written in the form 


(") 


which is called combinatorial notation. 


where n and r are integers and r <n. 


EXAMPLES 26.1. Evaluate each expression. 
7 8 , (9 5 
»() a(t) 6) @) 


= TD: 35 


7) T — 7 _7-6-5-4! 
~ (7—3)13! 413! 413. 2-1 
8! 8! 8-7! 

b => = — — 

®) ) (8—7)I7! 17! 1-7! 


¢ 

8 

7 

9\ 9! Jel ot Eg 
9} (9-919! Ol! Old 
5 1 

0 1 


5! 5} 1 
s )-s2ye-s0- a7 


26.2 EXPANSION OF (a+ x)" 


If n is a positive integer we expand (a + x)” as shown below: 


1 n(n _ 1) n—2.2 n(n ~— In - 2) n—3 3 
rr a a Xx Tar x 
n(n = 1)(n —_ 2) ee (n =Car 2) qrittlyol 

(r—D! 


This equation is called the binomial theorem, or binomial formula. 


(a+x)" =a" +na"~ 


feee yt eae aS i 
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Other forms of the binomial theorem exist and some use combinations to express the coefficients. The 
relationship between the coefficients and combinations are shown below. 


S94. “Saag. ot 4! S. . (3 
1” S:0:Lo "I~ Geo so 


na=—Dm=—2) na=—DO=—2)er2el n! =(7) 


3! (n — 3)!3! ~ (n— 313! \3 
So 
(a+ x)" =a" + ae + ae ++. 
! 
‘eapaeeme 
and (a+x)" =a"+ (Tarts (5 ete fees (," ae fire x" 


The rth term of the expansion of (a + x)” is 


n(n — In 2)--- PHD egret 
(r — 1)! 


rth term = 


The rth term formula for the expansion of (a + x)" can be expressed in terms of combinations. 


—1)\(n-2 _ 2 
_ nn \(n Jes-(a—rt+ ) port rl 


rth term 
f=) 
n(n In —2)---(a—r+2)\n—r+1)---2-1 n—r+1 r—1 
~ (n—r+1)(n—r)---2-1(r—1D! . 
! 
rth term = = aces aes 


(n—[r—1)!~— 1)! 
rth term = ( . |e 
r—1 


SOLVED PROBLEMS 


26.1 Evaluate each expression. 


(a) (2) (b) (?) (c) Gr (a) (0) 


SOLUTION 
10 10! 10! 10- Z : 
= = 45 
(@) ( 2 ) a a ~ 82! BI: 
10! 10-9 - 8! 
b = 45 
e 8) = a0 ~ 26 2s1<8I 


12! 12-11-10! 


o ¢ a) a= iid —~ 91.10! 2-1-10! 


= 66 


70 170 170! 1 1 I 
70 = (7e— 170)!1170!  O!- 170! =O! 1 
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Expand by the binomial formula. 


bo"? ‘ls, 


2 
26.2 (a+x~p =a +3a ae ye + 7 23° =a 43a°x4+3ar4+x 
4. 4-3-2 4-3-2-1 
26.3 (a+x)t =at4+4ax+ ree = ze PEt sat + dabe + 6a? + dan’ +24 
4 4. 4.3.2 
264 (a+xP =a +5a App Pe te 7. : ox oats =a? + 5atx+ 10a°x? 


+ 10a7x3 + 5axt +9 
Note that in the expansion of (a + x)": 


(1) The exponent of a+ the exponent of x = n (i.e., the degree of each term is 7). 
(2) The number of terms is n + 1, when 7 is a positive integer. 

(3) There are two middle terms when n is an odd positive integer. 

(4) There is only one middle term when n is an even positive integer. 


(5) The coefficients of the terms which are equidistant from the ends are the same. It is interesting to 
note that these coefficients may be arranged as follows. 


(a+x) 1 

(a+x)! tt «dt 

(a+xy 12 1 
(a+xy {3 21 
(a+x)* 1464 1 
(a+x) is 10 10°45 4 
(a+x)° 16 15. 26 15: 6 4 
etc. 


This array of numbers is known as Pascal’s Triangle. The first and last number n in each row are 1, 
while any other number in the array can be obtained by adding the two numbers to the right and left of it 
in the preceding row. 


x yt 


3 
26.5 (x—y2) = x° + 6° yy+o5 > Cy? + 4 
6.541352 
eer. 


= x8 —6Py? + 15x+y4 — 20x7y® + 15x7y8 — 6xy!? 


ee ae 


Ve 


12 


In the expansion of a binomial of the form (a — b)", where n is a positive integer, the terms are 
alternately + and —. 


26.6 (3a? — 2b)* = (3a*)* + 403 )7¢ 2) +4 5a a7 (2b) + cis = Ga i Iby +E aby 


= 81a’? — 216a°b + eae — 96a3b? + - 


“6 — (ete 

26.7) (x—1)) =x? + 7x n+ 5X ¢ ihgee 37 ¢ ibs ee a iv 
TiG2 50443 9 oe . P 
1 1 i 
ls ee 


— 7Tx® + 219° — 35x* + 35x3 — 21x? + Tx — 1 
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i Beh 8x 32x 16 
~ 81 27Ty  3y2 § 3y3 ° 4 


26.9 (/x+ /y)° = (x!/2)6 +. 6(x1/2)° (493 (el ytqrpe > "4 r(l2y 
G23 <4s5 1/2\2/ ..1/2\4 a4 Ss 2 1/2 1/2)5 1/2\6 
ly + PSS Cy! + ("9 


a ee ne 6x9/2yl/2 an 15x?y ote B01 9/7 a ier A. 62 +y 


26.10 (a? 4b?) =@?y +49 45 (a)? (pb!) races (a -2)(p3/2)3 4 (p3/2)4 


=a * + 4a~b3? + 6a~*b? + 4a??? +- BF 


26.11 (eT aCe +1 +7 S(eN% ey + rm Se ery 
7-6-5-4 x\3 at -6-5-4-3 x\2 —xy5 
Fig Orta 
7-6-°5-4-3-2, ag 7 
tT 


= e™ — Je + 21e3* — 35e* + 35e-* — 21e73* + Je — e™ 


26.12 (a+b—c)y =[(a+b)—cP = (a+b) + 3(at+ bP Cc) + = (a + b)(—c)? + (cy 


=a + 3a’b + 3ab? + B® — 3a*c — babe — 3b*c + 3ac* + 3bc? — 3 


26.13 (? +x-33 =? + -3)P = 0°? + 30° — 3) + : 50) 3) +(«-3)° 
= x8 + (3x° — 9x4) + 3x4 — 1823 + 27x") + (x? — 9x? + 27x — 27) 
= x® + 3x9 — 6x4 — 17x3 + 18x? + 27x — 27 
In Problems 26.14—26.18, write the indicated term of each expansion, using the formula 


—1)\(n—-2)---(n— 2 pied 
nn yn ) (n ree ) rth yr 


rth term of (a+ x)" = ( bi 
r—1)! 


26.14 Sixth term of (x+y)!. 


SOLUTION 


n= 15,r=6,n-r+2=11,r-1=5,n-r+1=10 
15-14-13-12-11 10,5 


10,5 
[-3.504-5 = 3003x-y 


6th term = 


26.15 Fifth term of (a— Jb)’. 
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SOLUTION 


n=9,r=5,n-r+2=6,r-1=4,n-r+l=5 


9-8-7-6 
th term = ———_—_@(— Vb)" = 126a°b* 
Sth term 1.2.3.4" | vb) a 


26.16 Fourth term of (x? — y?)!!. 


SOLUTION 
n=11lr=4,n-r+2=9,r-1=3,n-r+l1=8 
11-10-9 
4th term =—— P (°)8(—y’> = —165x!°y® 


x 


1 12 
26.17 Ninth term of e 4 ) 


SOLUTION 
n=12,r=9,n-—r+2=5,r—1=8,n-—r+1=4 


12-11-10-9-8-7-6-5/x\*/1\8 495 
Oth term = = 
1-2-3-4.5-6-7-:8 \2) \x) 16x4 


1\20 
26.18 Eighteenth term of (1 - :) ; 
x 


SOLUTION 
n=20,r=18,n—r+2=4,r—1l=17,n-—r+1=3 


| \- 20-19-18 1140 


18th term = 2 
oe ae Macey x 1-2- 3x17 xi 


26.19 Find the term involving x? in the expansion of 
10 
(< + =) : 
x 


SOLUTION 


From (x7)!°-"+!(q-!y'"! = x? we obtain 3(10 — r+ 1 — l(r— 1) =20rr=8. 


For the 8th term: n = 10,r =8,n—r+2=4,r—1=7,n-—r+1=3. 


“4° 3.34 : 72 
OF) ( ) = 120a'x 
-7 53 


10-9- 
2. 


6: 
1 5: 


8th term — la 
erm = 3.4. 


26.20 Find the term independent of x in the expansion of 


SOLUTION 


From (x7)?-"t!(¢7!y""! = x° we obtain 2(9 — r+ 1) — l(r— 1) =O orr=7. 
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For the 7th term: n=9,r=7,n—r+2=4,r—1=6,n—r+1=3. 


7th term = 


ee 
iIsae 


26.21 Evaluate (1.03)!° to five significant figures. 


SOLUTION 
10-9 10-9-8 10-9-8-7 
1.03)!° = (1 + 0.03)! = 1 + 10(0. —— (0.03)? 03)? + ——_—_(0.03)* + -- - 
(1.03) (1 +0.03) + 10( 03) +> ¢ 03)* + oa 3)3 + io 3)4 + 
= 1+0.3+ 0.0405 + 0.003 24 + 0.00017 + --- = 1.3439 


Note that all 11 terms of the expansion of (0.03 + 1)!° would be required in order to evaluate (1.03)!°. 


26.22 Evaluate (0.99)'> to four decimal places. 


SOLUTION 
15-14 15-14-13 
(0.99) = (1 — 0.01) = 1 + 15(—0.01) + Ge ( 0.01)" + =5-4—(-0.01)° 
15-14-13-12 
0.01)* +--- 
ee ana y+ 
= 1—0.15 + 0.0105 — 0.000455 + 0.000014 — --- = 0.8601 


26.23 Find the sum of the coefficients in the expansion of (a) (1 + x), wa =x". 


SOLUTION 
(a) If, 1, c1, co, ..., Cio are the coefficients, we have the identity 
(+x! =1+ext+ Cx? fee yp Cox!®. Let x= 1, 
Then (1 + 1)/° =1+c)+o+---+ci9 = sum of coefficients = 2!° = 1024 


(b) Let x = 1. Then (1 — x)! = (1 — 1)! = 0 = sum of coefficients. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


26.24 Expand by the binomial formula. 

(a) «+3 © ~t+3) (ec) (2-y yt (g) (; iis ‘y 

(b) «-2P — @) (: + 1y (f) (a— 2b) (A) (y'"? +“ "798 
26.25 Write the indicated term in the expansion of each of the following. 


1 10 
(a) Fifth term of (a — b)’ (d) Seventh term of (« = =) 


Ja 
1\? 
(b) Seventh term of ( - -) (e) Sixteenth term of (2 — 1 /x)'8 
x 


1 8 
(c) Middle term of (> = -) (f) Sixth term of (x? — 2y)!! 
y 
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26.26 Find the term independent of x in the expansion of 


26.27 Find the term involving x° in the expansion of 


26.28 Evaluate (0.98)° correct to five decimal places. 


26.29 Evaluate (1.1)!° correct to the nearest hundredth. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


26.24 


26.25 


26.26 


26.27 


26.28 


26.29 


fn 2 oy ge 8a 


ge ag” ae" 


(b) x5 — 10x* + 40x3 — 80x? + 80x — 32 


1 
(a) x©+3x° + oe 


(c) yt + 12y3 + 54y? + 108y + 81 


iO St 
d) ° +5 4+10x+—4+54+5 
x x x 


(e) x8 — 4x%y3 + 6x46 — 4x2? 4 yl? 
(f) a® — 12a°b + 60atb? — 160a7b? + 240a?b* — 192ab° + 64b° 


(g) xt 3x) 27x? | 54x 81 
? 6 yw ' wi»y ' ¥ 


(h) y> + 6y* + 15y + 20+ I5y-! + 6y2 + y3 


(a) 35a°b* (ce) 70 (e) rec 
Xx 
(b) 84 (d) 210a_ ss (f) —14784x!?y° 
5 
7o2y 
0.885 84 
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Probability 


27.1 SIMPLE PROBABILITY 


Suppose that an event can happen in / ways and fail to happen in f ways, all these h+ f ways supposed 
equally likely. Then the probability of the occurrence of the event (called its success) is 


h h 


PT haf on’ 


and the probability of the non-occurrence of the event (called its failure) is 


a ae 5 
=a a 
+fon 
where n =h+f. 
It follows thatp+q=1,p=1-—q,andq=1-—p. 
The odds in favor of the occurrence of the event are h: f or h/f; the odds against its happening are f:h or f/h. 
If p is the probability that an event will occur, the odds in favor of its happening are p:qg = p:(1 — p) or 
p/(U — p); the odds against its happening are g:p = (1 — p):p or (1 — p)/p. 


27.2 COMPOUND PROBABILITY 


Two or more events are said to be independent if the occurrence or non-occurrence of any one of them does not 
affect the probabilities of occurrence of any of the others. 

Thus if a coin is tossed four times and it turns up a head each time, the fifth toss may be head or tail and is 
not influenced by the previous tosses. 

The probability that two or more independent events will happen is equal to the product of their separate 
probabilities. 

Thus the probability of getting a head on both the fifth and sixth tosses is (5) = }. 

Two or more events are said to be dependent if the occurrence or non-occurrence of one of the events 
affects the probabilities of occurrence of any of the others. 

Consider that two or more events are dependent. If p; is the probability of a first event, p2 the probability 
that after the first has happened the second will occur, p3 the probability that after the first and second have 
happened the third will occur, etc., then the probability that all events will happen in the given order is the 
product p\ -P2-p3-::- 
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For example, a box contains 3 white balls and 2 black balls. If a ball is drawn at random, the probability 


2 2 
that it is black is 3p0 75 If this ball is not replaced and a second ball is drawn, the probability that it also 


1 1 21 1 
is black is 3h1 4 Thus the probability that both will be black is 5 (3) = 10" 


Two or more events are said to be mutually exclusive if the occurrence of any one of them excludes the 
occurrence of the others. 

The probability of occurrence of some one of two or more mutually exclusive events is the sum of the prob- 
abilities of the individual events. 


EXAMPLE 27.1. If a die is thrown, what is the probability of getting a 5 or a 6? Getting a 5 and getting a 6 are mutually 
exclusive so 
1 1 2 1 
P(5 or 6) = P(5)+ P(6) =++-+=+=- 
(5 or 6) = P(5) + P(6) 6.6 "Ee 3 
Two events are said to be overlapping if the events have at least one outcome in common, hence they can 
happen at the same time. 


The probability of occurrence of some one of two overlapping events is the sum of the probabilities of the 
two individual events minus the probability of their common outcomes. 


EXAMPLE 27.2. If a die is thrown, what is the probability of getting a number less than 4 or an even number? 
The numbers less than 4 on a die are 1, 2, and 3. The even numbers on a die are 2, 4, and 6. Since these two events have 
a common outcome, 2, they are overlapping events. 


Pi(less than 4 or even) = P(less than 4) + P(even) — P(less than 4 and even) 


27.33. MATHEMATICAL EXPECTATION 


If p is the probability that a person will receive a sum of money m, the value of his expectation is p- m. 
Thus if the probability of your winning a $10 prize is 1/5, your expectation is 5($10) = $2. 


27.4 BINOMIAL PROBABILITY 


If p is the probability that an event will happen in any single trial and g = | — p is the probability that it will 
fail to happen in any single trial, then the probability of its happening exactly r times in n trials is ,C,p"q” ’. 
(See Problems 27.22 and 27.23.) 

The probability that an event will happen at least r times in 7 trials is 


n—2 


p" F iCip -¢ + nC2p a peer ft nCyp' qr". 


This expression is the sum of the first n — r+ 1 terms of the binomial expansion of (p + q)". (See Problems 
27.24—27.26.) 


27.5 CONDITIONAL PROBABILITY 


The probability that a second event will occur given that the first event has occurred is called conditional prob- 
ability. To find the probability that the second event will occur given that the first event occurred, divide the 
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probability that both events occurred by the probability of the first event. The probability of event B given that 
event A has occurred is denoted by P(B|A). 


EXAMPLE 27.3. A box contains black chips and red chips. A person draws two chips without replacement. If the 
probability of selecting a black chip and a red chip is 15/56 and the probability of drawing a black chip on the first 
draw is 3/4, what is the probability of drawing a red chip on the second draw, if you know the first chip drawn was 
black? 

If B is the event drawing a black chip and R is the event drawing a red chip, then P(R|B) is the probability of drawing a 
red chip on the second draw given that a black chip was drawn on the first draw. 


P(R and B) 


P(R|B) = a 


Thus, the probability of drawing a red chip on the second draw given that a black chip was drawn on the first draw is 
5/14. 


SOLVED PROBLEMS 


27.1 One ball is drawn at random from a box containing 3 red balls, 2 white balls, and 4 blue balls. Determine 
the probability p that it is (a) red, (b) not red, (c) white, (d) red or blue. 


SOLUTION 

eo ways of drawing | out of 3 red balls | 3 eee 

. P* ways of drawing | out of @+2+4) balls 34244 9 3 
1 2 2 3+4 7 

b =l]-+=== . =— d = = 

p=1-7=5  Op=5 p= = 


27.2 One bag contains 4 white balls and 2 black balls; another bag contains 3 white balls and 5 black balls. If 
one ball is drawn from each bag, determine the probability p that (a) both are white, (b) both are black, 
(c) 1 is white and 1 is black. 


SOLUTION 
4 3 1 2 5 5 
= = L — = 
ae (=5)(s33) 4 OP (5) (s35) 24 
a . : , 4 (5 5 
(c) Probability that first ball is white and second black = 6\3) =T 
i : ; . 2 (3 1 
Probability that first ball is black and second white = é\3) =8 
‘ : re > 1 13 
These are mutually exclusive; hence the required probability p = D + sa 
1 1 
Another method. p=1l--- = a al 
4 24 24 


27.3, Determine the probability of throwing a total of 8 in a single throw with two dice, each of whose faces is 
numbered from | to 6. 
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27.4 


27.5 


27.6 


27.7 


27.8 


SOLUTION 


Each of the faces of one die can be associated with any of the 6 faces of the other die; thus the total number of 
possible cases = 6-6 = 36 cases. 
There are 5 ways of throwing an 8: 2, 6; 3, 5; 4, 4; 5, 3; 6, 2. 


ber of fi ble cas 5 
Required probabiiny = number of favorable cases _ 


possible number of cases _ 36 
What is the probability of getting at least 1 one in 2 throws of a die? 


SOLUTION 


The probability of not getting a one in any single throw = 1 — 1/6 = 5/6. 
The probability of not getting a one in 2 throws = (5/6)(5/6) = 25/36. 
Hence the probability of getting at least 1 one in 2 throws = 1 — 25/36 = 11/36. 


The probability of A’s winning a game of chess against B is 1/3. What is the probability that A will win 
at least 1 of a total of 3 games? 


SOLUTION 


The probability of A’s losing any single game = 1 — 1/3 = 2/3, and the probability of A losing all 3 
games = (2/3)? = 8/27. 
Hence the probability of A winning at least 1 game = 1 — 8/27 = 19/27. 


Three cards are drawn from a pack of 52, each card being replaced before the next one is drawn. 
Compute the probability p that all are (a) spades, (b) aces, (c) red cards. 


SOLUTION 
A pack of 52 cards includes 13 spades, 4 aces, and 26 red cards. 


_ fy 1 ae 2 ee , (26\° 1 
@ v= (5) = 4 © p= (5) =a57 © p= (3) =5 


The odds are 23 to 2 against a person winning a $500 prize. What is her mathematical expectation? 


SOLUTION 


2 
Expectation = probability of winning x sum of money = (a5) ($500) = $40. 


Nine tickets, numbered from | to 9, are in a box. If 2 tickets are drawn at random, determine the prob- 
ability p that (a) both are odd, (b) both are even, (c) one is odd and one is even, (d) they are numbered 
2 De 


SOLUTION 


There are 5 odd and 4 even number tickets. 


number of selections of 2 out of 5 odd tickets 7 5C2 = 5 


n= number of selections of 2 out of 9 tickets ~— 9C) 18 


patent ee pa teraGr_ 5-4 _5 ee 
PGC a ee ae PCs. 36 
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A bag contains 6 red, 4 white, and 8 blue balls. If 3 balls are drawn at random, determine the probability 
p that (a) all 3 are red, (b) all 3 are blue, (c) 2 are white and | is red, (d) at least | is red, (e) 1 of each 
color is drawn, ( f) the balls are drawn in the order red, white, blue. 


SOLUTION 
(a) number of selections of 3 out of 6 red balls = 6C3 5 
at ae number of selections of 3 out of 18 balls ~~ 4gC3; 204 
gC3 7 
b = — = —_ 
@) 1sC3 102 
(c) _40r 661 = 
1gC3 68 


4 
(d) Probability that none is red = eS Os a 8 


isC3. ss gC3.— 204 
Hence the probability that at least 1 is red = 1 eS, 
204 204 
6-4-8 6-4-8 4 
(e) p= a 316 = 
4 1 4 1 2 6-4-8 6-4-8 2 
OPA e a Pp, TF ie-17- 16 5 


Three cards are drawn from a pack of 52 cards. Determine the probability p that (a) all are aces, (b) all 
are aces and drawn in the order spade, club, diamond, (c) all are spades, (d) all are of the same suit, 
(e) no two are of the same suit. 


SOLUTION 


(a) There are 52C3 selections of 3 out of 52 cards, and 4C;3 selections of 3 out of 4 aces. 


4C3, 4c 1 


Hence p= = = . 
52C3  52C3 ~=5525 


(b) There are 52P3 orders of drawing 3 out of 52 cards, one of which is the given order. 


1 1 1 
P= SP; 52-51-50 132600° 


Hence 


(c) There are ;3C3 selections of 3 out of 13 spades. 


ence =-——_=—_., 
OS i 850 
(d) There are 4 suits, each consisting of 13 cards. Hence there are 4 ways of selecting a suit, and ;3C3 ways of 
selecting 3 cards from a given suit. 


4-3C 22 
Hence p= 33 = 


52C3 425° 


(e) There are 4C3 = 4C, = 4 ways of selecting 3 out of 4 suits, and 13 - 13 - 13 ways of selecting 1 card from each 
of 3 given suits. 

_ 4-13-13-13 169 

~ 52C3 ~ 425° 


Hence Dp 
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27.11 


27.12 


27.13 


What is the probability that any two different cards of a well-shuffled deck of 52 cards will be together in 
the deck, if their suit is not considered? 


SOLUTION 


Consider the probability that, for example, an ace and a king are together. There are 4 aces and 4 kings in a deck. 
Hence an ace can be chosen in 4 ways, and when that is done a king can be chosen in 4 ways. Thus an ace and then a 
king can be selected in 4 - 4 = 16 ways. Similarly, a king and then an ace can be selected in 16 ways. Then an ace 
and a king can be together in 2 - 16 = 32 ways. 

For every one way the combination (ace, king) occurs, the remaining 50 cards and the (ace, king) combination 
can be permuted in 51! ways. The number of favorable arrangements is thus 32(51!). Since the total number of 
arrangements of all the cards in the deck is 52!, the required probability is 


3251!) 32 8 


52). 52~~«13 


A man holds 2 of a total of 20 tickets in a lottery. If there are 2 winning tickets, determine the probability 
that he has (a) both, (b) neither, (c) exactly one. 


SOLUTION 
(a) There are 39C2 ways of selecting 2 out of 20 tickets. 
1 1 
Hence the probability of his winning both prizes = —— = —. 
20C2 190 


Another method. The probability of winning the first prize = 2/20 = 1/10. After winning the first prize (he has 
1 ticket left and there remain 19 tickets from which to choose the second prize) the probability of winning the second 


i7t\. 4 
10 \19) ~ 190° 


prize is 1/19. 
Hence the probability of winning both prizes = — 


(b) There are 20 tickets, 18 of which are losers. 
isCy 153 
20C2 190° 
Another method. The probability of not winning the first prize = 1 — 2/20 = 9/10. If he does not win the first 
prize (he still has 2 tickets), the probability of not winning the second prize = 1 — 2/19 = 17/19. 


9 (17\ _ 153 
10\19) 190° 


Hence the probability of winning neither prize = 


Hence the probability of winning neither prize = — 
(c) Probability of winning exactly one prize 


= 1 — probability of winning neither — probability of winning both 


153 1 3618 


= 1~ 190 ~ 190 = 190 ~ 95° 


Another method. 


1 

Probability of winning first but not second prize = — ae — is 
20 \19 95 

a3 Te bth 18 / 2 9 
Probability of not winning first but winning second = — { — } = — 
20 \19 95 

Hence the probability of winning exactly 1 prize = i + ae 
P y g yip = 95.05 95° 


A box contains 7 tickets, numbered from 1 to 7 inclusive. If 3 tickets are drawn from the box, one at a 
time, determine the probability that they are alternately either odd, even, odd or even, odd, even. 
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SOLUTION 
The probability that the first drawn is odd (4/7), then the second even (3/6) and then the third odd (3/5) is 


4 (3\ (3\ _ 6 
T\6/\5) 35° 
The probability that the first drawn is even (3/7), then the second odd (4/6), and then the third even (2/5) is 
3 (‘) (2) 4 
7\6 ~ 35° 
H rs : d probabilit 2 + ene 
ence the required probability = —+7—=-. 
eee U 95 5 7 

Another method. Possible orders of 7 numbers taken 3 at a time = 7P3 = 7-6-5 = 210. 

Orders where numbers are alternately odd, even, odd = 4-3-3 = 36. 

Orders where numbers are alternately even, odd, even = 3-4-2 = 24. 


36424 60 2 


210. +210°=«7° 


Hence the required probability = 


The probability that A can solve a given problem is 4/5, that B can solve it is 2/3, and that C can solve it 
is 3/7. If all three try, compute the probability that the problem will be solved. 


SOLUTION 


The probability that A will fail to solve it = 1 — 4/5 = 1/5, that B will fail = 1 — 2/3 = 1/3, and that C will 
fail = 1 — 3/7 = 4/7. 


1/1) /4 
The probability that all three fail = 5 (5) (3). 


Hence the probability that all three will not fail, i.e., that at least one will solve it, is 
1 1/1)\ (4 1 4 101 
S\3)\7) 105° 105° 


The probability that a certain man will be alive 25 years hence is 3/7, and the probability that his wife 
will be alive 25 years hence is 4/5. Determine the probability that, 25 years hence, (a) both will be alive, 
(b) at least one of them will be alive, (c) only the man will be alive. 


SOLUTION 
is ' ; 3 (4 12 
(a) The probability that both will be alive = - |=] = —. 
T\5 35 
(b) Th bability that both will die within 25 =(1 a 1 ON see ee 
e probability that both will die within 25 years = 7 5) =7\5) =35 
ir : ; 4 31 
Hence the probability that at least one will be alive = 1 — 35 = 35" 


(c) The probability that the man will be alive = 3/7, and the probability that his wife will not be alive = 
1-4/5 = 1/5. 3/1 3 
Hence the probability that only the man will be alive = 4 (5) = 35° 


There are three candidates, A, B, and C, for an office. The odds that A will win are 7 to 5, and the 
odds that B will win are | to 3. (a) What is the probability that either A or B will win? (b) What are 
the odds in favor of C? 


SOLUTION 


7 
Probability that A will win: = =5 
(a) Probability that A will win 745772 
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27.17 


27.18 


27.19 


27.20 


that B will win: a — z 
143 4 


7.15 

Hence the probability that either A or B will win = D + ia 
>t 

(b) Probability that C will win: 1 — S = Se 


Hence the odds in favor of C are | to 5. 


One purse contains 5 dimes and 2 quarters, and a second purse contains | dime and 3 quarters. If a coin 
is taken from one of the two purses at random, what is the probability that it is a quarter? 


SOLUTION 


The probability of selecting the first purse (1/2) and of then drawing a quarter from it (2/7) is (1/2) (2/7) = 1/7. 
The probability of selecting the second purse (1/2) and of then drawing a quarter from it (3/4) is (1/2) (3/4) = 3/8. 


: ae 1 3 29 
Hence the required probability = = 


A bag contains 2 white balls and 3 black balls. Four persons, A, B, C, D, in the order named, each draw 
one ball and do not replace it. The first to draw a white ball receives $10. Determine their expectations. 


SOLUTION 
2 2 
A’s probability of winning = 3 and the expectation = 5 (10) = $4. 


To find B’s expectation: The probability that A fails = 1 — 2/5 = 3/5. If A fails, the bag contains 2 white and 
2 black balls. Thus the probability that if A fails B will win = 2/4 = 1/2. Hence B’s probability of winning = 
(3/5)(1/2) = 3/10, and the expectation is $3. 


To find C’s expectation: The probability that A fails = 3/5, and the probability that B fails = 1 — 1/2 = 1/2. 
If A and B both fail, the bag contains 2 white balls and 1 black ball. Thus the probability that, if A and B both fail, C 
ve bit 3/1) (2 1 : 1 
will win = 2/3. Hence C’s probability of winning = 5 (5) (5) => and the expectation = 5 (810) = $2. 
If A, B, and C fail, only white balls remain and D must win. Hence D’s probability of 


. 3/1\/1\/1 1 . 1 
winning = 5 (5) (3) (;) =T0 and the expectation = Io 21 = $1. 


2.3 1. 1 


Eleven books, consisting of 5 engineering books, 4 mathematics books, and 2 chemistry books, are 
placed on a shelf at random. What is the probability p that the books of each kind are all together? 


SOLUTION 


When the books of each kind are all together, the engineering books could be arranged in 5! ways, the mathematics 
books in 4! ways, the chemistry books in 2! ways, and the 3 groups in 3! ways. 


__ ways in which books of each kind are together 5!4!2!3!— 1 


total number of ways of arranging 11 books ‘11! 1155" 


Five red blocks and 4 white blocks are placed at random in a row. What is the probability p that the 
extreme blocks are both red? 


SOLUTION 
(5+4)! Of 
54! 514! 


Total possible arrangements of 5 red and 4 white blocks = 126. 
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27.22 


27.23 


27.24 
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9 — 2)! 7! 
Arrangements where extreme blocks are both red = oe ——— 
3 5 (5—2)!4! 3/4! 
Hence the required probability p = 76 > 1s" 


One purse contains 6 copper coins and | silver coin; a second purse contains 4 copper coins. Five coins 
are drawn from the first purse and put into the second, and then 2 coins are drawn from the second and 
put into the first. Determine the probability that the silver coin is in (a) the second purse, (b) the first 
purse. 


SOLUTION 


Initially, the first purse contains 7 coins. When 5 coins are drawn from the first purse and put into the second, the 
probability that the silver coin is put into the second purse is 5/7, and the probability that it remains in the first purse 
is 2/7. 

The second purse now contains 5 + 4 = 9 coins. Finally, after 2 of these 9 coins are put into the first purse, 


the probability that the silver coin is in the second purse = : 
2 " 5 (2 4 1 5 64 
urse = =-|or =—}). 
‘4 7° 7\9) ~9 9° 9 


Compute the probability that a single throw with 9 dice will result in exactly 2 ones. 


7 
(3) = 5 and the probability that it is in the first 


SOLUTION 
2 
1/1 1 
The probability that a certain pair of the 9 dice thrown will yield ones = — (5) = (5) . The probability that the 
1\7 7 
other 7 dice will not yield ones = (1 a 3) a (2) . Since 9C> different pairs may be selected from the 9 dice, the 


1\7/5\7 78125 
ability that exactly 1 pair will b is oC = 
pro adil ny at exac y pair wl e€ aces 18 9 (3) (3) 279 036 


Or, b la: Probability = ,C, p"g"~" = oC eo 
r, by formula: Probability = nC; p"q"” = 9C2\&) | & ~ 279936" 


What is the probability of getting a 9 exactly once in 3 throws with a pair of dice? 


SOLUTION 


A 9 can occur in 4 ways: 3, 6; 4, 5; 5, 4; 6, 3. 1 
In any throw with a pair of dice, the probability of getting a9 = 4/(6- 6) = ry and the probability of not getting 


1 8 
a9=1- ay The probability that any given throw with a pair of dice is a 9 and that the other two throws are 


2 
not = (5) (5) . Since there are 3C, = 3 different ways in which one throw is a 9 and the other two throws are not, 


1\(8\"_ 64 
the probability of throwing a 9 exactly once in 3 throws = 3C, (5) (5) = ag 


Or, b la: Probability = ,C, p’q""" =3C : 8\"_ 64 
r, by formula: Probability = ,C, p’g"" = 3C1 9)\o) = 243° 


If the probability that the average freshman will not complete four years of college is 1/3, what is the 
probability p that of 4 freshmen at least 3 will complete four years of college? 


SOLUTION 


a? / per a 
Probability that 3 will complete and 1 will not = 4C3 (5) (5) =4C) (5) (5). 
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27.25 


27.26 


27.27 


2\4 2\4 2\7/1\ 16 
Probability that 4 will lete-(<). H =t i= 2\ (s/a22, 
robability that 4 will complete (5) ence p (5) +.1(5) (5) 59 


% AY 

Or, by formula: p = first 2 (n — r+ 1=4—3-+ 1) terms of the expansion of (F+3) 
7 2V" LC 2\*/1 _16 | 32_ 16 
NSP TN) Sy Bi Bi 27" 


A coin is tossed 6 times. What is the probability p of getting at least 3 heads? What are the odds in favor 
of getting at least 3 heads? 


SOLUTION 


On each toss, probability of a head = probability of a tail = 1/2. 
The probability that certain 3 of the 6 tosses will give heads = (1/ 2)°. The probability that none of the other 
3 tosses will be heads = (1/ 2)°. Since C3, different selections of 3 can be made from the 6 tosses, the probability 


that exactly 3 will be heads is 
W3/1\3 1\° 
6C3( =} (5) =6C3l a} - 
2) 2. 2 


Similarly, the probability of exactly 4 heads = 6C4(1/2)° = 6C,(1/2)°, 
the probability of exactly 5 heads = 6C5(1/2)° = 6C,(1/2)°, 
the probability of exactly 6 heads = (1/ 2)°. 


6 6 6 6 
1 1 1 1 
Hence P=\5) teoCil5} toC2|5] +6Cal5 


= ae C; + 6C2 + 6C3) = IV 46-4 15-420) 24 
=p 6C1 + 6C2 + 6C3) = | 5 = 35° 


The odds in favor of getting at least 3 heads is 21:11 or 21/11. 


ee be 
Or, by formula: p = first 4(n — r+ 1 = 6—3-+ 1) terms of the expansion of (; + ;) 
rr" ‘ny 1\° iy 1 
= (5) +eci(3) +0C2() +003(3) = 5 


Determine the probability p that in a family of 5 children there will be at least 2 boys and 1 girl. Assume 
that the probability of a male birth is 1/2. 


SOLUTION 
The three favorable cases are: 2 boys, 3 girls; 3 boys, 2 girls; 4 boys, | girl. 


= LY etiod C3+ c) -1a0+104+5)=2 
P=\5) SS 503 54) = 35 = 30" 


The probability that a student takes chemistry and is on the honor rolls is 0.042. The probability that a 
student is on the honor roll is 0.21. What is the probability that the student is taking chemistry, given that 
the student is on the honor roll? 
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SOLUTION 


: . P(taking chemistry and on honor roll) 
P(taking chemistry|on honor roll) = 


P(on honor roll) 
0.042 
~ 0.21 
= 0.2 


27.28 At the Pine Valley Country Club, 32% of the members play golf and are female. Also, 80% of the 
members play golf. If a member of the club is selected at random, find the probability that the 
member is female given that the member plays golf. 


SOLUTION 


P(female and golfer) 


P(female|golfer) = P(golfer) 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


27.29 Determine the probability that a digit chosen at random from the digits 1, 2, 3, ..., 9 will be (a) odd, (b) even, 
(c) a multiple of 3. 


27.30 A coin is tossed three times. If H = head and T = tail, what is the probability of the tosses coming up in the order 
(a) HTH, (b) THH, (c) HHH? 


27.31 If three coins are tossed, what is the probability of obtaining (a) three heads, (b) two heads and a tail? 
27.32 Find the probability of throwing a total of 7 in a single throw with two dice. 
27.33, What is the probability of throwing a total of 8 or 11 in a single throw with two dice? 


27.34 A die is thrown twice. What is the probability of getting a 4 or 5 on the first throw and a 2 or 3 on the second throw? 
What is the probability of not getting a one on either throw? 


27.35 What is the probability that a coin will turn up heads at least once in six tosses of a coin? 


27.36 Five discs in a bag are numbered 1, 2, 3, 4, 5. What is the probability that the sum of the numbers on three discs 
chosen at random is greater than 10? 


27.37 Three balls are drawn at random from a box containing 5 red, 8 black, and 4 white balls. Determine the probability 
that (a) all three are white, (b) two are black and one red, (c) one of each color is selected. 


27.38 Four cards are drawn from a pack of 52 cards. Find the probability that (a) all are kings, (b) two are kings and two 
are aces, (c) all are of the same suit, (d) all are clubs. 


27.39 A woman will win $3.20 if in 5 tosses of a coin she gets either of the sequences HTHTH or THTHT where H = head 
and T = tail. Determine her expectation. 


27.40 Ina plane crash it was reported that three persons out of the total of twenty passengers were injured. Three news- 
papermen were in this plane. What is the probability that the three reported injured were the newspapermen? 
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27.41 


27.42 


27.43 


27.44 


27.45 


27.46 


27.47 


27.48 


27.49 


27.50 


27.51 


27.52 


A committee of three is to be chosen from a group consisting of 5 men and 4 women. If the selection is made at 
random, find the probability that (a) all three are women, (b) two are men. 


Six persons seat themselves at a round table. What is the probability that two given persons are adjacent? 
A and B alternately toss a coin. The first one to turn up a head wins. If no more than five tosses each are allowed for a 
single game, find the probability that the person who tosses first will win the game. What are the odds against A’s 


losing if she goes first? 


Six red blocks and 4 white blocks are placed at random in a row. Find the probability that the two blocks in the 
middle are of the same color. 


In 8 tosses of a coin determine the probability of (a) exactly 4 heads, (b) at least 2 tails, (c) at most 5 heads, 
(d) exactly 3 tails. 


In 2 throws with a pair of dice determine the probability of getting (a) an 11 exactly once, (b) a 10 twice. 
What is the probability of getting at least one 11 in 3 throws with a pair of dice? 
In ten tosses of a coin, what is the probability of getting not less than 3 heads and not more than 6 heads? 


The probability that an automobile will be stolen and found within one week is 0.0006. The probability that an auto- 
mobile will be stolen is 0.0015. What is the probability that a stolen automobile will be found in one week? 


In the Pizza Palace, 95% of the customers order pizza. If 65% of the customers who order pizza also order bread- 
sticks, find the probability that a customer will order both pizza and breadsticks. 


In a large shopping mall, a marketing agency conducted a survey of 100 people about a ban on smoking in the mall. 
Of the 60 non-smokers surveyed, 48 preferred a smoking ban. Of the 40 smokers surveyed, 32 preferred a smoking 
ban. What is the probability that a person selected at random from the group surveyed prefers a smoking ban given 
that the person is a non-smoker? 


In a new subdivision, 35% of the houses have a family room and a fireplace, while 70% have family rooms. What is 
the probability that a house selected at random in this subdivision has a fireplace given that it has a family room? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


27.29 


27.30 


27.31 


27.32 


27.33 


27.34 


27.35 


27.36 


27.37 


(a) 5/9 (b) 4/9 (c) 1/3 
@ 1/8 ©)1/8 © 1/8 
(a) 1/8 — (b) 3/8 

1/6 

7/36 

1/9, 25/36 

63/64 

1/5 


1 7 4 
(a) T70 (b) 34 (c) V7 


322 


27.38 
27.39 
27.40 
27.41 
27.42 
27.43 
27.44 
27.45 
27.46 
27.47 
27.48 
27.49 
27.50 
27.51 


27.52 


36 44 


(a) (b) (c) 


1 
270725 270725 4165 


20 cents 
1/1140 


(a) 1/21 (b) 10/21 


35 247 219 
(Db) 256 (c) 256 


5832 
99 
128 


0.4 

1 

5 (about 68%) 
0.8 


0.5 


7 
(d) 32 


(d) 


11 
4165 
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Probability 


CHAPTER 28 


Determinants 


28.1 DETERMINANTS OF SECOND ORDER 


The symbol 
a, b, 
a2 bo 


consisting of the four numbers a, b;, a2, b2 arranged in two rows and two columns, is called a determinant 
of second order or determinant of order two. The four numbers are called elements of the determinant. 
By definition, 


Thus ie 3 |= ex 2) — 3\(-1) = -44+3 =-1. 


Here the elements 2 and 3 are in the first row, the elements —1 and —2 are in the second row. Elements 2 
and —1 are in the first column, and elements 3 and —2 are in the second column. A determinant is a number. 
A determinant of order one is the number itself. 


28.2 CRAMER’S RULE 


Systems of two linear equations in two unknowns may be solved by use of second-order determinants. Given 
the system of equations 


eae cams (1) 


a2x + boy = co 
it is possible by any of the methods of Chapter 15 to obtain 


cy by — bycg a\Cz — Cy az 
= —+__—__, — bo —b 0). 
ay bz — by az aybz — by az ae ea 
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These values for x and y may be written in terms of second-order determinants as follows: 


cq by ay 

c2 bo ay 
SS 5 y — 

ay by ay 

ay by ay 


(a) The denominators in (2) are given by the determinant 


a by 
az by 


The form involving determinants is easy to remember if one keeps in mind the following: 
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(2) 


in which the elements are the coefficients of x and y arranged as in the given equations (1). This deter- 


minant, usually denoted by D, is called the determinant of the coefficients. 


(b) The numerator in the solution for either unknown is the same as the determinant of the coefficients D with 
the exception that the column of coefficients of the unknown to be determined is replaced by the column of 
constants on the right side of equations (1). When the column of coefficients for the variable x in determi- 
nant D is replaced with the column of constants, we call the new determinant D,. When the column of y 
coefficients in determinant D is replaced with the column of constants, we call the new determinant D,,. 


EXAMPLE 28.1. Solve the system {> vo = 8 
x= 2y = =3; 
: ‘ 2 3 
The denominator for both x and y is D= | 1 2 | = 2(—2) — 3(1) = -7. 
D, = : >| — g(—2) 3(-3) = —7 pyele 
* | =3 =2| 7 1 3 
D, = —-7 Dy 
x= o> _ = 1, y= —S = SS = 
D -7 “  D -7 


Thus, the solution of the system is (1, 2). 


8 
= 2(-3) — 8(1) = -14 


-14 | 


The method of solution of linear equations by determinants is called Cramer’s Rule. If the determinant 


D = 0, then Cramer’s Rule can not be used to solve the system. 


28.3. DETERMINANTS OF THIRD ORDER 
The symbol 


aq bb cy 
ay by C2 
a3 b C3 


consisting of nine numbers arranged in three rows and three columns is called a determinant of third order. By 


definition, the value of this determinant is given by 


aybyc3 + byc2a3 + ca2b3 — c1b2a3 — aycrb3 


and is called the expansion of the determinant. 
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In order to remember this definition, the following scheme is given. Rewrite the first two columns on the 
right of the determinant as follows: 


ag bz 


ne ne 


(a) Form the products of the elements in each of the 3 diagonals shown which run down from left to right, and 
precede each of these 3 terms by a positive sign. 


(b) Form the products of the elements in each of the 3 diagonals shown which run down from right to left, and 
precede each of these 3 terms by a negative sign. 


(c) The algebraic sum of the six products of (a) and (b) is the required expansion of the determinant. 


EXAMPLE 28.2. 


3-2 2 
Evaluate 6 1 -l 
—2 -3 2 

Rewriting, 


The value of the determinant is 


(3))2) + (—2)(-1)(—2) + (2)(6)(—3) — (2)1)(—2) = (3)(— 1)(— 3) = (—2)(6)(2) = —15. 


Cramer’s Rule for linear equations in 3 unknowns is a method of solving the following equations for x, y, z 


ax+by+ez=d, 
ayx + boy + coz = dz (3) 
a3x + b3y + ¢3Z2 = d3 


by determinants. It is an extension of Cramer’s Rule for linear equations in two unknowns. If we solve equations 
(3) by the methods of Chapter 15, we obtain 


_ d,b2c3 + c\dzb; + bi cod3 cy bod; bidoc3 d\cob3 
~ ayboc3 + byc2a3 + c1arb3 — cib2a3 — byanc3 — a,crb3 


a dxc3 + C\d2d3 + d\c2a3 — c1d2a3 — d\d2C3 — a, C2d3 
7 ai boc3 + b\c2a3 + c1a2b3 — cyb2a3 — by arc3 — ayc2b3 

ayb2d3 + d\azb3 + by d2a3 — db2a3 — by a2d3 — aydzb3 
-_ aiboc3 + b\c2a3 + c1a2b3 — cyb2a3 — byarc3 — ayc2b3 


These may be written in terms of determinants as follows 


a by cy dy bh ¢ a dy cy 


a\ by d\ 
D= a2 bo C2 D;, = dy bo C2 Dy = |a2 dy C2 D: = |a2 bo dy 
a3 b3 3 ds b3 © a ds 6% a3 b3 3 
Dy; Dy, D, 
x=—, =—, = = 4 
c=) rs, Z= 5 (4) 
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D is the determinant of the coefficients of x, y, z in equations (3) and is assumed not equal to zero. If D is zero, 
Cramer’s Rule cannot be used to solve the system of equations. 


The form involving determinants is easy to remember if one keeps in mind the following: 


(a) The denominators in (4) are given by the determinant D in which the elements are the coefficients of x, y, 
and z arranged as in the given equations (3). 


(b) The numerator in the solution for any unknown is the same as the determinant of the coefficients D with the 
exception that the column of coefficients of the unknown to be determined is replaced by the column of 
constants on the right side of equations (3). 


(c) The solution of the system is (x, y, z) where x = D F 


EXAMPLE 28.3. Solve the system 


1 2 
D=|3 1 
i —i 
=f 2 
D.=| 4 1 
6 =i 
i 3 
Dy=|3 4 
1 6 
1 2 
D.=|3 1 
i sail 
Dy =e 
oS 


The solution of the system is (1, —1, 2). 


-1 
1 


Dy, Dy d 
—| = t6 an — 
eo 
xb2y-—zZ =-—3 
3x+ y+z =4 
x— y+2z=6. 


H24+2+3+141-12 =—3 


28.4 DETERMINANTS OF ORDER n 


An nth order determinant is written 


1)=-64+12+4+4+6-3-16=-3 

2 

=8-—3-—184+4-6+4+18=3 

=64+84+94344-36=-6 
se ee 
ae a or 

411 412) 443 Gin 

a2; d22)  a23 Q2n 

431 432 433 43n 

an\ GAn2 An3 Gnn 


In this notation each element is characterized by two subscripts, the first indicating the row in which the element 
appears, the second indicating the column in which the element appears. Thus a3 is the element in the 2nd row 
and 3rd column whereas a32 is the element in the 3rd row and 2nd column. 

The principal diagonal of a determinant consists of the elements in the determinant which lie in a straight 
line from the upper left-hand corner to the lower right-hand corner. 
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28.5 PROPERTIES OF DETERMINANTS 


I. Interchanging corresponding rows and columns of a determinant does not change the value of the 
determinant. Thus any theorem proved true for rows holds for columns, and conversely. 


EXAMPLE 28.4. 
41 a2) a3 a1 a2, 431 
421 422, 423) = | 412 422. 432 
431 432 433 413° 423, 433 


II. If each element in a row (or column) is zero, the value of the determinant is zero. 


EXAMPLE 28.5. 


a, 0 ay 
a2, 0 ax] =0 
a3, 0 a33 


Ill. Interchanging any two rows (or columns) reverses the sign of the determinant. 


EXAMPLE 28.6. 


Qi, a2 43 431 432 433 
421 422) 423] = —| 421 422) 423 
431 432. 433 a1 i203 


IV. If two rows (or columns) of a determinant are identical, the value of the determinant is zero. 


EXAMPLE 28.7. 


41 42 a1 
a2, 42 ay} =0 
43, 432 31 


V. If each of the elements in a row (or column) of a determinant is multiplied by the same number p, the 
value of the determinant is multiplied by p. 


EXAMPLE 28.8. 


Pay, 412 413 a1 412 43 
P42, 422, 423} =P) 421 422 3 
P43; 432 433 43, 432 433 


VI. Ifeach element of a row (or column) of a determinant is expressed as the sum of two (or more) terms, the 
determinant can be expressed as the sum of two (or more) determinants. 


EXAMPLE 28.9. 


7 / 
ai+a), a2 a3 a1 412 a3 a, 412 43 
if / 
421 +45, 22 423} =]421 422 a3} 4+]4, G22 a3 
ai+a4, 432 ax a3; 432 433 a3; 432 433 


VII. If to each element of a row (or column) of a determinant is added m times the corresponding element of 
any other row (or column), the value of the determinant is not changed. 


EXAMPLE 28.10. 


ayy +may. a2 a13 a1 a2 43 
a2) +mar2 422 423) =|] a21 422 423 
a3; +ma32 a32_— 33 a3, 32 433 


These properties may be proved for the special cases of second and third order determinants by using the 
methods of expansion of Sections 28.2 and 28.3. For proofs of the general cases see the solved problems below. 
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28.6 MINORS 


The minor of an element in a determinant of order 7 is the determinant of order n — | obtained by removing the 
row and the column which contain the given element. 
For example, the minor of a32 in the 4th order determinant 


is obtained by crossing out the row and column containing a3. as shown, and writing the resulting determinant 
of order 3, namely 


41 413° 414 
421 423 424}. 
a4, 443 44 


The minor of an element is denoted by capital letters. Thus the minor corresponding to the element a3 is 
denoted by A32. 


28.7 VALUE OF A DETERMINANT OF ORDER n 
The value of a determinant may be obtained in terms of minors as follows: 


(1) Choose any row (or column). 


(2) Multiply each element in the row (or column) by its corresponding minor preceded by (—1)'*/ where i + j 
is the sum of the row number i and column number j. The minor of an element with the attached sign is 
called the cofactor of the element. 


(3) Add algebraically the products obtained in (2). 


For example, let us expand the determinant 


41 G12) 413° G14 
421 422 423° 24 
431 432 «433° 4434 
a4, 442 443° 44 


by the elements in the third row. The minors of a3), 432, 433, 34 ate A3,, A32, A33, Az4, respectively. The sign 
corresponding to the element a3, is + since (—1)*+! = (—1)* = +1. Similarly, the signs associated with the 
elements a3, 433, d34 are —, +, — respectively. Thus the value of the determinant is 


43)A31 — 432A32 + 433A33 — G34A3q. 


Property VII is useful in producing zeros in a given row or column. This property coupled with the expan- 
sion in terms of minors makes for easy determination of the value of a determinant. 


28.8 CRAMER’S RULE FOR DETERMINANTS OF ORDER n 


Cramer’s Rule for the solution of n simultaneous linear equations in m unknowns is exactly analogous to the rule 
given in Section 28.2 for the case n = 2 and in Section 28.3 for n = 3. 
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Given n linear equations in n unknowns x1, X2, X3,..., Xn 


1X1 + A12X2 + 3X3 + +++ + Any = 11 
1X1 + A22X2 + 423X3 + +++ + danXn = 12 


(/) 
Ani X1 + An2X2 + 4y3X3 + +++ + AnnXn = Tn: 
Let D be the determinant of the coefficients of x;, x2, x3,...,Xy, 1.€., 
a1 42 ay3. «.- Gn 
a2} 422, -d23,—=«w«-- Ss 2 
D= 
Qi an2 an3 Pee Ann 


Denote by D, the determinant D with the kth column (which corresponds to the coefficients of the unknown x;) 
replaced by the column of the coefficients on the right-hand side of (1). Then 
_DdD D2 _ Ds 


iS m=? a= ee provided D¥ 0. 
If D¥ 0 there is one and only one solution. 

If D = 0 the system of equations may or may not have solutions. 

Equations having no simultaneous solution are called inconsistent, otherwise they are consistent. 
If D=O0 and at least one of the determinants D,, D2,...,D, 4 0, the given system is inconsistent. 
If D= D, = D2 =... =D, = 0, the system may or may not be consistent. 

Equations having an infinite number of simultaneous solutions are called dependent. If a system of 
equations is dependent then D = 0 and all of the determinants D;, D2,..., D, = 0. The converse, however, 
is not always true. 


28.9 HOMOGENEOUS LINEAR EQUATIONS 


If r1, r2,..., % in equations (1) are all zero, the system is said to be homogeneous. In this case D; = D2 = 
D3 =...= D, = 0 and the following theorem is true. 


Theorem: A necessary and sufficient condition that n homogeneous linear equations in n 
unknowns have solutions other than the trivial solution (where all the unknowns equal 
zero) is that the determinant of the coefficients, D = 0. 


A system of m equations in n unknowns may or may not have simultaneous solutions. 


(1) Ifm > an, the unknowns in x of the given equations may be obtained. If these values satisfy the remaining 
m — n equations the system is consistent, otherwise it is inconsistent. 


(2) Ifm <n, then m of the unknowns may be determined in terms of the remaining n — m unknowns. 


SOLVED PROBLEMS 


28.1 Evaluate the following determinants. 


@) F {|= G4) - QQ) = 12-2= 10 


(b) le 73 |= x 2) ~(-)6) = -6 +6 =0 
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© |5 _3|= 1-5) - G2) = 0-6 = -6 
(d) |* x) _ 2 

y y = xy y 

4-2 2x45 


Om eae VAS [=o +26-3)- art 908 1) = -5x2—1dy—1 


(a) Show that if the rows and columns of a determinant of order two are interchanged the value of the 
determinant is the same. 


(b) Show that if the elements of one row (or column) are proportional respectively to the elements of the 
other row (or column), the determinant is equal to zero. 


SOLUTION 


: a 
(a) Let the determinant be . 
2 


i | = a,b, = aonb). 


The determinant with rows and columns interchanged so that Ist row becomes Ist column and 2nd row 


a, a 


by by = aybo = aby. 


becomes 2nd column is 


a b 


ka; kb, = a,kb, = byka, = 0: 


(b) The determinant with proportional rows is 


2x—-1 2x+1 


Find the values of x for which 
x+1 4x+2 


[=0. 


SOLUTION 


2x—1 2x+1 
x+1 4x42 


|= ar 1)(4x + 2) — (2x + Det 1) = 62 —3x-3 =0. 


Then 2x? — x —1 = (x— 1)(2x+ 1) = 0 50 that x = 1, —1/2. 


Solve for the unknowns in each of the following systems. 


3x —4y= 1 
SOLUTION 
4 2, 5 2 4 5 
p= 223 p= 2. f= == 

3. -4 1 -4 3 1 

D, =-22 D, <i) 4 

eS SS = — — = 

D- —22 D -—22 2 


The solution of the system is (1, 1/2). 


3u+2v= 18 
(6) foes: 
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SOLUTION 
| 3 2 | | 18 | | 3 18 | 
D= = +7, Dy = = —42, Dy = = 126 
—5 -1 12 -1 —5 12 
_ Dy, —42 _ 6 _ Py _ 126 _ 4. 
er | ae i f° 
The solution of the system is (—6, 18). 
5x —2y—14=0 
(c) io a 
2x+3y+ 3=0 
SOLUTION 
: 5x — 2y = 14 
Rewrite as Pe By = 3, 
5 -2 14 -—2 5 14 
p=| |= 19, Dy =| |= 36 D, =| |=-43 
De 3 —3 3 2 -3 
D, 36 D, —43 
x= —_— =, y = — = —. 
D = 19 D 19 
The solution of the system is (36/19, —43/19). 
28.5 Solve for x and y. 
3x-2 7 1 
~ = =10 (1) Multiply (1) by 10: 6x +7y = 103. 
” +3 2 5 
x _ 
a SS =3 (2) Multiply (2) by 6: 3x-—4y= —-1. 
6 al 103 7 6 103 
D= = —45, Do = —405, D, = = —315 
3 —4 -1 -4 3 -l 
D, = —405 D, —315 
= 2=—==9, yes = 
D —45 D —45 


The solution of the system is (9, 7). 
2 3 

—- =0 ( 

y+1 <x+1 ) 


Multiply (1) by («+ Diy + D: 2x-3y = 1. 


(b) 
2 3 
a eh 1D) Multiply (2) by (x — 7)(2y — 3): 3x + 4y = 27. 
x-7 2-3 
2 -3 1 -3 2 1 
D= =17, D.= =85, D,= =51 
3 4 27.— 4 3 27 
Dy _ 85 _ Dy _ 51 _ 
DP tg. D 17 


The solution of the system is (5, 3). 
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28.6 Solve the following systems of equations. 


2227 
x y 6 : : er 
(a) These are linear equations in — and -. 
2, 3 1 x y 
x y 2 
3 —-6 1/6 -6| 7 3 1/6 7 
D= = 21, L/x | =5> I/y | |= 
2 3 1/2 3 2 2 1/2 6 
1 Diy, 7/2 1 1 Diy 7/6 1 
x D 21 6° y D 21 18 
1 1 1 1 
== =6, y=— = =18 
1/x 1/6 l/y 1/18 
The solution of the system is (6, 18). 
3. 8 
Be 3 5 (4)-3(-) =3 
2x Sy x 5S \y 
(b) can be written 
4 1_, 1 a 1 4 
ay x x 3\y : 
_ (3/2 -8/5| 2 P- Wl = hee 3 9 
ee 1 4/3 ve Ne, Tl 2 
1 Dix 28/5 1 Diy 9/2 45 
-_= = aC 4. => => => 
x D 2/5 y D 2/5 4 
1 1 1 1 1 4 
. eee er y= SS SS SS 
lj IA 14 “  T/y 45/4 45 
The solution of the systemis(1 4). 
14 > 45 
28.7 Evaluate each of the following determinants. 
3 =-2 2 
(a) 4 5 
6 -l 2 
Repeat the first two columns: 
i 4 


(3)(4)(2) + (—2)(5)(6) + QAM-D) — QAE) — BSM-D — (-2))2) = — 


=[ 2 23 
(b) | 5 -3 2/=29 
1 =| —3 
2 3 2 
(c) | O -2 1)/=-15 
-1 40 
abe 
(d)|c a bl=a+bh4+c3 —3abc 
bca 
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(x—2) (+3) (z-2) 
@y | 2 3 4 |=1lx+6y+z-6 
1 9 1 


28.8 (a) Show that if two rows (or two columns) of a third-order determinant have their corresponding 
elements proportional, the value of the determinant is zero. 


(b) Show that if the elements of any row (or column) are multiplied by any given constant and added 
to the corresponding elements of any other row (or column), the value of the determinant is 
unchanged. 


SOLUTION 


(a) We must show that 

a bb 4 
ka, kb, ke, 
a, by C3 


= 0, 


where the elements in the first and second rows are proportional. This is shown by expansion of the 
determinant. 
(b) Let the given determinant be 


a db cy 
a2 by C2 |. 
a, b3 63 
We must show that if & is any constant 
a by al a bb cy 
a2 bo C2: = |a2 bo C3 


a3+kaz b3+kby 03 +ke2 aa by C3 


where we have multiplied each of the elements in the second row of the given determinant by k and added to the 
corresponding elements in the third row. The result is proved by expanding each of the determinants and 


showing that they are equal. 


28.9 Solve the following systems of equations. 
2x+y-—z=5 
(a) 4 3x —2y+2z= -3 
x—3y—3z= -—2 


2 1 -l 
Here D=/|3 —-2 2| = 42 and 
1 -3 -3 
5 1 - 2 5 -l 2 1 5 
D,=)|-3 —2 2) = 42, Dy = —3 2| = 84, je —2 -—3/=-42 
—2 -3 -3 1 —2 -3 —3 -2 
D, 42 Dy, 84 D, —42 


=p Yprg% pA 


The solution of the system is (1, 2, —1). 
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x+2z=7 
(b) 4 3x+y=5 
2y —3z=-—5 
x+0y+2z=7 
Write as 3x+y+0z=5 
Ox + 2y —3z= —5. 
1 O 2 
Then D=|\3 1 O:):=9 and 
0 2 -3 
7 0 2 1 7 2 1 0 7 
D.=|} 5 1 0; =9, Dy, = }3 5 0) = 18, D,=|3° 1 5: = 27 
—-5 2 -3 0 -5 -3 0 2 —-5 
« 9 D, 18 D, 27 
=—=-=1, =—=—=2?, =—=—=3 
a= G = HO c= 
The solution of the system is (1, 2, 3). 
28.10 The equations for the currents i), i2, i3 in a given electrical network are 
3i, — 2in + 413 = 2 
i) + 3b — 613 = 8 
2i; — in — 213 = O. 
Find i3. 
SOLUTION 
3 —-2 2 
1 3 8 
. [2 =1-0| 221 
o=(5 9 - 4) =44° 3 
1 3-6 
2 -l1 -2 
28.11 Write the expansion of the determinant by using minors for row one. 
41 412) 443 
a2; 422 a3 
a3) 432 33 
SOLUTION 
The expansion is ai(—1)'"! a + ap(—1)!? Ns +a3(—l)'? a ee = 
432. 433 431 433 a31 432 


ay1(+1)(a22433 — a23432) + a12(—1)(a21433 — 423431) + 413(+1)(a21432 — a22431) = 
11422433 — 4114723432 — 412021433 + 412423031 + 413421432 — 4\342243}). 


The required expansion is a11d22433 — 411423432 — 412421433 + 412423431 + 413421432 — d)302243). 
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28.12 Prove Property II: If two rows (or columns) are interchanged, the sign of the determinant is 
changed. 


SOLUTION 


For the case of third-order determinants, we must show that 


a1 412) a3 431 432 33 
421 422. 423) = —|421 22) 23}. 
431 432 433 a1 a2) 43 
a1 412. 43 
a) ay ay) =ay(-1)'*! Samay: + ay(-1)'? en tay(-)' ee 
432 «433 43; 433 431 432 


431 432 433 
= +441 (422433 — 423432) — G12(421433 — 473031) + 413(421432 — 22431) 
= + 411472433 — 411473432 — 412471433 + 412423431 + 413421432 — A1302243). 


431 432 433 


422-23 a2, a3 a2; a22 


+ay(-1)'* 


—{ as(-1)'""" + a3(—1)'?” 


—|4@21 422, a3 


a2 43 ait ay3 a1 a2 


a1 412° a3 
= —(4+431 (422413 — 412423) — A32(421413 — 423411) + 433(A21412 — 411422)) 


= — 31422413 + 431412423 + 432421413 — 432423411 — 433421412 + 433411422 


= +411 422433 — 411423432 — 412421433 + 412423431 + 413421432 — 413422431. 


The expansion of each side of the equation yields the same expression. Thus the property holds for third-order deter- 
minants. The methods of proof holds in the general case. 


28.13 Prove Property IV: If two rows (or columns) are identical, the determinant has value zero. 


SOLUTION 


Let D be the value of the determinant. By Property III, interchange of the two identical rows should change the value 
to —D. Since the determinants are the same, D = —D or D= 0. 


28.14 Prove Property V: If each of the elements of a row (or column) are multiplied by the same number p, the 
value of the determinant is multiplied by p. 


SOLUTION 


Each term of the determinant contains one and only one element from the row multiplied by p and thus each 
term has factor p. This factor is therefore common to all the terms of the expansion and so the determinant is 
multiplied by p. 


28.15 Prove Property VI: If each element of a row (or column) of a determinant is expressed as the sum of two 
(or more) terms, the determinant can be expressed as the sum of two (or more) determinants. 


SOLUTION 
For the case of third-order determinants we must show that 
ai+a, a2 a3 ay a2 a3 a, a2 a3 


ay1+45, G22 G3) =] a2 a22 a23) +] a5, G22 43 
a31+ a4, 32 433 a3, 432 433 a3, 432 a33 
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We will expand each determinant by minors using the first column. 


/ 
ai+a, 412 413 
‘i - / 
d+ 4y, G22 a3) = (ai +4)))An — (Gai + Gy, )Aa1 + (Gai + 45, )Aa1- 


/ 
a3; + 43; a32 433 


41 412) 413 ay a2 43 
' J / / 

a2, 422, 423 | + | Gy, G22 423 | = ay, Al — 421A21 + 431A31 + 4);Al1 — Gy)A21 + 43)A31 
ty 

431 432 433 a3, 432 433 


= (ay) +.4),)At — (a21 +, Ao + (431 + 45, )A31- 


The expansion for each side is identical. Thus the property holds for third-order determinants. The method of proof 
holds in the general case. 


Prove Property VII: If to each element of a row (or column) of a determinant is added m times the 
corresponding element of any other row (or column), the value of the determinant is not changed. 


SOLUTION 


For the case of a third-order determinant we must show that 


ayy +may. a2 413 ay a2 a3 
az, +Maz2 a2 A793 | =] a2, 22 93 |. 
a3) +ma32 432-433 431 32 433 


By property VI the left-hand side may be written 


a1 a2) a3 maiz a\2) aj43 
a2, 422 G93} +] Md27 An2_ 73}. 
43, 432) 433 ma32 432-433 


This last determinant may be written 


412 412—— 3 
mM) 72 22, 23 


432 432 433 


which is zero by Property IV. 


Show that 
3 2 2, 1 
6 5 4 -2 
9 —3 6 —5/_ ms 
12 2 8 7 
SOLUTION 


The number 3 may be factored from each element in the first column and 2 may be factored from each element in the 
third column to yield 


tf ee Gf 
a ae 
OMENS, a3 a8 
4°24 7 


which equals zero since the first and third columns are identical. 
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28.18 Use Property VII to transform the determinant 


28.19 


1 =—2. 3 
-1 4 
—2 3 1 


into a determinant of equal value with zeros in the first row, second and third columns. 


SOLUTION 


Multiply each element in the first column by 2 and add to the corresponding elements in the second column, thus 
obtaining 


i @ij=2 3 1 
2 (OOy-1 4)=/ 2 
Oo Oy -2463 1 = 


Multiply each element in the first column of the new determinant by —3 and add to the corresponding elements 
in the third column to obtain 


1 O (—3))+3 1 0 0 
2 3. (—3)(2)+4)=] 2 3 =2), 
—2 -1 (—3)(-2)+1 =2 —1 7 


The result could have been obtained in one step by writing 


1 (2)(1) — 2 (—3)(1) + 3 1 0 0 
2 22-1 (-3)Q)+4)=) 2 3 -2). 
—2 (2)(-2)+3 (—3)(-2)+1 —2 -1 7 


The choice of the numbers 2 and —3 was made in order to obtain zeros in the desired places. 


Use Property VII to transform the determinant 


3 6 2 3 
=2 lL =2 2 
—5 1 4 

1 3 4 -2 


into an equal determinant having three zeros in the 4th row. 


SOLUTION 


Multiply each element in the Ist column (the basic column) by —3, —4, +2 and add respectively to the corre- 
sponding elements in the 2nd, 3rd, 4th columns. The result is 


$ C646 -<GHG)ie2 G43 2 3 a: 2 
ae ea EOC R=? eae) i F 4 = 
4  (-3(4)-5 (-4)(4)41 (24) +4] | 4 -17 -15 12 
i ‘CHU4S Caie4 <Ody=2 1 0 0 0 


Note that it is useful to choose a basic row or column containing the element 1. 
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Obtain 4 zeros in a row or column of the 5th order determinant 


3 5 4 6 2 
— 3 2 3 4 
4 1 3 -2 -3 
6-3 2 4 3 
2 2, 73 3 = 2 


SOLUTION 


We shall produce zeros in the 2nd column by use of the basic row shown shaded. Multiply the elements in this basic row 
by —5, —3, 3, —2 and add respectively to the corresponding elements in the Ist, 2nd, 4th, 5th rows to obtain 


-17 0 -l1 16 #17 
-14 0 -7 9. 13 
4 1 3 = = 3} 
18 0 11 -—2 -6 
-6 0 -!l 7 4 


Obtain 3 zeros in a row or column of the determinant 


—2 2 3 =2 
2 -3 3 4 
4 > =2- =2 


without changing its value. 


SOLUTION 


It is convenient to use Property VII to obtain an element 1 in a row or column. For example, by multiplying each 
of the elements in column 2 by —1 and adding to the corresponding elements in column 3, we obtain 


3 4 -2 3 
—2 2 | 

2 =3 6 4) 

4 5 Em -2 


Using the 3rd column as the basic column, multiply its elements by 2, —2, 2 and add respectively to the Ist, 
2nd, 4th columns to obtain 


—1 8 =2 -=1 
0 0 1 0 
14 —15 6 16 
—10 19 —7 —16 


which equals the given determinant. 


Write the minor and corresponding cofactor of the element in the second row, third column for the 
determinant 
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SOLUTION 


Crossing out the row and column containing the element, the minor is given by 


2 2 1 
1 =2. =—1)}. 
2 1 —2 


Since the element is in the 2nd row, 3rd column and 2 + 3 = 5 is an odd number, the associated sign is minus. 
Thus the cofactor corresponding to the given element is 


2 —2 1 
=| =2. -—1). 
2 1 —2 


28.23 Write the minors and cofactors of the elements in the 4th row of the determinant 


$=) 4 2 
2 1 Sa 
i 45 =<) oP 
—3 38 <8. 4 


SOLUTION 


The elements in the 4th row are —3, —2, —4, 1. 


—2 4 2 
Minor of element —3=]| 1 5 -3 Cofactor = —Minor 
5 —2 2 
4 2 
Minor of element —2 = | 2 5 -3 Cofactor = +Minor 
1-2 2 
3 —2 2 
Minor of element —4 = | 2 1 -3 Cofactor = —Minor 
1 > 2 
3 —2 4 
Minor of element 1 = | 2 1 Cofactor = +Minor 
1 5 —2 


28.24 Express the value of the determinant of Problem 28.23 in terms of minors or cofactors. 


SOLUTION 


Value of determinant = sum of elements each multiplied by associated cofactor 


—2 4 2 3 4 2 
=(-3))—-| 1 5 —3} 4% +(—2)4 +] 2 > =3 
5 =2 2 1 -—2 2 
3. 2, - 2 3-2 4 
+ (—4)4 —|2 1 —3}¢+(1),+)2 1 5 
1 5 2 1 5 2 


= 3(—130) — 2(-34) + 4(83) + 1(-63) = —-53 


Upon evaluating each of the 3rd order determinants the result —53 is obtained. 
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The method of evaluation here indicated is tedious. However, the labor involved may be considerably reduced 
by first transforming a given determinant into an equivalent one having zeros in a row or column by use of Property 
VII as shown in the following problem. 


28.25 Evaluate the determinant in Problem 28.16 by first transforming it into one having three zeros in a row 
or column and then expanding by minors. 


SOLUTION 


Choosing the basic column indicated, 


2 1 > -3 
1 oe —2 2) 
—3 Ea --4 1 


multiply its elements by —2, —5, 3 and add respectively to the corresponding elements of the Ist, 3rd, 4th columns to 
obtain 


7-2 1-4 
0 1 0 0 
-9 5 -27 17} 
1 =? 6 =§ 


Expand according to the cofactors of the elements in the second row and obtain 
(0)(its cofactor) + (1)(its cofactor) + (0)(its cofactor) + (0)(its cofactor) 


7 14 —4 
= (1)(its cofactor) = 14+}]—9 -—27 17 
1 6 —5 


Expanding this determinant, we obtain the value —53 which agrees with the result of Problem 28.23. 


Note that the method of this problem may be employed to evaluate 3rd order determinants in terms of 2nd order 
determinants. 


28.26 Evaluate each of the following determinants. 


=e 
~1 2 14 
@ |} 3 1 34 
o 3.25 9 


Multiply the elements in the indicated basic row by —2, 1, —3 and add respectively to the 
corresponding elements in the 2nd, 3rd, 4th rows to obtain 


4 1 -2 3 
—-9 5 -2 

—9 0 5 -2 
=1{- 7 1 7 

7 0 7 
-10 3 -7 

10 0 3 7 
—9 Em —2 
= 7 7\. 
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Multiply the elements in the indicated basic column by —7 and add to the corresponding elements in 
the Ist and 3rd columns to obtain 


44 5 —37 
0 1 0| = f+] alt 85 
- =i 9g] 7 
-31 3 —28 


(b)|-3 FM -2 -1 4 
2 fe 3 0C(«4 «1 
3 M42 61 


Multiply the elements in the indicated basic column by 3, 2, 1, —4 respectively and add to the 
corresponding elements in the Ist, 3rd, 4th, 5th columns to obtain 


8 -3 -4 -6 13 

-8§ -4 -6 13 8 -4 -6 13 
5 2 5 4 =I 

5 5 4 -I1 5 § 4 =11 
0 1 0 0 Of=1h- ae 

—7 -3 1 ii 2727 it 
7 -3 -3 1 il 

3-8 0 9 3-8 0 9 
3-2-8 0 9 


In the last determinant, multiply the elements in the indicated basic row by 6, —4 and add 
respectively to the elements in the Ist and 2nd rows to obtain 


—50 -—22 0 79 
—50 —-22 79 —50 —-22 79 

33 17 0 —S55 
_ =—-(1)}+} 33 17 —55)¢ =-} 33 17. —55}. 

—7 -3 1 11 
—3 -8 9 =3) = 9 

—3 -8 0 9 


Multiply the elements in the indicated row of the last determinant by 2 and add to the 2nd row to 
obtain 


—50 —22 79 
—| Ea i= 3)7/ 
—3 -8 9 


Multiply the elements in the indicated row of the last determinant 22, 8 and add respectively to 
the elements in the Ist and 3rd rows to obtain 


544 0 —735 
=o OF th. a7 == {+ 
213 0 387 


544 —735 
| = 2407, 


213, —287 
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28.27 Factor the following determinant. 


x oy Jt 1 1 1 
2 yy? Lf=xylx y 1 
x y 1 ey 1 
0 0 1 
=xy}x-1 y-1 1 
v-1 y-1 1 
x-1l y-1l 
=x 
ole y-1 


= —Do-1 
xy(x — Dy Tea va 


= xy(x — Dy — DO — 2). 


28.28 Solve the system 
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Removing factors x and y from 
Ist and 2nd columns respectively - 


Adding — 1 times elements in 3rd column to the 
corresponding elements in Ist and 2nd columns. 


Expand according to the elements in the first row 
to get (0) (its cofactor) + (0) (its cofactor) + (1) 
(its cofactor). 


Removing factors (x — 1) and (y — 1) from 
1st and 2nd columns respectively. 


Replace the determinant by its value. 


2x+ y- z+ w=-4 
x+2y+ 2z-—3w=6 
3x- y-— z+2w=0 
2x+3y+ z+4w=—5. 


SOLUTION 
2 1 -l 1 
1 2 2 -3 
D — 
3 -1 -l 2 
2 3 1 4 
—4 1 -l 1 
6 2 2 -3 
dD, = = 86 Do = 
0 -1l -l 2 
—5 3 1 4 
2 1 —4 1 
1 2 6 3 
D3 = = 258 Ds = 
3-1 2 
2 3 - 4 
D, D2 
Then 5 — ea y=—=-2, 


= 86 
a a | 
i G@ @ =3 
=-172 
4 2% <1 2 
25 1 A 
2 i <2 of 
1 2 2 % 
= —86 
s. <1 = 0 
2 8 t-<5 
D D 
z= = 3, wa>=-l 
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28.29 The currents (1, i, i3, i4, i; (Measured in amperes) can 


28.30 


28.31 
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be determined from the following set of 


equations. Find 3. 


i) — 2b +2 =3 
in + 3i4 — is = —5 
ijtb+RB-is = 
2in +13 — 2ig — 2i5 = 
i) +13 + 2i4 + is = 3 
SOLUTION 
1 —2 3 0 0 1 —2 1 0 0 
0 1 —5 3 -l 0 1 0 3 -l 
D3=/1 1 1 0 —-1| = 38, D=}1 1 1 0 -1|=19, iz = 2 =2 amp. 
0 2 QO —2 -2 0 2 1 -2 -2 
1 0 3 2 1 1 0 1 2 1 
Determine whether the system 
x—3y+2z=4 
2x+y—3z=-—2 
4x—S5y+z=5 
is consistent. 
SOLUTION 
1 -3 2 
D2 1 -—3]=0. 
4 -5 1 
4 -3 2 
However, D, =|-2 1 -3/=-7. 
5 -5 1 


Hence at least one of the determinants D;, D2, D3 # 0 so that the equations are inconsistent. 
This could be seen in another way by multiplying the first equation by 2 and adding to the second equation to 
obtain 4x — 5y + z = 6 which is not consistent with the last equation. 


Determine whether the system 
4x —2y+6z= 8 
2x —y+3z=5 
2x -y+3z=4 
is consistent. 
SOLUTION 
4 <2 % e.<2-%6 
D=/2 -1 3/=0 D,=|5 -1 3}=0 
2 -1 3 4 -1 3 
4 6 4 2 8 
D,=|2 3/ =0 D;=|/2 -1 5/=0 
2 3 2 -1 4 


Nothing can be said about the consistency from these facts. On closer examination of the system it is noticed 
that the second and third equations are inconsistent. Hence the system is inconsistent. 
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Determine whether the system 
2x+y—2z=4 
x—2y+z=-2 
5x —S5y+z=-2 


is consistent. 


SOLUTION 


D =D, = D) = D; = 0. Hence nothing can be concluded from these facts. 


. ; : 3 4 
Solving the first two equations for x and y (in terms of z), x = 5 (z+2), y= 5 (z+ 2). These values are found 


by substitution to satisfy the third equation. (If they did not satisfy the third equation the system would be 
inconsistent.) 


4 
Hence the values x = 5 @+2),y= 5 (z + 2) satisfy the system and there are infinite sets of solutions, obtained 


by assigning various values to z. Thus if z = 3, then x = 3, y = 4; if z = —2, then x = 0, y = 0; etc. 
It follows that the given equations are dependent. This may be seen in another way by multiplying the second 
equation by 3 and adding to the first equation to obtain 5x — 5y + z = —2 which is the third equation. 


Does the system 


2x — 3y +4z = 0 
x+y—2z=0 
3x + 2y —3z=0 


possess only the trivial solution x = y = z = 0? 


SOLUTION 
2 4 @ 
PH=If 1 las? Dp Spe=D.=5 
S 228 


Since D # 0 and D; = Dz = D3; = 0, the system has only the trivial solution. 


Find nontrivial solutions for the system 


x+3y—2z=0 
2x —4y+z=0 
x+y—-z=0 
if they exist. 
SOLUTION 
1 3 2. 
D=|2 -4 =0 D,=D,=D,;=0 
1 1 —- 


Hence there are nontrivial solutions. 


To determine these nontrivial solutions solve for x and y (in terms of z) from the first two equations (this may 
not always be possible). We find x = z/2, y = z/2. These satisfy the third equation. An infinite number of solutions 
is obtained by assigning various values to z. For example, if z= 6, then x = 3, y = 3; if z= —4, then x = —2, 
y = —2; etc. 
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28.35 For what values of k will the system 


x+2y+kz=0 
2x+ky+2z=0 
3x+y+z=0 


have nontrivial solutions? 


SOLUTION 


Nontrivial solutions are obtained when 


126k 
D=|2 k 2|=0. 
3 1 1 


Hence D = —3k? + 3k +6=0o0rk=-—1,2. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


28.36 Evaluate each of the following determinants. 


2 -l 
() | i 0 ©) 
-y 


(d) | (f) 


28.37 
the determinant is multiplied by the number. 


—b 
2x —1 Sl 


a+b a-—b 
a 


x+2 x-2 


28.38 Solve the unknowns in each of the following systems. 
gu 4 1 2 
x 2 ITF oy ae 
(a) 5x+2y =4 G 28 + 4x + Sy = 0 (e) 3 5 ie x y 5 
x—y=7 —3x+4y+10=0 oh all fe | 
an oan xy 7 
3x+2y+1 _ 4 ar 
3r — 5s = —6 5x — 4y = 16 xty 3u 50 
@) (eae @) ep () 5x + 6y—7 ®) 1 1 1 
xty uv 6 
28.39 Evaluate each determinant. 
—2 1 2 3 -1 4 1 1 
(a)| 3 -1 3 (c) |—2 1 -3 (ec) |a b oc 
1 3 -2 1 3 -2 oc ee 
1 QO -—2 x y Z 
(b)| 0 -3 4 (d) |}—2 3 1 
-4 2 -1 4 1 2 
28.40 For what value of k does 
k+3 1 -2 
3 —2 1;}=0? 
-k -—3 3 
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Show that if the elements of one row (or column) of a second-order determinant are multiplied by the same number, 


346 CHAPTER 28 Determinants 


28.41 Show that if the elements of one row (or column) of a third-order determinant are multiplied by the same number, 
the determinant is multiplied by the number. 


28.42 Solve for the unknowns in each of the following systems. 


3x+y—2z=1 u+2v—3w=-7 2x + 3y = —2 
(a) 4 2x+3y—z=2 (b) 4 2u-—v+w=5 (c) 4 S5y-—2z7=4 
x — 2y+2z=—-10 3u—v+2w=8 3z+4x = -7 


28.43 Solve for the indicated unknown. 


2i, - i, + 2i,=-8 1/x+2/y + 1/z= 1/2 
(a) 4 i,+2i,-3i,=9 fori, (Bb) 4 4/x+2/y —3/z = 2/3 for x 
3i, -i, - 41, =-3 3/x —4/y +4/z = 1/3 


28.44 (a) Prove Property I: If the rows and columns of a determinant are interchanged, the value of the determinant 
is the same. 


(b) Prove Property I: If each element in a row (or column) is zero, the value of the determinant is zero. 


28.45 Show that the determinant 


1 2 3 4 

2 4 6 3 

3 8 12 2 

4 16 24 1 

equals zero. 
28.46 Transform the determinant 

—2 4 1 3 
1 —2 2 4 
3 1 -3 2 
4 —2 -l 


into an equal determinant having three zeros in the 3rd column. 


28.47 Without changing the value of the determinant 


4 —2 1 3 1 
2 1 3 2 2 
3 4 2 1 3 
1 =3 4 -1 -l 
2 -1 2 4 2 


obtain four zeros in the 4th column. 


28.48 For the determinant 


=I 2 3. 2 
4-1 —-2 2 
—3 1 2 1] 
2 4 -!1 3 


(a) write the minors and cofactors of the elements in the 3rd row, 
(b) express the value of the determinant in terms of minors or cofactors, 


(c) find the value of the determinant. 


CHAPTER 28 _ Determinants 


347 


—2 1 2 3 
3-2 +3 2 
1 2 1 2 
4 3 1 3 


into a determinant having three zeros in a row and then evaluate the determinant by use of expansion by minors. 


28.49 Transform the determinant 
28.50 Evaluate each determinant. 

2 -l 3 2 

3 1 2 4 

@) 1 3 -1 3 

-1 2 —2 -3 

3 -1 2 1 

4 2 0 -3 

(6) —2 1 -3 2 

1 3 -1 4 


28.51 Factor each determinant: 
a boc 2 
(a) |\a Bb e (b) | 
ao bp @& x3 


28.52 Solve each system: 
x—2y+z-—3w=4 
2x + 3y—z-2w=—4 
3x — 4y + 2z —4w = 12 
2x —y—3z+2w= —2 


(a) 


28.53 Find i; and iy for the system 


1 2 -1 
—2 3 2 -1 
28 ee ee ee 
—l 4 -3 Pi) 
3 2 -1 3 2 
—2 0 3 4 3 
(d) 1 -3 —2 1 0 
2 4 101 
-1 -l 2 10 
Zz Zz 
y y 
x x 
2x+y—3z=-5 
3y+4z+w=5 
(6) 2z-w—4x=0 
w+3x-y=4 


21, — 313 — ig = —4 
$45 - Oh + 2h to, =O 
—1, — 3in + 2ig + 3i5 = 2 

i; +2i3 —is =9 

2ij tin =5 


28.54 Determine whether each system is consistent. 


2x —3y+z=1 
(a) yx+2y-—z=1 (b) 
3x -—y+2z=6 


2k —yte=2 x+3y-—2z7=2 2u+v—3w=1 
3x+2y+4z=1 (c) { 3x-y-z=1 (d) }u—2v-—w=2 
x—4y+6z=3 2x + 6y — 42 =3 u+3v—2w=-2 


28.55 Find non-trivial solutions, if they exist, for the system 


3x — 2y+4z=0 
2x+y—3z=0 
x+3y—2z=0 
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28.56 


For what value of k will the system 
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2x+ky+z+w=0 
3x+(k — Dy-—2z-—w=0 
x —2y+4z+2w=0 
2x+y+z+2w=0 


possess non-trivial solutions? 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


28.36 


28.38 


28.39 


28.40 


28.42 


28.43 


28.48 


28.49 


28.50 


28.51 


28.52 


28.53 


28.54 


28.55 


28.56 


(a)5 (b) -2 (c) 4 (d) 14xy 
(a) x=2, y = —3; (2, —3) 

(b) r= 1/2, s = 3/2; (1/2, 3/2) 

(ce) x= 20S 4; (—2, —4) 


(d) x = 8/23, y = —82/23; (8/23, -82/23) 


(a) 43 (b) 19 (c) 0 


All values of k. 
(a) x=—-2,y=1,z=—3; (—2, 1, —3) 


(b) u=1, v=—1, w =2; (1,1, 2) 
(c) x= —4, y = 2, z = 3; (-4, 2, 3) 


(a)in=2 (6) x=6 

(c) —38 

28 

(a) 38 (b) -143.—s (ce) -108 ~— (d) 88 


(a) abc(a — b)(b — c)(c — a) 


(d) 5x + 8y — 14z 


(e) —a — Bb? (f) x2 — 8x 
(e) x= 12, y = 16; (12, 16) 

(f) x=5, y = —2; (5, —2) 

(g) x= 12, y = 15; (12, 15) 

(h) u = 2/3, v = 3/5; (2/3, 3/5) 


(e) be? — cb? + a2c — ac? + ab* — ba? 


(b) zyx (z — x)\(y — x/(z — y) 


(a) x=2,y=—1,7=3,w=1 (b) x 


l, y 


-l,z=2,w=-0 


ij = 3,i4 = —2 
(a) consistent (b) consistent 


Only the trivial solution x=y=z=0. 


k=-1 


(c) inconsistent 


(d) inconsistent 
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Matrices 


29.1. DEFINITION OF A MATRIX 


A matrix is a rectangular array of numbers. The numbers are the entries or elements of the matrix. The following 
are examples of matrices. 


[: 4 Ae A E 8 a 
7 0 Se 65 3 


Matrices are classified by the number of rows and columns. The matrices above are 2 x 2,3 x 2,3 x 1, 
and 2 x 3 with the first number indicating the number of rows and the second number indicating the number 
of columns. When a matrix has the same number of rows as columns, it is a square matrix. 


411 412 413° «++ Gin 

a2) 422, 423—i «ss AD 
A —— 

Ami Gm2 Gm3 +++ Amn 


The matrix A is an m x n matrix. The entries in matrix A are double subscripted with the first number indicating 
the row of the entry and the second number indicating the column of the entry. The general entry for the matrix 
is denoted by aj. The matrix A can be denoted by [aj]. 


29.2 OPERATIONS WITH MATRICES 


If matrix A and matrix B have the same size, same number of rows and same number of columns, and the 
general entries are of the form aj and bj respectively, then the sum A + B = [a,j] + [by] = [ay + by] = [ci] = 
C for all i and j. 


; 2 2 4 0 3 -2 
EXAMPLE 29.1. Find the sum of A = | ¢ 0 4] and B=|_{ 1 >| 


tee a 0 3 -2]_f24+0 343 44+¢2)]_[2 6 2 
a+B=[¢ 0 t}+[ 3 1 He a Ged 142 l-[ 1 | 
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The matrix —A is called the opposite of matrix A and each entry in —A is the opposite of the 
corresponding entry in A. 


-1 2 3 1 —2 3 
Thus, for hee) Ss 0 at -a=[3 0 | 


Multiplying a matrix by a scalar (real number) results in every entry in the matrix being multiplied 
by the scalar. 


EXAMPLE 29.2. Multiply the matsix A = |? - ty -2 


The product AB where A is an m x p matrix and B is a p x n matrix is C, an m x n matrix. The entries cj 
in matrix C are found by the formula cj = aj)b1; + ai2b2j + aj3b3j + +++ + dipbpj. 


A x B = Cc 

41 412) 413° ++ Alp Ci) Ci2 tte CG ttt Cth 

a2, 422 423 **: Aap By Big oes Dig ves Bip C21 C22, ts Ce tt CON 
bo bog + Dats Don 

se) at. ae 8. Bap ee ape 

qi diz jz, ++ ip : : . . : : Ci Ci2 ttt Cy ttt Cin 
byt bpp ++ bp e+ Dyn 

Amt Gm2 Gm3  *** Amp Cm1  Cm2 °°" Cm °°" Cmn 


3 0 
EXAMPLE 29.3. Find the product AB when A = EF : | and B= | 3 
4 0 


01 -2 
3 01 -1 
24 1 
ap =| -13 1 2 
0 1 -2 
403 -2 
eae ai 2(0) + 4(3) + 1(0) 2(1) + 41) + 1(3) 2(-1) + 4(2) + 1-2) ] 
~ £03) + 1-1) + © 2)(4) 00) + 173) + (—2)(0) 01) + 101) + 2)B) 0-1) + 12) + C2)-2) 
apa [Pott O0+124+0 24443 ol 
~{0—-1—8 0+ 340 041-6 0+4+2+44 
6 12 9 4 
AB = 
a 3-5 “| 


1 -3 
EXAMPLE 29.4. Find the products CD and DC when C = E : i] and D= is | 


1 -3 
1 2 ;] Hl -| 1(1) + 2(0) + 3(4) sei ceeiay 
~ |-1() + 000) + 4(4)  —1@3) + 0(2) + 4-2) 
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| 1+0+12 "ees | li =| 
CD = — 
-14+04+16 3+40-8 15. =5 
-3 {a4 11)+C3)G-1  12)+(-3)0) 13)+ 34) 
DC=|0 2 E 0 1 = | 011) + 2-1) 0(2) + 2(0) 0(3) + 2(4) 
—2 40) +(-2)-1) 4(2)+C2)0) 43)+C2)(4) 
1+3 2+0 3-12 4 2 -9 
DC=|0-2 04+0 0+ 8/=]-2 0 8 
4+2 8+0 12- 8 6 8 4 


In Example 29.4, note that although both products CD and DC exist, CD #4 DC. Thus, multiplication of 
matrices is not commutative. 

An identity matrix is an x n matrix with entries of 1 when the row and column numbers are equal and 0 
everywhere else. We denote the n x n identity matrix by I,,. 

For example, 


1 0 0 
b=|9 i and L= 0 1 0 
0 0 1 


If A is a square matrix and I is the identity matrix the same size as A, then AI= IA = A. 


2 3 1 0 2 3 1 O 2 3 
For a=|; 5 | we we t= | j | and ar=| 1 E er | 


wd ta=[} O]? 3]=[? 3] 


29.3 ELEMENTARY ROW OPERATIONS 


Two matrices are said to be row equivalent if one can be obtained from the other by a sequence of elementary 
row operations. 


Elementary Row Operations 
(1) Interchange two rows. 
(2) Multiplying a row by a nonzero constant. 


(3) Add a multiple of a row to another row. 
A matrix is said to be in reduced row-echelon form if it has the following properties: 


(1) All rows consisting of all zeros occur at the bottom of the matrix. 
(2) A row that is not all zeros has a | as its first non-zero entry, which is called the leading 1. 


(3) For two successive non-zero rows, the leading 1 in the higher row is further to the left than the leading | in 
the lower row. 


(4) Every column that contains a leading | has zeros in every other position in the column. 
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EXAMPLE 29.5. Use elementary row operations to put the matrix A in reduced row-echelon form when 


~ is the symbol used between two matrices to indicate that the two matrices are row equivalent. 
R> in front of a matrix means that the row following it was row 2 in the previous matrix. 


R3 — 3R, in front of a matrix means that the row following it was obtained from the previous matrix by subtracting 3 times 
row | from row 3. 


2 14 Rfl 3 2 1 3.9 1 3.9 
A=/]1 3 2/+R:]/2 1 4/~+R,-2R,/0 -5 0[~4R,] 0 1 0 
a; ah: 1G 5: af 3h R= 3h). 6. —10° 6 0 -10 0 

R,-3R. [1 0 2 

a 010 

R;+10R.|0 0 0 


1 02 
The reduced row-echelon form of matrix Ais=]|0O 1 O 
0 0 0 


29.4 INVERSE OF A MATRIX 


A square matrix A has an inverse if there is a matrix A~! such that AA“! = A'A =I. 
To find the inverse, if it exists, of a square matrix A we complete the following procedure. 
(1) Form the partitioned matrix [A|I], where A is the given n x n matrix and I is the n x n identity matrix. 


(2) Perform elementary row operations on [A|I] until the partitioned matrix has the form [I|B], that is, until the 


matrix A on the left is transformed into the identity matrix. If A cannot be transformed into the identity 
matrix, matrix A does not have an inverse. 


(3) The matrix B is A7!, the inverse of matrix A. 


2 5 4 
EXAMPLE 29.6. Find the inverse of matrix A = | 1 4 3 
1 -3 -2 


2 5 4)/1 0 0 Ro} 1 4 #3/)0 1 O 


[AIN=|1 4 3/0 1 O|~R {2 5 4]1 00 
i <3 Vole wi i 3 -ohe: @ 2 


1 4 3/0 1 0 1 4 3 Oo 1 


0 
~R,—2R:|0 -3 -2/1 -2 O]+-1R,]0 1 2/3/-1/3 2/3 0 

Re Ry | OF =5)0° a1. 1 0-7 -5 w <i: 4 

Ri, -4R,.f1 0 1/3] 4/3 -5/3 0 i 0 13) 48 =<s6: 0 
~ 0 1 2/3|-1/3 2/3 O0|~ 0 1 2/3/-1/3 2/3 O 
R3+7R2}0 0 —1/3|-7/3 11/3 1 ~3R;|0 0 1 7 247 3 


CHAPTER 29 Matrices 353 


By (3k | 
~ Ro —(2/3)R30 1 O/-5 8 2|=f]A7y 
0 


—1 2 1 
A‘'=| —5 8 2 
7 -ll -3 


If the matrix A is row equivalent to I, then the matrix A has an inverse and is said to be invertible. A does 
not have an inverse if it is not row equivalent to I. 


i: 3 4 
EXAMPLE 29.7. Find the inverse, if it exists, for matrix A= | —2 -—5 —3 
1 4 9 
1 S) 41\1 0 0 1 3 4) 1 0 O 
[A|T] =} —2 -5S -3/0 1 O}]~ R2+2R;/0 1 5} 2 1 «0 
1 4 910 0 1 R3 —R, 0 1 5;-1 0 1 


R;—3R2/ 1 0 —-11)/-5 -3 0 
0 1 5} 2 1 0 
R;—R. | 0 0 0O;-3 -1 1 


The matrix A is row equivalent to the matrix on the left. Since the matrix on the left has a row of all zeros, it is not row 
equivalent to I. Thus, the matrix A does not have an inverse. 


Another way to determine whether the inverse of a matrix A exists is that the determinant associated with an 
invertible matrix is non-zero, that is, det A 4 0 if AW! exists. 


For 2 x 2 matrices, the inverse can be found by a special procedure: 


1 2 
IfA= fi 412 then At= 22 12 where det A 0. 
a2, a2 det A | —421 ay 


(1) Find the value of det A. If det A # 0, then the inverse exists. 

(2) Exchange the entries on the main diagonal, swap a), and az. 

(3) Change the signs of the entries on the off diagonal, replace a2; by —a2, and aj2 by —aj2. 
(4) Multiply the new matrix by 1/det A. This product is A7!. 


29.5 MATRIX EQUATIONS 


A matrix equation AX = B has a solution if and only if the matrix A7! exists and the solution is X = A7'B. 


EXAMPLE 29.8. Solve the matrix equation E | >| = | at 


- |r = 1 — ||3/11. =S/ld —1/-3 5 
ra=[} =| then A =| ai 7/11 or a ts 
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alo Ale 
11L-—2 7]L2 


—1f-ll 0 
11 0 -ll 


Flo all sl 


29.6 MATRIX SOLUTION OF A SYSTEM OF EQUATIONS 


CHAPTER 29 Matrices 


To solve a system of equations using matrices, we write a partitioned matrix which is the coefficient matrix on 


the left augmented by the constants matrix on the right. 


x+2y+3z= 
The augmented matrix associated with the system x — z= Ois 
x- y- z=-4 
1 2 3} 6 
A=] 1 0 -l; O 
1 -1l -1|-4 
EXAMPLE 29.9. Use matrices to solve the system of equations: 
X2 + x3 2x4 = -3 
X, + 2x. -— x3 = 2 
2x, + 4x. + x3—-—3x4 = —2 
X1 — 4x0 — 7x3 x4 = —19 
Write the augmented matrix for the system. 
E 1 1 -2| -3 
1 2 -1 0 2 
2 4 1 -—3) —2 
1 -4 -7 -1}|-19 
Put the matrix on the left in reduced row-echelon form. 
Rofl 2-1 O 2 1 2 -1 
~R;| 0 1 1 -2}| -3 0 1 1 
2 4 #1 -3} -2 R;—2R;|}0 OO 3 
1 -4 -7 -1|-19 Ry-—R; LO -6 -6 
R;-—2R2.f1 0 -3 4 8 Ri +3R3;[1 0 
~ 0 1 1 -2} -3 |~R.—R3 |0 1 
(1/3)R3 |O0 O 1 —-I} -2 0 0 
R4+6R2L0 0 O —13|—39_] (-1/13)R4L0 0 
Rij-Rafl 0 0 O|-1 
~Ro+Ry]/0 1 0 O| 2 
R3+R4}0 0 1 O; 1 
0 0 0 1] 3 


oro eo 


—3 = 
—1/-21 
1| 2 
—1}-1 
—1)-2 
Ml, 3 
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From the reduced row-echelon form of the augmented matrix, we write the equations: 
xy = —-1,x% =2, x3 = 1, and x4 = 3. 


Thus, the solution of the system is (—1, 2, 1, 3). 


xy + 2x. - 23 =0 
3x, + 5x2 =1 


0 1 2 -1)0 1 2 -1 
1 R.—-3R; [0 -1 3} 1 —-R2[0 1 -3 


4 


xj +5x3=2 and x—3x3=-1 Thus, x} =2-—5x3 and x= —1+4 3x3. 


EXAMPLE 29.10. Solve the system of equations: 


12 -1 
3 5 O 


4] 


eel 0 5 


0 1 -3 


The system has infinitely many solutions of the form (2 — 5x3, —1-+ 3x3, x3), where x3 is a real number. 


SOLVED PROBLEMS 


29.1 Find (a) A+B, (b) A —B, (c) 3A, and (d) 5A — 2B when 


SOLUTION 
2 1 1 2 -3 4 
waree[? 1 (23 4) 


_f 242 1+(-3) 1+4 _f 4 -2 5 
~L-1+(¢3) -1+1 44+(¢2)}| [-4 0 2 


> a 4 2 3 4 
o) A-B=| |} a ‘]-[3 ; 5] 
= 2-2 1—(-3) 1-4 _ @) 4 3 
[t=63) -I-T 4-¢2)] [2 -2 6 
© aa] J-| 2) 3d) x07 6 3 / 
-1 -1 4 3(-1) 3(-1)_-3(4) 3.3 
(a) sA-2B=5] | 2 }- 3 =3 ‘] 


4 3 1 -—2 


SC-I)— 27-3) 5-1) — 201) 5(4) — 2-2) 


6 ll —3 
"a SF OA 


-| 5(2) — 2(2) 5(1) — 2(—3) awn 
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29.2 Find, if they exist, (a) AB, (b) BA, and (c) A? when 


29.3 


29.4 


A= 


[3 
SOLUTION 


2 
(a) AB=[3 2 TF 
0 


2 2(3) 2(2) 2(1) 6 4 
(b) BA=]|3 |[3 2 1]=] 33) 32) 30)}/=]9 6 
0 0 


(c) A =[3 2 1][3 


Find AB, if possible. 


21 
(a) A=| -3 4 
1 6 
=f 3 
(bt) A=] 4 -5 
0 2 
SOLUTION 


* £10 
(a) AB=| -3 4|| 4 
1 6//8 


B=] 3 


= [3(2) + 2(3) + 1(0)] = [12] 


0(3) 0(2) OC) 0 


2 1]; not possible. A”, n > 1, exists for square matrices only. 


0 -1 O 
and B=|4 0 2 
8 -l1 7 
1 2 
and B=| | 
-1 0 
2 |; not possible. 
-1 7 


Matrices 


A is a3 x 2 matrix and B is a3 x 3. Since A has only two columns it can only multiply matrices having two 


rows, 2 x k matrices. 


—i 3 
(b) AB=| 4 —5 | 
yo. 2 


—1(1) + 3(0) 
4(1) + 5)(0) 
O(1) + 2(0) 


=i 37) i, 10 
4(2) + (—5)(7) | = 4 —27 
0(2) + 2(7) 0 14 


: #-| 


Write each matrix in reduced row-echelon form. 


0 1 -3 
(a) |2 3 -1 
AS =Q 
SOLUTION 
Oe As a8 Ro 
(@) |2 3 -1]/~R, 
Sa 


(1/2)R; [1 0 4 
i 0 1 -3 
(-1/3)R;|0 0 1 


t. 2 | 4 

2 =3 2 -—3 -l 

©) 3 =5 3 —4 3 
=] 1 =1 2 5 


2 3 —1 2 3 =1 
O 1 -3]}~ 0 1 -3]~ 
4 5 -2 R3—2R;|0 —-1 0 


R, -4R;[1 0 0 
~R2,+3R3}0 1 O 
0 0 1 


R; —3R. | 2 0 8 
0 1 -3 
R3 +R, [0 0 —3 
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0 1 -3 1 0 0 
The reduced row-echelon form of | 2 3 —l1 1s 0 1 0 
a) 000 
1 —2 1 -l 1 —2 1 -!I 4 
(b) 2 -3 2 —3 -1|]~R,—2R, | 0 1 0 -1 —-9 
3-5 3-4 R; — 3R, | 0 1 0 -1 -9 
—1 1 -l 2 5 Ry +R, 0 -1 O 1 9 
Roh Oo 2 =) —t4 
0 1 0 -1 —9 
R;-R,/0 00 £O 0 
R4+R./]0 0 0 0 0 
1 -—2 1 -l 4 F 0 1 -3 =| 
2 -3 2 -3 -l ; 0 1 0 -i1 —9 
The reduced row-echelon form of 3 5 3 4 3 is 00 0 0 0 
-l 1 -l 2, 5 0 0 0 0 0 
29.5 Find the inverse, if it exists, for each matrix. 
1 -l 0 3 2 1 
2 = 
@ a=[i a w B=[_3 | (c) C=] 1 0 -il (djD=]1 0 -Il 
6 —2 -3 0 1 2 
SOLUTION 
(a) det A= i a =-—14—3=-17:detA 40s50A | exists. 
a Se - 7/17 3/17 
i1_ at 1 
= i | = =| Die 


The first form of the matrix is frequently used because it reduces the amount of computation with fractions 
that needs to be done. Also, it makes it easier to work with matrices on a graphing calculator. 


(b) det B= a *3| = 6—6=0. Since det B = 0, B~! does not exist. 
1 -1 O;/1 0 0 1 -1 0; 1 0 0 
(c) [C]I] =] 1 0 -1/0 1 O}|~]0 1 -I}/-1 1 0 
6 —2 -3/0 0 1 0 4 -3/-6 0 1 
1 0 -l} 0 1 0 1 0 O}-2 -3 1 
~/0O 1 -I/-1 1 O0}~/0 1 Of-3 -3 1] =[NC7!] 
0 0 1}-2 -4 1 0 0 1;-2 -4 1 


<2 2A] 

. 2 iit @ 0 1 0 =-1/0 1 06 1 0-1/0 10 

(d) DI]=]1 0 -1/0 1 Of ~]3 2 1/1 0 O]~]o0 2 4/1 -3 0 

OL 216 0.4 oy Bee. Oi 20 0-1 
1 @ “1/0 1 0 1 0-1/0 1 0 
~10 1 2/0 O1]+/0 1 2/0 oO 1 
Co wt 2 6 6:0 OT —3 2 


Since the left matrix in the last form is not row equivalent to the identity matrix I, D does not have an inverse. 
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—2 -1 0 3 
29.6 If A= 1 0 and B= 2 0 }, solve each equation for X. 
3-4 —-4 -1 


(a) 2X+3A=B_ (b) 3A+6B=-—3X 


SOLUTION 
(a) 2X+3A =B. So 2X = —3A +B and X = —3A +4B. 


sp 2) ale 3 340 (3/2)+G/2) 3 
K=+2) 1. ol4=| 2 oe) eaa1 0+0 =) o4y5 
SHS: mh | lh 


a | (-9/2) —2 6 + (—1/2) 
(b) 3A + 6B = —3X. So —3X = 3A + 6B and X = —A — 2B. 


—2 =I 0 3 2+0 1-6 a, 3 
xX=-— 1 O;-2; 2 Oj};=] -1-4 04+0]=] -5 0 
3. -4 —4 -1 —34+8 442 5 6 


—x+y=4 


29.7 Write the matrix equation AX = B and use it to solve the system _ je4 ya 


SOLUTION 


The solution to the system is (4, 8). 


29.8 Solve each system of equations using matrices. 


(a) x—2y+3z= 9 (b) x+2y—z=3 


—x + 3y = 3x+ y =4 
2x —5y+5z= 17 2x—- y+z=2 
SOLUTION 
1 —2 3) 9 1 —2 3/ 9 1 0 9/19 1 0 9119 
St 3 OlSat tee a ll ee dy Sle oe: a 31S 
2 -—5 5] 17 0 -1 -1)-1 0 0 2) 4 0 0 1] 2 
1 0 0} 1 
~}|0O 1 O;-1 
0 0 1] 2 


From the reduced row echelon form of the matrix, we write the equations: 
x=1,y=-1, and z=2. 


| 


=13/2- 112 
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The system has the solution (1, —1, 2). 


1 2 ~=1)3 1 2 -l}| 3 1 2 —1| 3 
(b) | 3 1 0;4}~]0 —S5 3}-5 }~}]0 —5 35 
2 -1 1|2 0 -5 3}—4 0 0 O| 1 


Since the last row results in the equation Oz = 1, which has no solution, the system of equations has no 
solutions. 


See Chapter 34 for more solved problems and more supplementary problems. 
SUPPLEMENTARY PROBLEMS 


_[2 -5 _[3 12 5 _[2 -5/2 0 _ 
29.9 a=|5 al B=|; a il c=| be=|7 4] 


Perform the indicated operations, if possible. 


(a) B+C (e) 3B+2C (i) C—5A (m) B? 

(b) 5A (f) DA (j) BC (n) D(AB) 
(c) 2C — 6B (g) AD (k) (DA)B (0) A’ 

(d) —6B (h) C-B (l) A? (p) DB+ DC 


29.10 Find the product AB, if possible. 


0 -1 0 2 1 
(a) A=|4 0 2 and =B=|-3 4 
8 -1 7 1 6 
1-1 7 1 12 
(b) A=|2 -1 8 and B=|/2 1 1 
3 1 -l 1 -3 2 
I 3 4 -6 3 
(c) A=|0 5 4 and B=| 5 4 4 
3-2 1 -1 01 
6 
@as|~ and =B=[10 12] 
I 
6 


29.11 Solve each system of equations using a matrix equation of the form AX = B. 


(a) x- y= 0 (b) x+2y= 1 (c) 1.5x+0.8y = 2.3 (d) 2x + 3y = 40 
5x — 3y = 10 5x — 4y = —23 0.3x — 0.2y = 0.1 3x—-—2y= 8 


29.12 Write each matrix in reduced row echelon form. 


qf. 23: i > 5 23 

(~)} 1 0-21 (d)|3 2 49 

4 4 £3 St oo a 
10240 i 0 2h —7 
i¢ 4 5 1 ai <3 7. 2 °.3 
Oli 2063 (e) i <3 &@ J 
Laas 9 29° 9 & aA 
a 4 Le ee 
=f O28 4 =3 
(c) |} 30 = 3] (f) 1 2-1 -4 3 
2 =8 ae a 
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29.13 Find the inverse, if it exists, of each matrix. 


9 13 
[> 43I 
—2 
eee 
0 

(c) 


3 
=I 

2 

1 =I 

Q -1 
—2 

1 
=e 

5 


3 - 
(d) 4 
i= 


29.14 


(a) x—2y+3z=-1 
—x + 3y = 10 
2x —5y+5z=-—7 


(b) x—3y+ z= 1 
2x- y—2z= 2 
x+2y-—3z=-1 


(c) x+ y-—3z=-1 
¥- 2 0 
—x+2y = 1 


(d) 4x- y+ 5z=11 
x+2y-— z= 5 
5x — 8y + 13z= 


Solve each system of equations using matrices. 


5 3 4 
(e) | —3 2 5 
7 4 6 
1 2 -1 
();2 3 2 
4 -2 3 
3-2 4 
(g7) |}5 3 3 
2 5 —2 
1 —2 0 1 
0 1 2 -1 
ON ee aS 
—1 3-2 0 
(e) xt %3=1 
5x, + 3x2 =4 
3x2 = 4x3 =4 


(f) 4x1 + 3x2 + 1733 = 0 
5x1 + 4x2 + 22x3 =0 
4x; + 2x2 + 19x3 = 0 


(g) xt 2+%3+ %4=6 
2x1 + 3x2 — x=0 
—3x, + 4x. +43 + 2x4 = 4 
xX, + 2x. - 3134+ 14 =0 


(h) 3x, — 2x2 — 6x3 = —4 
—3x, + 2x. +6x3= 1 
Xy- %.—5x3 = -3 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


29.9 (a) F 7 | 
o (9 
© [78 To —4] 
@ [75 “6 isl 
(e) Ee =u a 
(f) [14 -14] 


(g) not possible 


| oe 


(i) not possible 
(j) not possible 
(k) [28 21 28] 
oft 3 
(m) not possible 


(n) [28 21 28] 
8 —335 
(0) i; a 


(p) [38 —11 35] 
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29.10 


29.11 


29.12 


29.13 


29.14 


20 24 


a =A 6 81 15 ll 2 
(a) | 10 16 (b) | 8 —23 19 (c) | 21 
26 46 4°47 «5 1 —26 
(a) (5, 5) (b) (—3, 2) (c) d, D (d) (8, 8) 
boo ey 
(a) |0 10 O (b) 
ot wt 00 001 
¢ 0 6 OO 
1001 100 1 
lt 1 0.2 @ |0410 -1 
001 0 001 2 
io 2 oi i®® a6 =i 
C.1 =i o 2 010 -12/5 3 
Oloo 01 4 Mloo1 -3/5 2 
00 00 0 000 0 0 
= a 
= 1 
(a) Ee o © 7] 53 2 -37 
2 1 19 
a ne 
if2 2 1 
© afi s Y) 33 2 7 -4 
“6é 10 =1 
(a | 
1} 5 12 -19 11 +1 abi te: te 
(c) = (g) —| -16 14 —-11 
is} 3 0 3 3 1945. ie cid 
— ee ap Ss 
ce F 1 1 i a : 
(ie) sai) 3 (h) = 
28] 99 14 10 a 2 a 
0 <3 4 1 
(a) (-1, 3, 2) 


(b) no solution 


(c) (2z— 1, z, z) where z is a real number 


(d) (~z+3,z+ 1, z) where z is a real number 


(e) (—4, 8, 5) 
(f) (0, 0, 0) 
(g) C1, 9, 3, 2) 
(h) no solution 


60 
—20 
10 
60 


(d) 


72 
—24 
12 
72 
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Mathematical Induction 


30.1 PRINCIPLE OF MATHEMATICAL INDUCTION 


Some statements are defined on the set of positive integers. To establish the truth of such a statement, we could 
prove it for each positive integer of interest separately. However, since there are infinitely many positive 
integers, this case-by-case procedure can never prove that the statement is always true. A procedure called 
mathematical induction can be used to establish the truth of the state for all positive integers. 


Principle of Mathematical Induction 


Let P(n) be a statement that is either true or false for each positive integer n. If the following two conditions are 
satisfied: 


(1) PC) istrue, and 
(2) Whenever for n = k, P(k) is true implies P(k + 1) is true. 


Then P(n) is true for all positive integers n. 


30.2 PROOF BY MATHEMATICAL INDUCTION 
To prove a theorem or formula by mathematical induction there are two distinct steps in the proof. 


(1) Show by actual substitution that the proposed theorem or formula is true for some one positive integer n, 
asn= 1, orn = 2, etc. 
(2) Assume that the theorem or formula is true for 7 = k. Then prove that it is true forn =k-+ 1. 


Once steps (1) and (2) have been completed, then you can conclude the theorem or formula is true for all 
positive integers greater than or equal to a, the positive integer from step (1). 


SOLVED PROBLEMS 


30.1 Prove by mathematical induction that, for all positive integers n, 


1 
142434---tn= Met ) 
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30.2 


30.3 


SOLUTION 


Step 1. The formula is true for n = 1, since 


104+) _ 
== 


1 1. 


Step 2. Assume that the formula is true for n = k. Then, adding (k + 1) to both sides, 


kk + 1) (k + Ik + 2) 
2 


1424+3+4+---+k+Kk+)= +(k+)= 5) 


which is the value of n(n + 1)/2 when (k + 1) is substituted for n. 

Hence if the formula is true for n = k, we have proved it to be true for n = k+ 1. But the formula holds for 
n= 1; hence it holds for n = 1+ 1 = 2. Then, since it holds for n = 2, it holds for n = 2+ 1 = 3, and so on. Thus 
the formula is true for all positive integers n. 


Prove by mathematical induction that the sum of n terms of an arithmetic sequence a,a +d, 
a+2d,--- is (3) + (n — 1d], that is 
n 
a+(a+d)+(a+2d)+---+[a+(-— Id) = [2a + (2 - 1)d]. 
SOLUTION 


1 
Step 1. The formula holds for n = 1, since a = 32a + (1 - 1)d] =a. 


Step 2. Assume that the formula holds for n = k. Then 


k 
at+(a+d)+(a+2d)+---+[a+(k Id] = 5 [2a + (k 1)d]. 
Add the (k + 1)th term, which is (a+ kd), to both sides of the latter equation. Then 


at(atd)+(at2d) +--+ [at (k— Dd] + at kd) = 5 Dat k— Dd] + (at kd). 


' ; kd kd kd + kd + 2ka + 2a 
The right-hand side of this equation = ka + ge. +a+kd= 5) 
kd(k+1)+2ak+1) k+1 
_ erut atk + 1) _ + (2a + kd) 


which is the value of (n/2)[2a + (n — 1)d] when n is replaced by (k + 1). 

Hence if the formula is true for n = k, we have proved it to be true for n = k + 1. But the formula holds for 
n= 1;hence it holds for n = 1 + 1 = 2. Then, since it holds for n = 2, it holds for n = 2 + 1 = 3, and so on. Thus 
the formula is true for all positive integers n. 


Prove by mathematical induction that, for all positive integers n, 


1)(2. 1 
PEPE pe pet a MEE ND 


SOLUTION 
Step 1. The formula is true for n = 1, since 


1+ DQ+) _ 
a ; = 


Vr 1. 
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Step 2._Assume that the formula is true for n = k. Then 


_ kk + NQk+ 1) 
<n 


Add the (k + 1)th term, which is (k + 1)”, to both sides of this equation. Then 
_ kk + DOK+ 1D 


17 27 4 3? ee 


PHP +3 tet ++ IY = + FY. 
k(k + 1)(2k + 1) + 6(k + 1)° 
The right-hand side of this equation = saa — sige, 
_(k+ D[(2k? + k) + (6k + 6)] _ (k+ Dk + 2)(2k + 3) 
7 6 - 6 


which is the value of n(n + 1)(2n + 1)/6 when n is replaced by (k + 1). 

Hence if the formula is true for n = k, it is true for n = k + 1. But the formula holds for n = 1; hence it holds 
forn = 1+ 1 =2. Then, since it holds for n = 2, it holds for n = 2 + 1 = 3, and so on. Thus the formula is true for 
all positive integers. 


Prove by mathematical induction that, for all positive integers n, 


ft) 1 1 1 n 


1-39-5579" * Ge—=DGaeD mel 


SOLUTION 
Step 1. The formula is true for n = 1, since 


1 ee eee | 
(2—1)2+1) 241 3° 


Step 2. Assume that the formula is true for n = k. Then 


1 = 1 rn 1 ice 1 k 
Ie3 .3650° De 7 (2k —1)(2k+1)” 2k+1° 


Add the (k + 1)th term, which is 


1 
(2k + 1)(2k + 3)’ 
to both sides of the above equation. Then 


1 1 1 1 I k 1 
1313-55-71 + @k-DOk+1* Qk+DOK+3) 2k+1 Ok+DQK+3)" 


The right-hand side of this equation is 


KQk+3)+1  k+1 
Ok NCES) Mea’ 


which is the value of n/(2n + 1) when n is replaced by (k + 1). 

Hence if the formula is true for n = k, it is true for n = k + 1. But the formula holds for n = 1; hence it holds 
forn = 1+ 1 = 2. Then, since it holds for n = 2, it holds for n = 2 + 1 = 3, and so on. Thus the formula is true for 
all positive integers n. 


2n _ 42” is divisible by a + b when n is any positive integer. 


Prove by mathematical induction that a 
SOLUTION 


Step 1. The theorem is true for n = 1, since a? — b? = (a+ b)(a— b). 
Step 2. Assume that the theorem is true for n = k. Then 


ak — }* is divisible by a+ b. 
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30.7 


We must show that a**+? — b+? is divisible by a + b. From the identity 
Pk? _ pk? = g2(@?k — p>) + ba? — B?) 


it follows that a**+? — b*+? is divisible by a+ b if a** — b** is. 

Hence if the theorem is true for n = k, we have proved it to be true for n = k+ 1. But the theorem holds for 
n= 1; hence it holds forn = 1+ 1 = 2. Then, since it holds for n = 2, it holds for n = 2 + 1 = 3, and so on. Thus 
the theorem is true for all positive integers n. 


Prove the binomial formula 
n(n — 1) 


non n—1 n—2.,2 n(n i 1) ae (n =0F 2) n—r+1 r—1 n 
(a+x)" =a" +na x+—,—4 Xo fee ep (DI xX fees +x 
for positive integers n. 
SOLUTION 
Step 1. The formula is true for n = 1. 
Step 2. Assume the formula is true for n = k. Then 
“ k(k—1) , k(k — 1)--+(k—- 2 : 
(a +x) =a’ tna 'x+ { ) gt2,2 feet ( ae: i ) gine gol fee xk 
2! (r — 1)! 
Multiply both sides by a+ x. The multiplication on the right may be written 
. .  kk-1 k(k — 1)+-+(k- 2) , . 
Pace OO Aa ( )ik-r+2) kort yrds a yh 
2! (r— 1)! 
, 7 k(k — 1)+-+(k- 3) 4» 
peal? toca. ( ae r+ ) ghd gg gH 
r—2)! 
R= We PD) pga , MED 8) pg 

Since (—D! a x (r— 2! a x 

_ kk VR Ar +3) erat Paresh 

(r — 2)! r-1 
—(k+DRKK-1)-- (kart 3) oredr 
7 (r— 1! : 


the product may be written 


pp CED MEH DE $3) pete yy eH 


(atx! =a! 4 (k+Datx+- 
(r— 1)! 


which is the binomial formula with n replaced by k+ 1. 
Hence if the formula is true for n = k, it is true for n = k + 1. But the formula holds for n = 1; hence it holds 
for n = 1+ 1 = 2, and so on. Thus the formula is true for all positive integers n. 


Prove by mathematical induction that the sum of the interior angles, S(n), of a convex polygon is 
S(n) = (n — 2)180°, where n is the number of sides on the polygon. 


SOLUTION 


Step 1. Since a polygon has at least 3 sides, we start with n = 3. Forn = 3, S(3) = (3 — 2)180° = (1)180° = 180°. 
This is true since the sum of the interior angles of a triangle is 180°. 


Step 2. Assume that for n =k, the formula is true. Then S(k) = (k — 2)180° is true. Now consider a convex 
polygon with k+ 1 sides. We can draw in a diagonal that forms a triangle with two of the sides of the polygon. 
The diagonal also forms a k-sided polygon with the other sides of the original polygon. The sum of the interior 


366 


30.8 


CHAPTER 30 Mathematical Induction 


angles of the (k + 1)-sided polygon, S(k + 1), is equal to the sum of the interior angles of the triangle, $(3), and the 
sum of the interior angles of the k-sided polygon, S(k). 


S(k + 1) = S(3) + S(k) = 180° + (k — 2)180° = [1 + (k — 2)]180° = [(k + 1) — 2]180°. 


Hence, if the formula is true for n = k, it is true forn = k-+ 1. 
Since the formula is true for n = 3, and whenever it is true for n = k it is true forn = k + 1, the formula is true 
for all positive integers n > 3. 


Prove by mathematical induction that n> + 1 > n* +n for all positive integers. 


SOLUTION 


Step 1. Forn=1,24+1=24+1=141=2andr’?4+n=P?+4+1=141=2. Son4+1>n2+7n is true 
when n= 1. 


Step 2. Assume the statement is true forn = k. Sok? +1 >k? +k is true. 


Forn=k+1, +19 4+1=6 43 43k4141=0 43 43k42 

=P42P +1? 43k 42 = (42k) +k + DKF 2) 

=(P +2) +(k+ DK+ D4] 

= (P42) 4+ [K+ 1? +64 DI 
We known > 1, sok > 1 and k? + 2k? > 3. Thus (k + 1) +1>(kK+ I+ (k+ 1). Hence, when the statement is 
true for n = k, it is true forn = k-+ 1. 


Since the statement is true for nm = 1, and whenever it is true for n = k, it is true for n = k + 1, the statement is 
true for all positive integers n. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


Prove each of the following by mathematical induction. In each case n is a positive integer. 


30.9 


30.10 


30.11 


30.12 


30.13 


30.14 


30.15 


30.16 


30.17 


143454+---4+(Qn-l=nr 


2 Aa 3 1 
2 1) 
he 
7] 
atartart..tart =), r#l 
r— 
1 - 1 - 1 Secrest 1 _ on 
1-2 2-3 3-4 nn+1) n+l 
2n — 1)3"t! 43 
1-342-943-8 pe tn 3a FS 
1 a 1 + 1 Acct 1 n 
2:5 5-8 8-11 (3n—1)Bn+2) 6n+4 
1 1 1 1 — nn+3) 


(6203 290d 90405 RE DED 4+ DEED 


a" — b” is divisible by a — b, for n = positive integer. 
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30.18 a’"-! + p*""! is divisible by a+ b, for n = positive integer. 


n(n + 1)(n + 2)(n + 3) 


30.19 1-2-342-3-44+---+n(n4 ln+2)= Z 


30.20 1424274...4 271-9" _] 
30.21 (ab)" = a"b", for n = a positive integer 


A 


30.22 (*)'= = for n = a positive integer 
30.23 n* +n is even 

30.24 n° + 5n is divisible by 3 

30.25 5" — 1 is divisible by 4 

30.26 4” — 1 is divisible by 3 

30.27 n(n+ 1)(n+ 2) is divisible by 6 

30.28 n(n + 1)(n+ 2)(n 4+ 3) is divisible by 24 


30.29 n2+1>n 


30.30 2n>n+1 


Partial Fractions 


31.1 RATIONAL FRACTIONS 


P 
A rational fraction in x is the quotient a of two polynomials in x. 
x 


3x7 — 1 
Thus soa is a rational fraction. 


31.2 PROPER FRACTIONS 


A proper fraction is one in which the degree of the numerator is less than the degree of the denominator. 


2x — 3 Ax? +1 
Thus ee and ais are proper fractions. 
x+5x+4 x4 — 3x 


An improper fraction is one in which the degree of the numerator is greater than or equal to the degree of 
the denominator. 


hy 23 + 6x2 —9 | : fracti 
us —_______— is an improper fraction. 
x2 — 3x+2 Prop 


By division, an improper fraction may always be written as the sum of a polynomial and a proper fraction. 


Thus eS yt oe 


31.3 PARTIAL FRACTIONS 


A given proper fraction may often be written as the sum of other fractions (called partial fractions) whose 
denominators are of lower degree than the denominator of the given fraction. 


EXAMPLE 31.1. 


3x —5 3x—5 _ 2 4 1 
x2?—3x4+2° (x—D(x-2) x-1 x-2° 
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31.4 IDENTICALLY EQUAL POLYNOMIALS 


If two polynomials of degree n in the same variable x are equal for more than n values of x, the coefficients of 
like powers of x are equal and the two polynomials are identically equal. If a term is missing in either of the 
polynomials, it can be written in with a coefficient of 0. 


31.5 FUNDAMENTAL THEOREM 
A proper fraction may be written as the sum of partial fractions according to the following rules. 


(1) Linear factors none of which are repeated 


If a linear factor ax + b occurs once as a factor of the denominator of the given fraction, then corresponding 
to this factor associate a partial fraction A/(ax + b), where A is a constant # 0. 


EXAMPLE 31.2. 


x+4 _ A 4 B 
(x+7)2x—1) x+7 2x-1 


(2 


wm 


Linear factors some of which are repeated 


If a linear factor ax + b occurs p times as a factor of the denominator of the given fraction, then correspond- 
ing to this factor associate the p partial fractions 


A} a Ao rae Ap 
ax+b (ax+by (ax + b)? 


where Aj, A2,...,A, are constants and A, 4 0. 


EXAMPLES 31.3. 


és 3x — 1 A rn B 
a —! 
(x+4° x+4 (+4) 

5?-2 A B C D E 


(b) 


=—[+ + 
Batlle 8 x x (x+1P x41 


(3) Quadratic factors none of which are repeated 


If a quadratic factor ax* + bx + c occurs once as a factor of the denominator of the given fraction, then 
corresponding to this factor associate a partial fraction 


Ax+B 
ax? ++ bx+c 


where A and B are constants which are not both zero. 
Note. It is assumed that ax? + bx +c cannot be factored into two real linear factors with integer 
coefficients. 


EXAMPLES 31.4. 


vr —3 A Bx+C 


@ aoe) a0 ee 


2x7 — 6 _A,  Bx+C Dx+E 
x(2x27 +3x4+8)02+x4+1) x 2° 43x48 P4x41 


(b) 
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(4) Quadratic factors some of which are repeated 


If a quadratic factor ax? + bx + c occurs p times as a factor of the denominator of the given fraction, then 
corresponding to this factor associate the p partial fractions 


Aix +B, Aox + Bo Seabed Apx + By 
ax2+bx+ac  (ax2+bx+c)? (ax2 + bx +c)? 


where Aj, B,, Az, Bz,..., Ap, By are constants and A,, B, are not both zero. 


EXAMPLE 31.5. 


e—4x4+1 _Ax+B Cx+D | Ex+F 
O24+12%0Q2+x4+1) 2@4+1 2412 4x41 


31.6 FINDING THE PARTIAL FRACTION DECOMPOSITION 


Once the form of the partial fraction decomposition of a rational fraction has been determined, the next step is to 
find the system of equations to be solved to get the values of the constants needed in the partial fraction 
decomposition. The solution of the system of equations can be aided by the use of a graphing calculator, 
especially when using the matrix methods discussed in Chapter 29. 

Although the system of equations usually involves more than three equations, it is often quite easy to 
determine the value of one or two variables or relationships among the variables that allow the system to be 
reduced to a size small enough to be solved conveniently by any method. The methods discussed in Chapter 
15 and Chapter 28 are the basic procedures used. 


3x2 + 3x+7 


EXAMPLE 31.6. Find the partial fraction decomposition of ———,.—_.. 
(= 2)? ae ll) 


Using Rules (2) and (3) in Section 31.5, the form of the decomposition is: 


3x2 43x47 A B Cx+D 
ae) = ae a) 
(x—2P02+1) x-2° («-27% 9 41 
3x7 43x47 — Ae —2)0? +1) 4+ BO? +1) + (Cx+ D)(x— 2) 
(x«— 2/02 +1) _ (x — 2)?(x2 + 1) 
3x + 3x +7 = Ax — 2A + Ax —2A4+ BC +B4+ Cr — 40? + Dx? + 4Cx — 4Dx + 4D 


3x + 3x +7 = (A+ OC + (—2A + B—4C + D)x? + (A + 4C — 4D)x + (—2A + B+ 4D) 


Equating the coefficients of the corresponding terms in the two polynomials and setting the others equal to 0, we get the 
system of equations to solve. 


A+C=0 
—2A+B—4C+D=3 
A+4C—4D=3 
—2A+B+4D=7 


Solving the system, we get A = —1, B=5, C= 1, and D=0. 
Thus, the partial fraction decomposition is: 


3x2 +3x+7 = —1 + 5 " x 
(x—2°0@24+1) x-2 G-2% x41 
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SOLVED PROBLEMS 


31.1. Resolve into partial fractions 


x+2 - x+2 
2x2 — 7x — 15 (Qx+- 3\e=5) 
SOLUTION 
x42 _ A ‘ B _ A(@w—5)+BQx+3)_ (A+2B)x+3B-—5A 
(2x+3\x—5) 2x4+3 x-5 8 (2x4+3)(x—-5) (28 4+3)x—-5) 


We must find the constants A and B such that 


x+2 _ (A+ 2B)x + 3B —5A 
(Qx+3\x—5) (2x +3)(x—5) 


identically 


or x+2= (A+ 2B)x + 3B— SA. 


Equating coefficients of like powers of x, we have 1=A+2B and 2=3B-—5A which when solved 
simultaneously give A = —1/13, B= 7/13. 


xt2. -1/13, 7/13 = 7 


H = = 
ne me — Te 15 Ie 25 ORES) eS) 


Another method. x+2 = A(x—5)+ Bx +3) 
To find B, let x = 5: 5+2=A(0)+ B04 3), 7 = 13B, B= 7/13. 
To find A, let x = —3/2: 3/2+2=A(—3/2 — 5) + B(O), 1/2 = —13A/2, A= —1/13. 


2x2 + 10x — 3 A B Cc 


31.2 = 
(x + Ia? — 9) iA 745 48 


SOLUTION 
2x? + 10x — 3 = A(x* — 9) + Be t+ I(x — 3) + CF D4 3) 
To find A, let x = —1: 2-10-3=A(1—9), A=11/8. 
To find B, let x = —3: 18 —30-3=B(-34+ 1-3-3), B=-—5/4. 
To find C, let x = 3: 18+30-3=C341GB+43), C= 15/8. 
2x7 + 10x — 3 11 5 15 
Hence = + : 
(x + DQ2—9)  8(x+1) 443) 8-3) 
2x7 + 7x+23 A B C 


31.3 = cs 
(x — lx + 3)? el Gay x+3 


SOLUTION 
2x7 + 7x +23 = A(x + 3)? + Bx — 1) + Cx — D+ 3) 


= A(x? + 6x + 9) + B(x — 1) + CQ? + 2x — 3) 
= Ax? + 6Ax+ 9A + Bx — B+ Cx? + 2Cx — 3C 
=(A+C)x° + (6A+B+42C)x+ 9A — B-3C 
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Equating coefficients of like powers of x, A+C=2,6A+B+2C=7 and 9A— B-3C = 23. 
Solving simultaneously, A = 2, B= —5, C=0. 


27+ 7x+23 2 5 
(«—-Dot3"% x—-1 +3)" 


Hence 


Another method. 2x? + 7x +23 =A(x+ 3y° + Bax -—1)+Ca@— 1I(«4+ 3) 


To find A, let x = 1: 247423 =A(1 +3), A=2. 
To find B, let x = —3: 18 — 21 +23 = B(-3 —1), B= >5. 
To find C, let x = 0: 23 = 2(3)? — 5(-1) + C(— 1)3), C=0. 
2 
x —6x+2 A _ B Cc D 
31.4 wate i 
x(x — 2) xP 0x (x-2)° x-2 
SOLUTION 
x7 — 6x +2 = A(x — 2)? + Bx(x — 2)? + CX? + Dx? (x — 2) 
= A(x? — 4x + 4) + Bra? — 4x +4) + CX? + Dx? (x = 2) 
=(B+D)x*° +(A—4B4+ C —2D)x* + (-44 + 4B)x + 4A 
Equating coefficients of like powers of x, B+D=0, A-4B+C—-—2D=1, —444+4B= —6, 4A =2. 
The simultaneous solution of these four equations is A = 1/2, B LE 3/2, D=1. 
H x? —6x+2 1 1 3 a 1 
ence = 
w(x— 2)? 2x? x = Ax-2)? x-2 
Another method. x? — 6x +2 = A(x — 2)° + Bx(x — 2)? + Cx? + Dx*(x — 2) 
To find A, let x = 0: 2 = 4A, A= 1/2. To find C, letx = 2:4 - 12+2=4C, C= —3/2. 
To find B and D, let x = any values except 0 and 2 (for example, let x = 1, x = — 1). 
Let x= 1: 1-64+2=A(1 — 2)? + BU — 2)°+C+D(1 — 2) and (1) B—D=-2. 
Letx=—-1l: 14+6+2=A(-1-2) —-B(-1-2)?+C+D(-1—2) and (2) 9B4+3D=—6. 
The simultaneous solution of equations (1) and (2) is B= —1, D= 1. 
2 
x —4x-—15 
15. Let y=x+2; then x= y-— 2. 
(x + 2) 
SOLUTION 


we —4x-15 iy 2)? — 4(y — 2) 15 y—8y-3 


(+27 ys y 
18 3 1 8 3 
y Py Yo x42 (+2 +2) 


CHAPTER 31 _ Partial Fractions 


Tx? — 25x +6 Ax+B C 


31.6 = 
(x2 — 2x — 1)(3x — 2) Fe ae a PE 


SOLUTION 
Tx? — 25x +6 = (Ax + B)(3x — 2) + CQ? — 2x - 1) 
= 3Ax* + 3Bx — 2Ax — 2B) + Cx’ — 2Cx —C 
= 3A + C)x? + 3B — 2A — 2C)x + (—2B—C) 


Equating coefficients of like powers of x,3A+C=7,3B—2A—2C = —25,-2B-—C=6. 


simultaneous solution of these three equations is A = 1, B= —5,C = 4. 


Tx? — 25x+6 T=5 4 


Hence = : 
(x? —2x—1)3x—-2) 2x2-2x—-1 3x-2 


4x? — 28 4x? — 28 _Ax+B Cx+D 


1.7 = = 
2 xA+x2-6 (x2 + 3)(x? — 2) @49 °° @=0 


SOLUTION 
4x? — 28 = (Ax + B)(? — 2) + (Cx+ D\(X +3) 
= (Ax + Bx? — 2Ax — 2B) + (Cx? + Dx? + 3Cx + 3D) 
= (A+ Cx? + (B+ D)x* + BC — 2A)x — 2B + 3D 


Equating coefficients of like powers of x, 
A+C=0,B+D=4,3C —2A =0, —2B4+ 3D = —28. 


Solving simultaneously, A = 0, B = 8, C= 0, D= —4. 


4x? — 28 8 4 


H ~ 
eee M4xr-6 243 2-2 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


Find the partial fraction decomposition of each rational fraction. 


x+2 10x? + 9x —7 5x7 + 8x4 21 
1.8 ———_~ 1.13.6 ——_W_ 118 ——W—__ 
sae x2 — 7x + 12 ahls (x + 2)Q2 — 1) a (x2 +x + 6)(x+ 1) 
12x+ 11 x —9x—6 5x3 +4x? + 7x +3 
31.9 ———_— 31.14 31.19 
wr+x—6 8 +x? — 6x (x2 + 2x + 2)(x?2 —x — 1) 
8-—x xe 3x 
2 3 2 
31.41 5x+4 31.16 elie aiea 31.21 Tx + 16x ie 
x? + 2x (x — 2) (x2 + 2x + 2) 
3 2 _ 
31.12 kX 31.17 3x° + 10x° + 27x + 27 31.22 7x —9 


x2 — 3x— 18 x2(x + 3)? (x + 1)(x — 3) 
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31.23 


31.24 


31.25 


31.8 


31.9 


31.10 


31.11 


31.12 


31.13 


31.14 


31.15 
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x+10 5x7 4+ 3x41 x 
—— 31.26 —__~_—__ 31.29 ———_. 
X(x — 2)(x + 2) («+ 2)@? + 1) (2 +4 
3x-1 31.27 —2x+9 4 3xr74x41 
1 "(2x + 1)(4x2 + 9) (x + Do? + 1) 
Tx —2 2x3 —x+3 
>= 31.28 ——__.___ 
x3 — x2 — 2x (x? +4)? + 1) 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
6 5 3 4 5 1 2 
31.16 31.24 
x-4 x-3 x-2' @—2?' @_ x-1 x+1 
7 5 1.3 2 5 1 2 3 
1.17 1.25 —- 
x—-2 x+3 2 ae x+3 (x+3/ : x x-2 x+1 
3 2 2x+3 3 2x—-1 
= 31.18 — 1.26 
2x-1 x+2 wrtx+6 x41 ? x4+2 +41 
2 = = 
eye ETE ee aa i 97 op 
x x+2 x2 42x42 x2-x-1 Ax+1 42249 
2/3 1/3 1 —x+1 3x—-1 -—x+4+1 
1.20 — ‘ —— + —— 
x-6 x+3 ae ees a128 wrt4 x4) 
3 2 31.21 7Tx+2 2x+1 31.29 = + —4x 
xtl x-1 x+2 42x42 (2+2x42) P+4  (2+44) 
1 2 2 4 3 1 x 
= — 1.22 —— 130 ——_+——_; 
x x-2 x+3 2 el 93 ied ¥41' 4p 
2 2 —5/2 3/2 1 
1.2 
oe me x+2 aa x v3 x+2 


Partial Fractions 


Solving Higher Degree 
Equations 


32.1 THE ITERATION METHOD 


Any succession of computations which produce a sequence of numbers that home in on a number is called an 
iteration. The iteration method for approximating an irrational root of a higher degree equation is a time- 
consuming and tedious process when done manually, but it can be done quite efficiently on a computer or a 
programmable calculator. We will illustrate the method of approximating real roots of a polynomial equation, 
but iteration can be used in other approximations. 


EXAMPLE 32.1. Approximate the real zeros of f(x) =x° + 2x° + 10x — 20 to the nearest hundredth. 

We find f(0) = —20, f(1) = —7, and f(2) = 16 and by the Intermediate Value Theorem we see that there is a real zero between 
1 and 2. Now we need to find an expression for x, so we set f(x) = 0. To find the real zero by the iteration method we need 
to transform f(x) = 0 into the form x = g(x) and we call g(x) the iteration function. 


x°4+2x?+10x-20=0 
x3 +2x?+10x = 20 
x(x? + 2x +10) = 20 


This is our iteration function. The goal is to put in a value for x in the right-hand side of the equation and compute a value 
for x that is the same as the value we used, rounded to the desired accuracy. 

Let x, = 1 g(x) =a) = 20/[1? + 2(1) +10] = 20/13 = 1.54 (rounded to hundredths) 

Let x, = 1.54 9(1.54) = 20/[(1.54)° + 2(1.54) + 10] = 1.29 

Let x, = 1.29 9(1.29) = 20/[(1.29) + 2(1.29) + 10] = 1.40 

Let x, = 1.40 2(1.40) = 20/[(1.40)° + 2(1.40) + 10] = 1.36 

Let x, = 1.36 9(1.36) = 20/[(1.36)° + 2(1.36) + 10] = 1.37 

Let x, = 1.37 9(1.37) = 20/[(1.37) + 2(1.37) + 10] = 1.37 


Since we have x = g(x) = 1.37 to the nearest hundredth we are finished. One zero of f(x) =x° + 2x + 10x — 20 to the nearest 
hundredth is 1.37. 

We now check to see if there are any more real zeros. We use the zero found and use synthetic division to find a reduced 
equation of degree two and then use the quadratic formula. 


1.37 1 + 2 + 10 — 20 


1.37 4.6169 20.025 153 
1 + 3.37 + 14.6169 + 0.025153 
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The reduced equation is approximately x° + 3.37x + 14.6169 = 0. 


_ -3.374 16.37" - 404.6169] 
— 2) 


ye —3.37 4 J-47.1107 
2 


The reduced equation has no real zeros. 
Thus, x = 1.37 is the only real zero of f(x) = x° + 2x° + 10x — 20. 


EXAMPLE 32.2. Find approximations for the real zeros of f(x) = x* — 4x° + 1 to the nearest hundredth. 

f(x) has two sign changes, so it has 0 or 2 positive real zeros by Descartes’ Rule of Signs. 

Since f(x) =f(—x), the graph is symmetric to the y-axis. This means that if f(a) = 0, then f(—a) = 0. So we need only look 
for the positive real zeros. 

Since f(0) = 1, f(1) =—2, and f(2) = 1, we know from the Intermediate Value Theorem there are positive real zeros between 
0 and 1 and between 1 and 2. 

We look for an iteration function next. 


x'-4°+1=0 
x4 =-] 


(x? — 4) =-1 
x =-I/(x — 4) 
x =1(4-2) 


x=t (14-2) 
x =,/[1/(4 —x?)], since we are looking for a positive zero. 


g(x) = VL/4-x’)] 
Let x,=1 ge(1) = J[1/4-P)] = 1/ JB] = 0.58 


Let x, = 0.58 g(0.58) = [1/4 - 0.587)] = 0.52 
Let x, = 0.52 g(0.52) = [1/4 -1°)] = 0.52 


Thus, we have one zero of 0.52, and by symmetry we have a second zero of —0.52. 
To look for another zero, we need a different iteration function. 


x'-4°+1=0 
x=4-1 
x =+4/(4x? -1) 


Again we use only the positive value, since we want a positive zero. 


x = (4x? -1) 


Let x, =-2 g(X) = g(-2) = 4[(42)? = 1) — 4f(15) = 1.968 
Let x,=1.968 — 9(1.968) = 4/(4(1.968)? = 1) = 1.951 
Letx,=1.951 — g(1.951) = 4/(4(..951)? -1) =1.942 
Let x,=1.942 (1.942) = 4/(4(1.942)? -1) =1.937 
Let x,= 1.937 —_g(1.937) = 4/(4(1.937)? -1) =1.935 
Let x,=1.935 —9(1.935) = 4/4935)? —1) = 1.934 
Let x,= 1.934 (1.934) = 4/(4(1.934)? -1) = 1.933 
Let x,=1.933 (1.933) = 4/(4(1.933)? -1) =1.932 
Let x,= 1.932 (1.932) = 4/(4(1.932)? -1) =1.932 


Thus, the value for x and g(x) are the same and we have x = 1.93 to the nearest hundredth. 
Since 1.93 is a zero, then so is —1.93. 
Thus, the four real zeros f(x) = x* — 4x° + 1 are approximately —1.93, —0.52, 0.52, and 1.93. 
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32.2 THE BISECTION METHOD 


In the bisection method, we isolate a zero between two consecutive integers and then use the midpoint of the 
interval to locate the zero in one of the two half-intervals. By doing this repeatedly, we shrink the interval more 
and more until each endpoint of the interval rounds to the same value with the desired accuracy. 


EXAMPLE 32.3. Find the real zeros of f(x) = 2x‘ + x° + x — 2 to the nearest hundredth. 

Since f(0) =—2, f(1) = 2, and f(2) = 40, there is a zero between 0 and 1. Also f(—1) = —2 and f(—2) = 20, so there is a zero 
between —2 and —1. 

From the procedure for finding the upper and lower limits for the real zeros of a polynomial in Section 20.3 part E, we 
find the upper limit of the real zeros to be 2 and the lower limit of the real zeros to be —2. 

From Descartes’ Rule of Signs, we see that there is exactly one positive real zero and exactly one negative real zero. The 
zero interval for the positive real zero is (0, 1) and the zero interval for the negative zero is (—2, —-1). 

Looking for the positive zero (0, 1), we find the midpoint of the interval of 0.5 and (0.5) =—1.25. Since the value of f(0.5) 
is negative, we replace the endpoint of the zero interval that gave us a negative value with the midpoint of the interval, 0.5. 
Since f(0) =—2, we replace the 0 in the zero interval by 0.5 to get the reduced zero interval of (0.5, 1). We find the midpoint 
of this interval to be 0.75, and f(0.75) = —0.1953. The new reduced zero interval is (0.75, 1), and its midpoint is 0.875. 
(0.875) = 0.7173 Since the value of f(0.875) is positive, we replace the | in the reduced zero interval since f(1) gave us the 
positive value. The new reduced zero interval is (0.75, 0.875), which has a midpoint of 0.8125. (0.8125) = 0.2205. The new 
reduced zero interval is (0.75, 0.8125) and its midpoint is 0.78125. f(0.78125) = 0.00315. The reduced zero interval is (0.75, 
0.78125) and its midpoint is 0.765625. f(0.765625) = —0.09836. The reduced zero interval is (0.765625, 0.78125) and its 
midpoint is 0.7734375. f(0.7734375) = —0.04819. The reduced zero interval is (0.7734375, 0.78125) and its midpoint is 
0.77734. (0.77734) = —0.0226. The reduced zero interval is (0.77734, 0.78125). Since both endpoints of the interval round 
to 0.78 to the nearest hundredth, we have found the positive real zero to the nearest hundredth. 

The interval containing the negative real zero is (—2, —1) with f(—2) = 20, and f(—1) = —2. 


zero interval midpoint = M f(M) 

(-2, -1) -1.5 3.25 

(-1.5, -1) -1.25 —0.3203 
(—1.5, —1.25) —1.375 1.1743 
(—1.375, —1.25) =1;3125 0.3616 
(—1.3125, —1.25) —1.2813 —1.0550 
(—1.3125, —1.2813) —1.2969 0.1797 
(—1.2969, —1.2813) —1.2891 0.0917 
(—1.2891, —1.2813) —1.2852 0.0485 
(—1.2852, —1.2813) —1.2833 0.0276 


(—1.2833, —1.2813) 


Since both endpoints of the final zero interval in the table above round to —1.28 to the nearest hundredth, we have found 
the negative real zero to the nearest hundredth. 

The only two real zeros of f(x) = 2x* + x° + x — 2 to the nearest hundredth are 0.78 and —1.28. 

As with the iteration method, the bisection method procedure is tedious when it is done manually. However, the procedure 
can be done easily on a computer or programmable calculator. 


32.3 THE APPROXIMATION METHOD 


If f(x) = 0 and f(a) and f(a + 1) have opposite signs, then there is a real zero between a and a + 1. We use 
the approximation method to get an approximation for the zero. There is a real number h, 0 < h < 1, such that 
f(a+h) =0. In this method, we want to find an approximate value of a + h to the desired degree of accuracy. 

In the approximation, we first substitute a + h in for x in f(x) and collect the like terms in terms of h to get 
a polynomial in terms of h. Since 0 < h < 1, the larger powers of h get closer and closer to zero, so these higher 
degree terms for / can be ignored. We use the lowest degree term of / and the constant term to get an approxi- 
mation for h. We use the approximation for / and a to get an estimate for x= a+ h. We use the first estimate for 
x=a+thto get a second estimate until we get one that yields 0 for the approximation of h. 

Sometimes when using the approximation an unexpected result occurs. One such case can happen when a 
= 0 and the value for h is not useful. Another is that although 0 < h < | for the original function, the function 
being used to find the value of h will yield approximations for h outside this interval. 
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If a = 0 and the value for h is not useful, we can just choose any number between 0 and 1 for our first 
approximation for 4. We then continue the process as usual. 

If an approximation for / yields a value outside the interval from 0 to 1, we deal with this by using a vari- 
able k, which does not have this restriction, and we use the usual procedure to find an approximation for k that 
is zero. When we get k= 0 we can let h=k, and the last estimate for x = a+ k becomes a + h and the estimate 
for a is the zero we wanted. 


EXAMPLE 32.4. Find an approximation of each of the real zeros of f(x) = x° — 2x° + x + | to the nearest tenth. 

We use Descartes’ Rule of Signs and the upper and lower limits of the real zeros to determine how many zeros are real and 
the interval containing them. From Descartes’ Rule of Signs, we see that there is one negative real zero and 0 or 2 positive 
real zeros. Using synthetic division, we find that the upper limit of the real zeros is 2 and the lower limit of the real zeros 
is —1. Also, we find that f(—1) = —3, f(0) = 1, f(1) = 1, and f(2) = 3. Thus, the only real zero is between —1 and 0. 

We let a=—1 and a+ 1 =0. We let the general estimate of the real zero be a + h. 

flath)=(athy-2athy+(ath+1 


=a'+3ah+3ah’ +h’ —2a —4ah-2h’ +a+h+1 
=h' + (3a—2)h + 3a’ —4a+ ht (a -2a +441) 


We ignore the higher degree terms and let h approximately equal k, then we set (3a — 4a + 1)h + (a - 2a +a + 1) =0, 
and solve. 
Substituting a =—1, (3(-1)? — 4(-1) + Dk + (-1)° - 2(-1)° +(-1) + 1) =0 
8k-3=0 
k = 3/8 = 0.4 to the nearest tenth 


Using a=—1 andk=0.4,a+k=-1+0.4=-0.6 
We have —0.6 as our first estimate of the zero. 
Now using a = —0.6 and substituting we get: 


(3(—-0.6) — 4(—0.6) + 1)k + ((—0.6)° — 2(-0.6)° + (-0.6) + 1) =0 
4.12k — 0.536 =0 
k = 0.536/4.12 = 0.1 to the nearest tenth 

Substituting we get a+ h =—0.6 + 0.1 =— 0.5 as our second estimate of the zero. 

Using our second estimate of the zero for a, we get: 
(3(-0.5)? — 4(-0.5) + 1)k + (—0.5)° — 2(-0.5)° + (-0.5) + 1) =0 
3.75k — 0.125 =0 
k =0.125/3.75 = 0.0 to the nearest tenth 


Since k=h=0.0,a+h=-0.5 + 0.0 =-0.5 
Thus, to the nearest tenth, the only real zero of f(x) =x° — 2x°+.x+1isx=-0.5. 


We now have three additional procedures for solving higher degree equations: the iteration method, the 
bisection method, and the approximation method. The use of these methods has become more common since 
computers and programmable calculators are readily available and can do the calculations faster and to a greater 
accuracy than our manual solutions here. 


SOLVED PROBLEMS 


32.1 Find, to the nearest hundredth, the smallest positive real zero of f(x) = 3° — 4x using the iteration method. 


SOLUTION 

If f(x) = 3° — 4x, f(0) = 1 and f(1) = —1. Thus the smallest positive zero of f(x) is between 0 and 1. 
fw =3'-4x=0 
4x = —3* 


x = 3/4 = (0.25)3" = g(x) 


Thus, our iteration function is g(x) = (0.25)3". 
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32.2 


32.3 


Let x,=0 (0) = (0.25)3° = 0.25(1) = 0.25 
Let x, = 0.25 (0.25) = (0.25)3°” = 0.329 
Let x,=0.329 (0.329) = (0.25)3°*” = 0.359 
Let x,=0.359 (0.359) = (0.25)3°°” = 0.371 
Let x,=0.371 — 9(0.371) = (0.25)3°*”' = 0.376 
Let x,=0.376 — 9(0.376) = (0.25)3"°” = 0.375 


Since x, = 0.38 and g(x;) = 0.38 when rounded to the nearest hundredth, the approximation of the smallest positive 
real zero of f(x) = 3° — 4x is 0.38. 


Find, to the nearest hundredth, the smallest positive real zero of f(x) = x’ + 2x’ —5 using the iteration method. 


SOLUTION 
If f(x) =x° + 2x° — 5, then f(0) =—5, f(1) = —2, and f(2) = 11. The smallest positive real zero of f(x) is between 1 and 2. 


fo) =x +2x-5=0 
+2 =5 
x(x4+2)=5 
x = 5/(x +2) 


x =./[5/(x+2)] since 1 <x <2 


Thus, our iteration function is g(x) = ./[5/(x + 2)]. 
Let x,=1 g(1) = [5/14 2)] =./[3/5] =1.291 


Let x,=1.291 (1.291) = J(5/0.291+2)] = 1.233 
Let x,= 1.233 (1.233) = /(5/(1.233 + 2] = 1.244 


Letx,=1.244 (1.244) = /f5/(.244+2)]) =1.241 


Since x, = 1.24 and g(x,) = 1.24 when rounded to the nearest hundredth, the approximation of the smallest positive 
real zero of f(x) =x° + 2x°—5 is 1.24. 


Find, to the nearest hundredth, the smallest positive real zero of f(x) =x° — x — 1 using the bisection 
method. 


SOLUTION 
If f(x) = x° — x— 1, then f(0) =—1, f(1) =—1, and f(2) = 1. The smallest positive real zero of f(x) is between 1 
and 2. 


zero interval midpoint = M f(™) 

(1, 2) 15 0.25 
(1.5, 2) 1.75 0.3125 
(1:5;.1575) 1.625 0.015625 
(1.5, 1.625) 1.5625 —0.121094 
(1.563, 1.625) 1.594 —0.053164 
(1.594, 1.625) 1.605 —0.0291 
(1.605, 1.625) 1.615 —0.0068 
(1.615, 1.625) 1.620 0.0044 


(1.615, 1.620) 


Since both endpoints of the final zero interval round to 1.62, the smallest positive real zero of f(x) = x° — x 
— lis 1.62. 
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Find, to the nearest hundredth, the smallest positive real zero of f(x) = x* — 8x + 2 using the bisection 
method. 


SOLUTION 

If f(x) = x" — 8x + 2, then f(0) = 2 and f(1) =—S. The smallest positive real zero of f(x) is between 0 and 1. 
zero interval midpoint = M f(M) 
(0, 1) 0.5 —1.9375 
(0, 0.500) 0.25 0.00391 
(0.250, 0.500) 0.375 —0.98022 
(0.250, 0.375) 0.313 —0.4944 
(0.250, 0.313) 0.282 —0.24968 
(0.250, 0.282) 0.266 —0.12299 
(0.250, 0.266) 0.258 —0.05957 
(0.250, 0.258) 0.254 —0.027838 


(0.250, 0.254) 


Since both endpoints of the final zero interval round to 0.25 to the nearest hundredth, the smallest positive real 
zero of f(x) = x* — 8x + 2 is 0.25 to the nearest hundredth. 


Find, to the nearest tenth, the real zero between —3 and —2 for f(x) =x° — 4x + 6, using the approximation 
method. 


SOLUTION 
Since there is a real zero between —3 and —2 for f(x) =x° — 4x + 6, we know a =—3 anda + 1 =-2. 
flath)=(ath)-4(a+h)+6=0 whereO<h<1 
=a +3arh + 3ah’ +h’ —-4a—4h+6=0 
=h' +3ah’ + Ba —4)h+ (a -4a+6)=0 


We evaluate the last two terms for a = —3: [3(-3) — 4] + [(-3)° -4(-3) + 6] = 23h -9 =0 

To get our first approximation for h, we solve 23h — 9 = 0. h = 9/23 = 0.4 to the nearest tenth. 

Our estimate for the zero isa +h=-3 + 0.4 =-2.6. 

To get our second approximation for h, we evaluate (3a’ — 4)h + (a’ — 4a + 6) = 0 when a = —2.6 and solve for h. 


[3(—2.6)° — 4]h + [(—2.6)° — 4(-2.6) + 6] =0 
16.28h — 1.176 =0 
h= 1.176/16.28 = 0.1 to the nearest tenth 


The second estimate of the zero for f(x) is a+h=-—2.6+0.1 =—2.5. 
To get our third approximation for h, we evaluate (3a’ — 4)h + (a’ — 4a + 6) = 0 when a = —2.5 and solve for h. 


[3(-2.5)° — 4]h + [(-2.5)° — 4(-2.5) + 6] =0 
14.75h + 0.375 =0 
h =—0.375/14.75 = —0.0 to the nearest tenth 


Our third estimate of the zero of f(x) is a+ h =—2.5 — 0.0 =-2.5. 
Thus, to the nearest tenth, the zero between —3 and —2 for f(x) = 4x +6 is x=-2.5. 


Find, to the nearest tenth, the real zero between | and 2 for f(x) = x* — x’ +x — 2 using the approximation 
method. 


SOLUTION 
Since there is a real zero between 1 and 2 for f(x) = x33 +x-2, we know a=1 anda+1=2. 
flat+h)=(a+h)'-(at+hy + (a+h)-2=0 where 0<h<1 
=a'+4ah+ 6ah’ + 4ah? +h -— a -3a°h -3ah’ -h +at+h-2=0 
=h' + (4a — 1h’ + (6a° — 3a)h’ + (4a - 3a + ht (a -a +a—2)=0 
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We evaluate the last two terms for a= 1. 
(4a* - 3a + 1)h+ (a'— a? +a—2) = [41° — 30) + 1h + [C)*- 1 + A) - 2] =0 
2h —1=0 and h=0.5 for our first approximation for h. 


Our first estimate of the zero of f(x) isa+h=1+0.5=1.5. 
We now use a = 1.5 to get our second approximation for h. 


[4(1.5)° — 3(1.5)? + 1]a + [(1.5)* = (1.5)° + (1.5) — 2] =0 
7.75h + 1.1875 =0 
h = —1.1875/7.75 =—0.2 to the nearest tenth 


This negative value means that our first approximation for h was too large. So now a+h=1.5-0,.2= 1.3. 
Using a = 1.3, we evaluate (4a° — 3a” + 1)h + (a' — a’ +a — 2) = 0 to get the next approximation for h. 


[4(1.3)° — 3(1.3)° + 1h + [1.3)* - (1.3) + (1.3) - 2] =0 
4.718h — 0.0409 = 0 
h = 0.0409/4.718 = 0.0 to the nearest tenth 


Our estimate of the zero of f(x) isa+h=1.3+0.0=1.3. 
Thus, to the nearest tenth the zero between 1 and 2 for f(x) ax 4+x-2isx=1.3. 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


32.7 Find the smallest positive real zero, to the nearest tenth, for each function f(x) using the iteration method. 
(a) f() =x +2x-1 (b) fw=x-x-3 (c) f(x) =x'- 2x -2 
(d) f@)=2%+x-4 (e) f(x) =2x° + 3x-8 


32.8 To the nearest hundredth, find the zero of f(x) that is in the given interval using the bisection method. 
(a) f(x) = x —2x°+3x-8 between 2 and 3 (b) f= x—x+1 between —2 and-1 
(c) f(x) = 3x° — 8x° — 8x+8 between 0 and 1 (d) f(x)=x'-x-5 between 1 and 2 
(e) f(xy) =x°+2x°-4x-—5 between — 3 and —2 


32.9 To the nearest tenth, find the zero of f(x) that is in the given interval using the approximation method. 


(a) f) =x +x°—3x—2 between | and 2 (b) f(x) =x°+x°-1 between 0 and 1 
(c) fx) = + 3x43 between —1 and 0 (d) f(x)=x°-7x-—4 between 2 and 3 
(e) f(x) =x - 3x42 between —2 and —-1 


ANSWERS TO SUPPLEMENTARY PROBLEMS 

32.7 (a) 041 (b) 1.86) (ec) 165 (d) 1.39 (e) 1.39 
32.8 (a) 2.25 (b) -1.32 (c) 0.69 (d)1.90_ (e) -2.79 
32.9 (a) 16 (b) 08 (c) O08 (d) 2.9 (e) -15 


Algebra for Calculus 


33.1 INTRODUCTION 


In this chapter, we will look into a few of the basic concepts of calculus: limit, continuity, convergence, and 
derivative. The concepts will be developed informally. This will give you an understanding of the concepts and 
how they work. A formal development of the concepts will be done in a calculus course with most of the proofs 
of the theorems done by the instructor or presented in the calculus textbook. 


33.2. LIMIT OF A SEQUENCE 


We studied sequences in Chapter 22, and now we will examine the sequences to see if they have a limit or not. 
To decide if a sequence can have a limit, we look at the general term, or nth term for the sequence. When the 
terms of a sequence get closer and closer to a fixed value, we say the sequence has a limit and that the fixed 
value is the limit of the sequence. 


EXAMPLE 33.1. Determine if the sequence has a limit or not. 
(a) 1/1, 1/2, 1/3, 1/4,... (b) 2/1, 3/2, 4/3, 5/4... (c) 1/3, 1/9, 1/27, ... (d) 0.3, 0.33, 0.333, ... 


(a) 1/1, 1/2, 1/3, 1/4, ... = 1/1, 1/2, 1/3, 1/4, ..., 1/n, ... As n gets larger, we see that 1/n gets closer and closer to 0. Thus, 
lim n> 1/n=0. 

(b) 2/1, 3/2, 4/3, 5/4, ... = 2/1, 3/2, 4/3, 5/4, ..., (n+ 1)/n, ... If we look at the general term for the sequence, (n + 1)/n, and 
write it as n/n + 1/n = 1 + 1/n, we can see that as n gets larger and larger, 1/n gets closer and closer to 0 and (n + 1)/n 
gets closer and closer to 1. The limit of the sequence 2/1, 3/2, 4/3, 5/4, ... is 1, and we write lim n> (n+ 1)/n=1. 

(c) 1/3, 1/9, 1/27, ... = 1/3', 1/3°, 1/3°, ..., 1/3", ... By looking at the general term (nth term), 1/3”, we can easily see as n 
gets larger, the denominator gets larger. Since the numerator is a constant, 1, the value of the fraction 1/3” gets smaller 
and smaller and gets closer and closer to zero. We say that the limit of the sequence 1/3, 1/9, 1/27, ... is zero, and we 
write lim n> 1/3” = 0. 

(d) 0.3, 0.33, 0.333, ... = 0.3, 0.33, 0.333, ..., [I- (0.1)"/3, ... As n gets larger and larger, (0.1)" gets closer and closer to 0 
so that [1 — (0.1)"]/3 gets closer and closer to 1/3. Thus, lim n—- [1 — (0.1)"1/3 = 1/3. 


Not all sequences have a limit. For example, the sequence 0, 1, 0, 1, 0, 1, 0, 1, ... alternates between 0 and 1. 
When the number of the term is odd, the term is 0, and when the number of the term is even, the term is 1. Also, 
the sequence 2, 5, 8, ..., 31 — 1, ... does not have a limit, because as n gets larger and larger, the general term 
gets larger and larger. 

From these examples, we can see that for a sequence to have a limit, L, the difference between L and the 
nth term has to get smaller and smaller as n gets larger and larger. 


33.3. LIMIT OF A SERIES 


When we want to know if the limit of a series exists, we are asking if there is a fixed value that the sum of the 
terms in the series gets closer and closer to as the number of terms in the sum gets larger and larger. We will 
look at some arithmetic and geometric series. 
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EXAMPLE 33.2. Determine if the series has a limit. 
(a) 34+54+74+9+4+... (b)84+3-2-7-... (€C)3+64+124+244.... 
(d) 5-10+20-40+... (e)44+24+141/2+... 


(a) We write a sequence of partial sums for the series, S$, = 3, S,=3+5=8,S,=3+5+7=15,8,=3+5+7+9=24. 
We can see from the sequence of partial sums 3, 8, 15, 24, ... that the sum keeps getting larger and larger and we are 
adding on a larger and larger number to the previous sum. Thus as n gets larger and larger S, gets larger and larger 
without bound. Thus, there is no limit for the series 3+5+7+9+.... 


(b) S,=8,S,=8+3=11,5,=8+3-—2=9,S,=8+3-—2-—7=2 Each partial sum gets a smaller number added to it. The 
constant difference between terms is —5 so the sum is going to become more and more negative. Thus, S, is increasingly 
negative without bound as the number of terms increases. Thus, there is no limit for the series 8+ 3-—2-7-.... 


(c) $,=3,S,=3+6=9,S,=3+6+412=21,8,=3+6+12+24=45. As we can see from the sequence of partial sums for 
the series, the partial sum keeps getting larger and larger as we add on larger and larger numbers to the previous partial 
sum. Thus, S, gets larger without bound as n increases indefinitely. There is no limit for the series 3+6+12+24+.... 

(d) S,=5,S,=5—10=—5, S,=5—10+20= 15, S,=5—10+20—40=—2S. The partial sums are alternating between positive 
and and negative values and are getting farther and farther from zero. Thus, the absolute value of the partial sum is getting 
larger as the number of terms in the partial sum increases. Thus, the series 5 — 10 + 20 — 40 + ... does not have a limit. 


(e) S,=4,5,=44+2=6,8,=4+2+1=7,8,=4+2+1+41/2=7.5. The partial sums are getting larger, but slowly. Looking 
at a few more partial sums, S, = 7.75, S, = 7.875, S, = 7.9375. We can see the sequence of partial sums is getting closer and 
closer to 8. From our earlier work, we note that this series is an infinite geometric series with a common ratio of 1/2. Using 
the formula S = a/(1 — r) for the sum of an infinite geometric series with a common ratio I7l < 1, we get S=4/(1 -1/2) =8. 
Thus, we were correct that the series 4 + 2 + 1 + 1/2 +... has a limit and that the limit is 8. 


Consider the arithmetic series a+ (a+d)+(a+2d)+...+[a+(n—1)d]+....The sum of 1 terms is found by the formula 
S, = (n/2)[2a + (n— 1)d]=an+ n’d/2 — nd/2. The sum gets larger and larger with the term n’d/2 exceeding the other terms. 
Thus, the sum of the terms of an infinite arithmetic series gets larger and larger in an absolute value sense as the number of 
terms increases indefinitely. The exception to this is if the first term in the series is 0 and the common difference is 0, when 
all terms are 0, and the sum is also 0. Thus, an infinite arithmetic series where a # 0 does not have a limit. 

Consider the geometric series a+ ar+ar?+...+ar"'+.... The sum of n terms is found by the formula S,=[a"— 1)]/ 
(r—1) and S, = (ar"\(r — 1) — al(r — 1). 

If r= 1, S, is not defined. 

Ifr=—l,S =a-—a+a-—at... which alternates in value between a and 0, thus does not have a limit. 

Ifr>1,S,=(ar"\(r- 1) - alr — 1) will get larger and larger as n increases indefinitely, thus does not have a limit. 

If r<—1, 8, =(ar")r—1)—a/(r— 1) will get larger and larger in an absolute value sense as n increases indefinitely. Thus, 
the series does not have a limit. 

So for geometric series, only the ones that have a limit are those series for which Ir| < 1, and then the limit is a/(1 — r). 


33.4 CONVERGENCE AND DIVERGENCE 


A series that has a limit is said to be convergent, and one that does not have a limit is said to be divergent. Except 
for the arithmetic series that is all zeros, every arithmetic series is divergent. As noted earlier, geometric series in 
which the common ratio r is such that I7| = 1 are divergent series. Geometric series where the common ratio r is 
such that I7l < 1 are convergent series. The harmonic series | + 1/2 + 1/3 + 1/4+...+ I/n+... is a divergent series. 

A quick check to see if a series can be convergent is to look at the limit of the nth term. If the limit of the 
nth term is not zero, then the series is divergent. However, if the limit of the nth term is zero, the series may be 
convergent or divergent. 

Another way to see if a series is divergent is to compare it term by term with a known divergent series. If 
each term of the new series is greater than or equal to the corresponding term of the divergent series, the new 
series is also divergent. 

A similar test for convergence of a series is to compare it term by term with a known convergent series. If 
each term of the new series is less than or equal to the corresponding term of the convergent series, then the new 
series is also convergent. 

We know some convergent series. 


1. If aseries is geometric and the common ratio I7| < 1, then the series is convergent and the limit is S= a/(1 — r) 
where a is the first term of the series. 
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2. The series 1 + 1/2? + 1/3? + 1/4? +... + I/n’ + ... where p > 1 is convergent. 
3. Wd - 2)4+ 12-3) 4+ 1/3 -4)4+....4 Un: [n+ 1]) +... is convergent. 

4. 1+ 1/2?+1/3?+...+ I/n’ +... converges. 
5. 1(2+5')+ (245°) + 1245) +... + 12 +5") +... converges. 


EXAMPLE 33.3. Show that the series is convergent. 

(a) 64+343/24...46/2"'+... (b) M1 -3) 412-4) 4+ 143-5) 4+...4+ Un: [nt 2]) +... 
(c) 1+1/1.05 + 1/(1.05)° + 1/(1.05)° +... + 1/(1.05)"| +... 

(d) 7/44 3/44 1/4404... +4 [2/2"'- 1/4] +... 


(a) 64343/24+...+ 6/2"! +... =6/2° + 6/2! + 6/27 +...+ 6/2" 1 4+... 
This is a geometric series with a common ratio of 1/2, so it is convergent. 
(b) 11-3) 4+ 142-4) 4+ 143-5) 4+...4+ Un: [n+ 2]) +... 
1/1 -2)4+ 142 -3)4+1K43-4)4+..4+ 1/(m- [n+ 1]) +... is a given convergent series. 
1/1. -3)< 1/1 - 2), 1/2 - 4) < 1/2 - 3), 13-5) < 1/3 - 4), ..., W(n- [n+ 2]) < 1/(n - [n + 1]) so the series is convergent. 


(c) 14 1/ 1.05 + 1/1..05)? + 1/(1.05)* + ... + 1/(1.05)""! + ... is a geometric series with a ratio of 1/1.05 so the series is 
convergent. 


(d) 7/44 3/44 1/4+0+4...+[2/2"'- 1/4] +... 
24+141/24+1/4+...4+2/2"' +... is a geometric series with a common ratio of 1/2 so it is convergent. 


7/4 <2, 3/4<1, 1/4< 1/2,0< 1/4, ..., [2/2"' — 1/4] < 2/2”! So the new series is convergent. 


Also, we know some divergent series. 


. The harmonic series 1 + 1/2 + 1/3 + 1/4+...+ I/n+... is divergent. 

. If the limit of the nth term of a series is not zero, the series is divergent. 

. If the series is geometric and Ir| 2 1, the series is divergent. 

. If the series is arithmetic and the first term is not zero, then the series is divergent. 
. The series c+c+c+t+...+c+... where c is a nonzero constant is divergent. 

. The series 1 + 1/2? + 1/3’? + 1/4? +... + 1/n’ + ... where p < 1 is divergent. 
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EXAMPLE 33.4. Show that each series is divergent. 
(a) 24+34+44+5+..4+(n+1)+... (b) 14+4/3 + 16/9 +...+(4/3)"' +... 


(c) L4UN2 413 +1/24..4 Unt... (d) 4/3 +5/6 + 2/3 4+ 7/12 4+... + (in + 1/3) +... 

(e) 54+34+14+..4+[5+(@-—-1)-2)] +... 

(a) 24+34+44+5+4+...4+(n+1)+...1is an arithmetic series with a = 2 and acommon difference of 1, so it is a divergent series. 

(b) 1+4/3 + 16/9 +... + (4/3)""' +... is a geometric series with a common ratio of 4/3. 4/3 > 1, so the series is divergent. 

(c) 1412 + V3 + 1/24...4 Wn +... = 14 1/2%4 1/3" + 1/4%4...4 Un? +... 

This is a series of the form | + 1/2’ + 1/3’ + 1/4? +... + I/n’ + .... Since p = 1/2, p < | and the series is divergent. 

(d) 4/3 + 5/6 + 2/3 + 7/12 +...+ U/n + 1/3) +... =. + 1/3) + (1/2 + 1/3) + 1/3 + 1/3) + 1/4 + 1/3) +... + /n + 1/3) +... 
1+1/2+1/34+1/4+...+ 1/n+... is a divergent series, and each term of the new series is greater than the corresponding 
term of a known divergent series, so the new series is divergent. 

(e) 54+34+14+..4+[5+(@-—-1)C2)] +... 

The limit of [5 + (n — 1)(—2)] will become negative and get more and more negative as n increases without bound. The 
limit of the nth term is not 0, so the series is divergent. 


33.5 LIMIT OF A FUNCTION 


If the value of a function, f(x), gets closer and closer to the value L as x gets closer and closer to the value a, we 
write lim xa f(x) = L and we say that L is the limit of the function. 

In a formal calculus class, you will be asked to show that for each value k > 0 there is a number w > 0 such 
that if 0 < lx — al < w, then If(x) — Ll < k. This means that we can make the difference between the value of the 
function and the limit as small as we want by getting closer and closer to the value a. 
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EXAMPLE 33.5. 

(a) What is the limit of f(x) = [(x—1)/log x] as x approaches 1? 

(b) What is the limit of f(x) = L/(«+1) — 1]/* as x approaches 0? 

(c) What is the limit of f(x) = [(2x + 1)/(5x + 1)] as x gets infinitely large, ie x approaches 0? 


(a) Using a calculator, we will create a table of values of f(x) as x gets closer and closer to 1. If the values approach a fixed 
value, then that value is the limit. 


F(*) = L(x — 1)/ log x] as x approaches 1 


x fx) 
2.00 3.3219 
T75 3.0859 
1.50 2.8394 
1.25 2.5797 
1.10 2.4159 
1.01 2.3141 
1.001 2.3037 
1.0001 2.3027 
1.00001 2.3026 
1.000001 2.3026 


We know f(x) is not defined when x = 1. However, we can see that as x approaches 1, f(x) gets closer and closer to a 
number that to four decimal places is 2.3026. 


(b) Using a calculator, we can create a table of values for f(x) = [./(x+1) — 1]/* to see if it appears that f(x) has a limit or 
not as x approaches 0. 


x Ff) 
-1.0 1.0 
—0.8 0.69098 
—0.4 0.56351 
—0.2 0.52786 
-0.1 0.51317 
1.0 0.41421 
0.8 0.42705 
0.6 0.44752 
0.4 0.45804 
0.2 0.47723 
0.1 0.48809 


It appears that the function f(x) approaches a value between f(—0.1) = 0.5132 and f(0.1) = 0.4881 as x approaches 0. We 
now examine the interval from —0.1 to 0.1 more closely. 


x f) 
-0.1 0.50125 
—0.001 0.50012 
—0.0001 0.50001 
0.0001 0.49999 
0.001 0.49988 
0.01 0.49876 


Thus, as x approaches 0, f(x) approaches 0.5. We write lim x0 [,/(x+1)—-1]/x =0.5. 
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(c) f®) =[2x 4+ 1)/(Sx+ 1D] 


We cannot compute f(x) for x infinitely large, but we can compute some values. 


x f() 
1 0.5 
10 0.41176 
100 0.40119 
1000 0.40012 
10000 0.40001 


It appears that as x gets very large, f(x) is approaching 0.4. 

Another way to look at this problem is to rewrite f(x) first. 

F(x) = [2x + D/(Sx + TI] = 12 + 1/5 + 1/X)] 

As x gets very large, 1/x gets closer and closer to being 0. Thus for very large x, f(x) gets closer and closer to 2/5 = 0.4. 


Each approach to the problem yields the same conclusion that the limit is 0.4, and we can write lim x > [(2x + 1)/ 
(5x + 1)] =0.4. 


33.6 CONTINUITY 


Informally, a continuous function is a function for which it is possible to draw the graph of the function without 
lifting the pencil from the paper. The following definition lets us prove that at any point of interest the graph has 
no breaks, gaps, or jumps. 

Definition: A function f(x) is said to be continuous at x = a if and only if the following three conditions 
hold: (1) f(a) exists, (2) lim x > a f(x) exists, and (3) lim x > a f(x) = f(a). 


EXAMPLE 33.6. Determine if the function f(x) is continuous at x = a. 
(a) f(x) = WG? +1),a=0 (b) fw=x+l/,a=1 (df= VJ@tl),a=0 


(a) f@=VO'4+1,a=0 limx 50 1/0? +1)=1,f(0)=1/0° + 1)=1 
Since lim x > 0 1/(x? + 1) = f(0), f(x) = 1/0? + 1) is continuous at x = 0. 

(b) f(x) =x4+ Ix, a=1limx > 1 (x4 I) = 14 1/1=2, fC) =14+1=2 
Since lim x > 1 (x + I/x) =f(1), f(x) =x + 1/x is continuous at x = 1. 


(c) fm=Ja-l),a=0 fO=J0-l= =I =i is not a real number, so f(0) is not in the graph of f(x), and we say 
that f(0) does not exist. Since f(0) does not exist, f(x) = 4(x—1) is not continuous at x = 0. 


Polynomial functions are continuous everywhere. Rational functions are discontinuous whenever the denominator is zero. 
If R(x) = P(x)/Q(x), and whenever Q(x) = 0 then P(x) = 0, the only points of discontinuity are holes in the graph of R(x). If 
we can find a value a of R(x) where Q(a) = P(a) = 0, and we let the value that R(x) approaches be f, then that can define a 
new function R*(x) that is a piecewise function such that 


R*(x) = R(x) for x > a, 
R*(x) =t for x =a, and 
R*(x) = R(x) for x <a. 
When we look at the graph of R*(x), we see that what we have done is plug the hole in the graph of R(x) at x = a. When 


we can do this, we have a special kind of discontinuity called a removable discontinuity. Only a few rational functions that 
are discontinuous have a removable discontinuity. 


EXAMPLE 33.7. Determine if R(x) is continuous at x = a or not. If it is discontinuous at x = a, determine if the discon- 


tinuity can be removed. 
(a) R(x) =(x+ 2)/(x-4) ata =4, (b) R(x) = (x° — 16)(x — 4) at a =4, (c) R@) = («+ 4? +4) at a=2 


(a) R(x) = (x 4+ 2)(x — 4) at a= 4 R(a) = R(4) = (4 + 2)/(4 — 4) = 6/0, so R(a) does not exist. Since R(x) does not exist when 
x=4, R(x) is not continuous at x = 4. P(x) =x +2 so P(4) = 6. Q(x) = x — 4 so Q(4) = 0. Because P(x) # 0 when Q(x) = 0, 
there is no hole in the graph of R(x) at x = a =4, and the discontinuity is not removable. 
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(b) R(x) = 0 — 16)/(x — 4) at a= 4 R(a) = R(4) = (4 — 16)/(4 — 4) = 0/0 So P(4) = O(4) = O, and there is a hole at x = 4. 
R(x) = [+ 4)(x — 4) (x — 4) = & + 4) when x = 4. Thus if we define R*(x) = 8 when x = 4, we can plug the hole in the 
graph of R(x) when x = 4. The discontinuity at x = 4 is removable. 

(c) R(x) =(« + 4/0? + 4) at a =2 R(a) = RO) = (2+ 4)/(2’ + 4) = 6/8 = 3/4. lim x 9 2 («+ D/O? + 4] = 3/4. ROD) = 
lim x > a [(x + 2)/(Q? + 4)] when x = a = 2. Thus, R(») is continuous at x = a = 2. 


33.7 DERIVATIVES 


When we look at the graphs of continuous functions, we can see that the rate of change in y varies as x changes 
for functions y = f(x) whose graphs are not nearly or completely horizontal. The concept of the derivative allows 
us to analyze a function so that we can detect where it is changing rapidly or slowly as well as where it reaches 
maximum or minimum values. 


(1, fay 


y = f(x) 


Ly 


Lo 


Fig. 33.1 


Consider y = f(x), a continuous function, with a graph as shown in Fig. 33.1. Let the line, L,, be the tangent 
line to y = f(x) at x = x, and let the line, L,, be another line that intersects the graph of y= f(x) at x= x, and at x= x,. 

The line L, passes through the graph of y = f(x) at (x), f(%,)) and at (x,, f(x,)). The slope of the line L, is 
found by the usual formula, m = [ f(x,) — f(%,)|/[x, — x)]. We now want to consider (x,, f(x,)) as a moving point. 
As x, approaches x,, the line L, approaches the line L,. We can now define the slope of line L, as the limit of the 
slope of line L, as x, approaches x,. 

my = lim F(x) — f(%) 
XX Xx, ~ Xo 


This is the basis for the definition of the derivative of the function f(x). We will use h to represent the dis- 
tance between x, and x, when writing the definition of the derivative. 
Definition: Let f(x) be a function. The derivative of f(x), f’(x), with respect to x is : 


f'@) =lim h > 0 [f(x + h) — f(a) ]/A provided the limit exists. 


Note: There are many other symbols for the derivative of y = f(x), such as dfldx, dy/dx, Df, D.y, and y’. 


EXAMPLE 33.8. 
(a) Consider f(x) = mx + b and compute f’(x) using the definition. 
f(x) =lim h > 0 {[m(x + h) +b] — [mx + b]}/h 
=limh > 0 [mx +mh+b-—mx-— bj/h 
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=lmh- 0 [mh/h] 
=lmh- 0 [m] 
f@=m 
Thus, the derivative of f(x) = mx + b is f’(x) = m. Since the derivative is the slope of the tangent line and 


the function f(x) = mx + b is a straight line, then it is its own tangent line. Thus, it is not surprising that the 
derivative is the slope of the line. 


(b) Consider the function f(x) = x’ and compute f’(x) using the definition. 
f(®=limh 3 0[@+hyP-x\h 
=limh> 0 [+ 2xh+h-xVh 
=limh> 0 [2xh +h’ V/h 
=lmh->0[2x+h] 
f(x) = 2x 
The derivative of f(x) = x is f (x) = 2x. 
(c) Consider the function f(x) = Jx and find f’(x) 
f(x) = lim h > 0 LY@+h) — VxV/h 
= lim h > 0 {LY@+A) — VxV/h} © {L\@4A) + VeVIVG+h) + Ve]} 
=limh > 0 {[x+h—-x\(hLJ@+h) + Vx))} 
=limh > 0 {hi(hL@+h) + Vx])} 
=limh > 0 {IU/L J@+h) + Vx]} 
= {I/[vx + Vx]} 
fx) = W[2Vx] 
The derivative of f(x) = Vx is f’(x) = 1/[2Vx]. 


Since the derivative is defined in terms of a limit and sometimes limits do not exist, it follows that sometimes 
derivatives do not exist. If the derivative of a function f(x) exists at point x = a, the function is said to be 
differentiable at x = a. Otherwise we say that f(x) is nondifferentiable at x = a. 


EXAMPLE 33.9. Show that the function f(x) = lvl is nondifferentiable at x = 0. 
ff) =limh > 0 [lx + Al = lxl/h 
If x 20 then [lx + Al— l/h =[x+h—-xJ/h=hlh=1 
If x <0 then [Ix + Al — lxl]/h = [-x —h- (-x)J/h=—-h/h=-1 


Thus we can see that the lim h > 0 [lx + Al — lxl]/h does not exist. 


Therefore, f(x) = lxl is nondifferentiable at x = 0 and f(x) is not everywhere differentiable. 


SOLVED PROBLEMS 


33.1 Find the limit of the sequence, if it exists. 


(a) 1, 3/2, 9/5, 2, ..., 3n/(n +2), ... (b) 4, 4, 4, ..., 4, «.. 
(c) 1/2, 4/5, 9/8, 16/11, ..., n?/Bn—-1),... (d)2—1/2,2+ 1/4, 2-1/8, 2+ 1/16, ..., 2+ (-1/2)’, ... 
SOLUTION 


(a) limn > & [3n/(n + 2)] = limn > & [3/(1 + 2/n)] = 3/1 =3 
As n gets larger and larger without bound, 2/n gets closer and closer to 0. 

(b) Since every term is 4, the nth term is 4 and its limit is 4. 

(c) limn > © [n’/(3n — 1)] does not exist. 
As n gets larger and larger, n° gets larger much faster than (3n — 1). Thus, the fraction n’/(3n — 1) gets larger and 
larger, and the limit does not exist. 
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33.2 


33.3 


33.4 


(d) limn > © [2 + (-1/2)"] =2 
As n gets larger and larger, (—1/2)" gets closer and closer to 0. Thus, the quantity [2 + (—1/2)"] is getting closer 
and closer to 2. 


Find the limit of the series, if it exists. 


(a) 0.6 + 0.06+0.006+...+6/10"+... (bd) I/[1(2)] + 1/[2(3)] + 1/3(4)] +... + Winn + DI +... 
(c) 24+2/3 + 2/9 +... + 2/307 P+... (d)5+545+..¢5+... 

(e) 2+44+64+8+10+...+2n+... (f)2+6+18+544+..4+28" ")4+.. 

SOLUTION 


(a) 0.6 + 0.06 + 0.006 + ... + 6/10" + ... This is a geometric series with a ratio Irl < 1. Since the first term is a = 0.6 and 
r=0.1, we can use the formula $ = a/(1 — r) to find the sum. 
S=0.6 + 0.06 + 0.006 + ... + 6/10" + ... = 0.6/(1 — 0.1) = 0.6/0.9 = 6/9 = 2/3 
The limit of the series is 2/3. 

(b) 1/{1(2)] + 1/[72(8)] + 1/3(4)] +... + Wintn + 2] +... 
A sequence of partial sums of a series has as its terms the sum of the first one terms, the sum of the first two 
terms, the sum of the first three terms, and so on. 


number of terms 1 2 3 4 5 see n 
partial sum 1/2 2/3 3/4 4/5 5/6 he ni(n + 1) 
The limit of the series can be found by finding the limit of the sequence of partial sums. 
lim n > © [n/(n + 1)] =limn > ~ [1/(1 + I/n)] = 1 
Thus, the limit of the series 1/[1(2)] + 1/[2(3)] + 1/[3(4)] +... 4+ [nv t+ DJ] +... is 1. 
(c) 242/3+2/94...42/3°°P +... 
We see that we have an infinite geometric series with a first term of 2 and a common ratio of 1/3. We can use 
the formula $ = a/(1 — r) to find the limit. § = a/(1 — r) = 2/(1 — 1/3) = 2/(2/3) = 2(3/2) = 3. 
The limit of the series 2 + 2/3 + 2/9 +... + 2/3" +... is 3. 
(dq) 554+545+..4+54.. 
Using the sequence of partial sums for the series we get 5, 10, 15, 20, ..., 5n, ... .Thus, we can see that as the 
number of terms gets larger and larger the sum of the terms gets larger and larger without bound. 
The limit of the series 5+5+5+...+5+4... does not exist. 


(e) 2+44+64+8+410+...4+2n+... 
This is an arithmetic series with the first term of 2 and a common difference of 2. The sum of n terms of the 
series can be found by the formula S(n) = 0.5n[2a + (n — 1) d]. 
S(n) = 0.5n[2(2) + (n — 1)(2)] = 0.5n[4 + 2n — 2] = 0.5n[2n + 2] = 0.5n[2(n + 1)] = n(n + 1) 
Thus, we see that as the number of terms gets larger and larger, the sum gets larger without bound. Thus, the 
sequence of partial sums does not have a limit and the series 2+4+6+ 8+... does not have a limit. 
(f) 2+64+184544..4+23° y+... 
This is a geometric series with a first term of 2 and a common ratio of 3. The sum of n terms of the series can 
be found by the formula S(1) = [a(" — 1)/(r - 1)). 
S(n) = [2" — 1/3 — 1D] = [2B8"- 1/2] =B"- 1) 
Thus, we can see that as the number of terms gets larger and larger, the sum of n terms gets larger and larger 
without bound. There is no limit to the sequence of partial sums, so the series does not have a limit. 
The series 2+6+ 18+54+...+2(3"~ ”) +... does not have a limit. 


Show that the series 1/2 + 1/4 + 1/8 + ... is convergent and find the limit. 


SOLUTION 
The series is geometric with a first term of 1/2 and a common ratio of 1/2. So S = a/(1 — r) = (1/2)/ [1 - (1/2)] = 
(1/2)/(1/2) = 1. 

Since we can find the limit, the series is convergent and the limit is 1. 


Show that the series 2/3 + 1/3 + 1/6 +... is convergent and find the limit. 


SOLUTION 
The series is geometric with a common ratio of 1/2, so it is convergent. The limit is S = a/(1 — r) = (2/3)((1 — (1/2))) = 
6(2/3)/(6[1 — (1/2)]) = 4/(6 — 3) = 4/3. 
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Determine if the series 1/2 + 5/8 + 25/64 + ... is convergent or not. If it is convergent, find the limit. 


SOLUTION 

The series is geometric with a common difference of r = 5/4 > 1. The nth term of the series is (5/4)"" . As n gets 
larger and larger, the nth term increases without bound. Thus, the limit of the nth term does not exist. Since the limit 
of the nth term is not zero, the series is not convergent. Not convergent is the same as saying it is divergent. 


Determine if the series 1/4 + 5/16 + 3/8 + 7/16 + ... is convergent or divergent. If it is convergent, find 
the limit. 


SOLUTION 

1/44+ 5/16 + 3/8 + 7/16 +... = 4/16 + 5/16 + 6/16 + 7/16 +..., so the series is arithmetic with a common difference of 
1/16. In an arithmetic series the nth term does not have a limit of 0, so the series is divergent. Therefore, the series 1/4+ 
5/16 + 3/8 + 7/16 + ... is divergent. 


Determine that series 1 + 1/2+ 1/3 + 1/4+...+ I/n+... is divergent. 


SOLUTION 

We check the limit of the nth term,1/n, and the limit is 0, so the series could be either convergent or divergent. We 
group the terms in a special manner. (1) + (1/2) + (1/3 + 1/4) + (1/5 + 1/6 + 1/7 + 1/8) + 1/9 + 1/10 + 1/11 +... + 1/16) 
+.... The first quantity is greater than 1/2, the second quantity is equal to 1/2, the third quantity is greater than 1/2, the 
fourth quantity is greater than 1/2, and so on. After the second term we group 2, 4, 8, 16, ... terms and each quantity 
is greater than 1/2. There is an unlimited number of such groupings, so the series is infinite. Thus, the sum of the n 
terms gets larger and larger without bound. Hence, the harmonic series, 1 + 1/2+ 1/3+1/4+...4 l/n+... is divergent. 


Determine whether the series 1 + 1/2’ + 1/3’ + 1/4? + ...+ 1/n’ + ... where p > 1 is convergent or 
divergent. 


SOLUTION 
We group the terms of the series in a special manner and we get: (1) + (1/2? + 1/3”) + (1/4? + 1/5? + 1/6’ + 1/7’) + 
(1/8? + 1/9? +... + 1/15”) + ... We notice that (1/2? + 1/3”) < (1/2? + 1/2?) = 2/2? = 1/2"~, since 1/3” < 1/2” and 
(1/4? + 1/5’ + 1/6” + 1/7’) < 1/47? = (1/2"~)*, and so on. Hence, S(m) = [1 + 1/2? + 1/3’ + 1/4? +... + In”) < 
(1 + 1/2°°P 4 2?" PY 4 /2”" PY +... + (1/2"~ ?)"]. This last sum is a geometric series in which a = 1 and r= 
1/2”-. Since p > 1, r< 1, and S(n) ={1/[1 — (1/2”~”)]} = {1/[1— (2/2”)]}. Since p > 1, 2’ > 2, and (2/2”) < 1, we 
know that [1 — (2/2’)] is a positive number. 

We know that S(7) remains less than some positive number as 7 increases without bound, so we can conclude that 
the series is convergent. 


Find the limit of f(x) at x =a, if it exists. 


(a) f(x) = — 9x - 3), a=3 (b) f(x) = I/x,a=0 (c) f@) =lXl/x, a=0 
(d) f(x) =x ifx< 1 andf(x)=x+1ifx>1,ata=1 (2) f@=x = 1x, a=2 

(f) f@) =@-1¥@-1),4=1 

SOLUTION 


Remember when finding the limit we are looking at values as x gets close to a but not necessarily equal to a. 
(a) lim x > 3 [O° — 9)(x — 3)] = lim x > 3 {[(x -— 3)(x + 3) /(x — 3)] = lim x > 3 (x +3) =6 
(b) We create a table to explore the behavior of f(x) = 1/x near 0. 

x 1 0.1 0.01 0.001 1 0.1 0.01 0.001 

f(x) = Ix 1 10 100 1000 1 10 100 1000 


From the table, we can see that if x is positive and approaches 0, then 1/x gets larger and larger in a positive 
direction. If x is negative and x approaches 0, then 1/x is negative and gets larger and larger in a negative direc- 
tion. Thus, the limit of f(x) = 1/x does not exist as x approaches 0. 

(c) f(x) =ll/x ata=0 
If x > 0, lxl =x and f(x) = lnl/x = x/x = 1. 
If x < 0, lel =—x and f(x) = Inl/x = —x/x = -1. 
Thus, the limit of f(x) = lxl/x does not exist as x approaches 0. 
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(d) f(x) =x ifxs landf(x)=x+1lifx>lata=1. 
If x > 1 and x approaches 1, then f(x) =x + 1 and f(x) approaches 2. 
If x < 1 and x approaches 1, then f(x) = x° and f(x) approaches 1. 
Thus, the limit of f(x) = x° if x < 1 and f(x) =x + 1 if x> 1 does not exist as x approaches 1. 
(e) f(x) =x — I/xata=2 
Since f(x) is defined at x = 2, we can find the value of the limit by substituting x = 2. 
lim x > 2 [x* - Ix] =2?- 1/2=4-0.5=3.5 
(f) f@~) =08 - D/ix- I ata=1 
Remember that with a limit we are looking at the values of the function as x gets near a but not necessarily equal 
to a. Thus, in this case we can divide out the common factor of (x — 1). 
lim x 3 1 [@? — Dx— 1) =limx 9 1 {[@- DG +x4+ DVG-D} =limx 3 10? +.x41)=3. 


Show whether the function f(x) is continuous at x = a or not. 

(a) f@~)= (x — 1x + 1) ata =-3 (b) f(x) =x -3x+lata=2 
(c) f(x) = (@° — 8x° + 21x — 20)/(x — 4) ata =4 

(d) f(x) = (° — 36)/(x — 6) if x # 6 and f(x) = 12 if x =6 ata=6 

(e) f) =4-¥ ata=-2 (f) fe) = 4x ata=-1 


SOLUTION 
(a) f(x) =O — 1)(x+ 1) ata =-3 
Recall that we must show three things to show a function is continuous at a point: (1) the function is defined at 
the point, (2) the limit of the function exists at the point, and (3) the function value and the limit are equal at the 
point. 
F(-3) = (C3) - 1V/[3) + 1] = [9 — 1-2] =—4 and lim x > -3 f(x) = lim x 3 -3 [0 - I(x + DP] =[(-3)- 1/ 
{(-3) + 1] =—-4. So f(-3) = lim x > -3 f(x) =-4. 
Therefore, f(x) is continuous at x =—3. 
(b) f(x) =x —3x+lata=2 
f(2) =2’ — 3(2) + 1 =-1 and lim x > 2 f(x) = lim x > 2 [x — 3x + 1] = [2?-3(2) + 1] =-1 
f(2) =lim x > 2 f(x~) =-1. 
Thus, f(x) is continuous at x = 2. 
(c) f(x) = (08 — 8x° + 21x — 20)/(x — 4) ata =4 
A= (4 — 8(4)° + 21(4) — 20)/(4 — 4) = 0/0 So f(4) does not exist and f(x) is not continuous at x = 4. 
(d) f(x) =(° — 36)(x — 6) if x # 6 and f(x) = 12 if x=6 ata=6. 
f(6) = 12 and lim x > 6 f(x) = lim x > [(x° — 36)/(x — 6)] = lim x > {[(x- 6)(x + 6)|/(x — 6)} = 
lim x > 6 (x + 6) = 12 So f(6) = lim x > 6 f(x) = 12. 
Thus, f(x) is continuous at x = 6. 
(e) f(x)=4-x ata=-2 
f(-2) =4-(2 =4-4=0 limx > -2 f(x) =limx > -2 4-2») =4-(2) =0 So f(-2)=limx > 
—2 f(x) = 0. 
Therefore, f(x) is continuous at x = —2. 
(f) fi) =2/x ata=-1 
f(-1) =3(-) =-1 limx 3-1 f(~) =lim x > -1 (@/x) = 3(-1) =-1. So f(-I) = lim x > -1 f() =-1. 


Thus, f(x) is continuous at x =—1. 


Find the derivative of f(x) = 2x" using the definition. 


SOLUTION 


f(x) =limh > 0 [2(x +h)’ — 2x Vh 


=limh > 0 [2x + 4xh + 2h? — 2x V/h 
=limh > 0 [4xh + 2h°V/h 

=limh > 0 [(4x + 2h)hV/h 

= lim h > 0 (4x + 2A) 


f'@)=4x 
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33.12 Find the derivative of f(x) =./(2x). 
SOLUTION 


f(x) =limh > 0 LfQx+h) — fQ0Vh 
=limh > 0 {L¥Qx+h) — (Qn Vh} {LVQx+h) + (QV 2x+h) + JQ0]} 
=limh > 0 {[JQx+h)P- Qn Vth y@x+h) + 201} 
=limh > 0 {(2x +h) — 2x}/{hLJ@x+h) + J20]} 
=limh > 0 {h}/{hLfQx+h) + J20]} 
=limh > 0 {1/LQx+h) + J2x]} 
f'@ = (1 AY@x) + Jeo) 
f'@) = W2J2x)] 


33.13 Find the derivative of f(x) =x° — 1. 


SOLUTION 
f@=limh > 0 [et AY —1-(- 1h 
=limh > 0 [x + 3x°A 4 3x -— 14h -x4+1/h 
=limh > 0 [3x°A + 3xh +h'Vh 
=limh > 0 [AGBx’ + 3xh + W’V/h 
=limh > 0 (3x + 3xh +’) 
f'(~) =3x +040 
f@= 3x° 


33.14 Find the derivative of f(x) =x/(x + 1). 


SOLUTION 

f')=limh > 0 {+ A)/[(x +h) + 1] —x/(x 4+ 1)}/A 
=limh > 0 {[@+Axt lI —xethe DM@tht Diaxt D/A 
=limh> 0 {Pe t+x+hxt+h]—-O thet nVatht Dat DA] 
=limh>0 {xe txthxth—x —hx—xVUaxth+ Dat Dhl 
=limh> 0 {h(xth+ Dit Dhl 
=limh> 0 {I[wtht D(x+ 1} 

f@=Wa+04+Dat+)] 

f'(@) = Wax + 1) 


33.15 Find the derivative of f(x) = 1/x. 


SOLUTION 
f@®)=limh > 0 {[1/x +h) - 1/xy/h} 
=limh > 0 {[1@)- («+ AI (x + h)x] - d/h} 
=limh—- 0 {[x-x-h]/[~ + h)xh]} 
= lim h > 0 {-h/[(x + h)xh]} 
=limh— 0 {-I/[(x+ A)x]} 
f(x) = {- [x + 0)x]} 
f'0) =e 


33.16 Find the derivative of f(x) = c where c is a constant. 


SOLUTION 

f@®=limh> 0 [f(x+h)-fQo\/h 
=limh—- 0 {[c-c]/h} 
=limh > 0 {[0]/h} 
=limh > 0 {0} 

f(x) =0 


Thus, the derivative of a constant is zero. 
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33.17 Prove that the derivative of the sum or difference of two functions is the sum or difference of the deriva- 
tives of the two functions. 


SOLUTION 
Flg(x) + Kx)|= lim h > 0 {[g(x +h) kx + h)] — (g(a) £ KI }/h 
=limh—- 0 {[ga@+h)- g@] + [kh +h) -—k@)]}/h 
=limh 0 {[ga@t+h) — g@J/hs [k(x +h) — k@)\/h} 
=limh-> 0 [gat+h)- g@/hs limh 5 0 [k(x +h) -—kQ@)\/h 
f'lg@d) # k)] = 9x) #k’) 


33.18 Prove that the derivative of a constant c times a function is equal to the constant c times the derivative of 
the function. 


SOLUTION 
f [c-g(x)] = lim h > 0 [e-g(x +h) — c-g(x) Wh 
=limh 0 {c-[g(x +h) — g(x)V/h} 
=limh>0c-limh>0[ga@th)—- g@J/h 
fleg)] =eg’) 


33.19 Find the derivative of f(x) = 2x° — 5x + 4. 


SOLUTION 
f(~) =limh > 0 { [2+ hy — 5(x +h) + 4] - [2° — 5x44] Vb 
= lim h > 0 {20° + 2xh +h?) 5x -5h4+4-2x° 4+ 5x-4}/h 
= lim h > 0 (2x7 + 4xh + 2h’ — 5h —2x7 Wh 
=limh—> 0 {4xh + 2h? —5h\/h 
=limh > 0 {h(4x + 2h —5)}/h 
=limh— 0 {4x+2h—5} 
f(x) = 4x —-5 


See Chapter 34 for more solved problems and more supplementary problems. 


SUPPLEMENTARY PROBLEMS 


33.20 Find the limit of the sequence, if it exists. 


(a) —2/3, 4/9, -8/27, 16/81, ..., (—2/3)", ... (b) 1.01, 1.0202, 1030301, ..., (1.01)”, ... 

(c) 2/2, 4/7, 6/12, 8/17, ..., (2n)/(5n — 3), «.. (d) 5/31, 5/3”, 5/3°, ..., 5/3”, ... 

(e) 1,-1/2, 1/3, -1/4, 1/5, ..., (-1)"*”, ... (f) V2, V2, V2, ..., V2, «. 

(g) 1/5, 1/4, 3/11, 2/7, ..., n/(Gn +2), ... (h) 3/5, -9/11, —29/21, — 57/35, ..., (7 — 4n’)/(3 + 2n’), ... 
33.21 Determine the limit of the series, if it exists. 

(a) 4/3 +2434... + (4/3)(3/2)"~? +... (b) 0.45 +. 0.0045 + 0.000045 +... +. 0.45(.01)"~? +... 

(c) 142/54+4/25 +...4 (2/5)? +... (d@) 3-343-34..4¢3(--D°7? +... 


(e) 23 hot (3V3)/2 pat (2/3) [(/3 /2]"— Dat cs (2/3)(1/2)"~ Dy 
(f) 2/3+ 1/3 + 1/6+...4 (2/3)(1/2)""? +... 


33.22 Determine if the series is convergent or not. If it is convergent, find the limit. 
(a) 19 +127 + 1/81 +... + 179" +... (b) 14+ 1/5 + 1/254... + 1/5°- +... 
(c) 8/3 + 32/9 + 128/27 +... 2°°* P73" +... (d) U/24 1/8 + 1/324... 4 1/20" P +... 
(e) 24+3/24+14+1/2+... 


33.23. Determine whether each series is convergent or divergent. 


(a) 14+34+5+... (b) (2+ 17) + 1/[24+ 27] 4+ 1/2 4+37] +... 
(c) 1/2+2/3+3/4+... (d) 2/1+3/2+4/3 +... 
(e) 1/2!+ 2/27 + 3/2? +... (f) 1/3 + 1/3 + 1/3° +... 


(g) V3 +14 (V3)3 +... (h) 5/34+54+15+... 
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33.24 Find the limit of the function f(x) as x approaches a. 


(a) f(x) =(«- 9x) - 3], a =9 (b) f(x) =(3x-1)/2,a=4 

(c) f() =? + 2x - 3/0 + Tx + 12), a=-3 (d) f(x) =1/x- 10), a= 10 

(e) f(x) = 1h", a=0 (f) fx) =Gxt+5Y,a=2 

(g) f(x) =5x°+3x°-6,a=-2 (h) f(x) = (Sx — 2x + 1)(6x — 7), a=3 

() f@=lae-1)-Wae-D),a=1 () fx) = AI[(2+5x-37)/G? =D] }, a =3 
33.25 Determine whether f(x) is continuous at x = a or not. 

(a) f(x) =[/@x-5)+3x],a=4 (b) f(x) =3x 4+7- Vx,a=-2 

(c) f(x) =xI10¢ — 4), a =3 (d) f(x)=x+2,a=-2 

(e) f@=5-x,a=1 (f) fi) = +2x-1,a=0 

(g) f(x) =lx-3l,a=3 (h) f(x)=lx+9V/(x+9), a=9 

@ f@=@-We-3),a=3 G) f@)=5/-xX),a=1 


(k) f@~) =1ifx#3 andf@) =0ifx=3,a=3 
Q) f(x) =(¢ — 16)(x — 4) if x # 4 and f(x) =8 ifx=4,a=4 


33.26 Find the derivative of f(x), if it exists. 


(a) f(x) =x — 6x (b) f(x) =3x° —5x+4 (c) f(x) =17 - 6x (d) fx) = /Gx+D 
(e) f@=x-x (f) f(x) = 1/(2x) (g) f(x) = 6x° — 5x°+.x4+9 (h) f(x) =O +x) 


() fx) =(x-4y (j) f@) =? +x" 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


33.20 (a) 0 (b)doesnothavealimit (c) 2/5 (d)0 (0 (fp) v2 (9) 18 (| -2 
33.21 (a) limit of sum does notexist (b) 5/11 (c) 5/3. (d) limit of sum does notexist (e) 12+ 8V3 
(f) 4/3 


33.22 (a) convergent, 1/6 (b) convergent,5/4 (c) notconvergent (d) convergent, 2/3 


(e) not convergent 


33.23 (a) divergent (b) convergent (c) divergent (d) divergent (e) convergent (jf) convergent 


(g) convergent (hf) divergent 

33.24 (a) 6 (b)11/2 (c) -4 (dd) doesnotexist (e) doesnotexist (f) 121 (g) -34 (A) 40/11 
@M2 G-2 

33.25 (a) continuous (b) notcontinuous (c) continuous (d) continuous  (e) continuous 


(f) continuous (g) continuous (A) continuous (i) notcontinuous (J) not continuous 


(k) not continuous  (/) continuous 


33.26 (a) f(x) =2x-6 (b) f’(x) = 6x -5 (c) f(x) =-6 (d) f(x) = 3/[2,/Gx+)] 
(e) f(x) =3x-1 (f) f(x) =-1/(2x’) (g) f(x) = 18x? — 10x +1 (h) f’(x) = 324x° 


(i) f’(x) = 50x — 40 (j) f’) = 40° + 6x7 + 2x 


CHAPTER 34 


Additional Problems 


In this chapter there is a solved problems section, a supplementary problems section, and an answers to the 
supplementary problems section. The sections are organized by chapter for easy reference to particular prob- 
lems you want. 


SOLVED PROBLEMS 
CHAPTER 1 


34.1. Perform the indicated operations. 
(a) 6+2(8-3) b) ce (c) 442+2°6 


SOLUTION 
(a) 6+2(8 —3)=6+2(5)=6+ 10=16 


(py 12G+5)+(4=1) _ 12(8)+3 _ 96+3 _ 99 _ 33 
6 6 6 6 2 
(c) 442+2+6=441-6=44+6=10 


34.2 Evaluate the given expression when x = —1, y=4, a= 2/3, b=-1/2 
(a) (xlyy + (alb) — (b) a’xtby’ ©) (at xy -2y) 


SOLUTION 


(a) (aly) + (a/b) = (-1/4Y = ([2/3V/[-1/2]) = (1/16) = (6[2/3)/(6[-1/2]) = (1/16) + (4/[-3]) = 
(1/16) * (—3/4) = —3/64 


(b) ax + by’ = (2/3)°(-1) + (-1/2)4 = (4/9)(-1) + (-1/2)(16) = (-4/9) + (8) = (-4/9) + (-72/9) = -76/9 


(c) (a+ xyMb — xy) = [(2/3) + -DAWM (C12) — (-DA)] = (2/3) — 4-1/2) + 4] = 
[(2/3) — (12/3) /[(-1/2) + 8/2] = [-10/3]/[7/2] = [-10/3] « [2/7] = —20/21 


CHAPTER 2 


34.3. Remove the symbols of grouping in each of the following and simplify the resulting expression by 
combining like terms. 


(a) 4—2(2x + 3y — xy) + x — 2y) — 3(x— xy) 
(b) 2x* + 5(x — 2y) — x"[x? — x(xy — 3)] 
(c) (a+b-—c+d)-—(2a-3b+4d)+2(a-—c+d) 


SOLUTION 


(a) 4—2(2x + 3y —xy) +. x(x — 2y) — 3(x — xy) = 4 — 4x — Oy + 2xy +.° — 2xy — 3x 4 3xy = 
44+ (4x — 3x) + (Oy) + (xy — 2xy + 3xy) + 0°) = 4 — Tx — 6y + 3xy tx" 
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34.4 
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(b) 2x4 + 5(x- 2y) — x°[x° — x(xy — 3)] = 2x" + 5x — 10y — 3°? — 2° y + 3x) = 2x1 + Sx — 10y — x4 4 2*y — 3x = 
x'+5x-10y+2x"y -3x° 

(c) (a+b-—c+d)—-(2Qa—3b+4d)+2(a-c+d)=a+b-—c+d-—2a+3b—4d+2a-—2c+2d= 
(a —2a + 2a) + (b + 3b) + (-c — 2c) + (d- 4d + 2d) =a+4b-—3c-d 


Perform the indicated divisions. 


(a) 5a*bc + 8ab’*c? — 15a*bc? (b) xt 4x3 42x74+7 
10a*bc x7 -x+1 
SOLUTION 
(a) 5a°bec + 8ab’c? —15a*be* _ 5a*be a 8ab’c3? — 15a*bc? _ 1 * Abc? _ 3ac 
10a*bc 10a*bc 10a*bc 10a*bc 2 5a 2 


(b) x +4x* +20" +7 
x? -xt+1 


W+x?7+4x4+5 
x -x+1 Ja + 0x4 +443 +20? + 0x47 


w- xt+ x3 
x44+3x34+2x? + Ox+7 
xt 84 x? 

4x3 + x? +0x+7 
4x3 —4x7 +4x 


5x? -4x+7 
5x? —5x+5 
x+2 
x94+4x3 421747 3, 2,4. x+2 
ari =x +x Perot 2 aay 
CHAPTER 3 
34.5. Which of the properties closure, identity, inverse, associativity, and commutativity are true 


34.6 


for the set {—1, 0, 1} under addition? 


SOLUTION 

No closure since (—1) + (—1) = —2 and —2 is not in the set. 

Has identity since (-1) +0 =0+(-1) =-1,0+0=0, and 1+0=0+1=1, so 0 is the identity. 

Has inverses since 0 + 0 = 0 the identity with 0 being its own inverse and (—1) + 1 = 1 + (-1) = 0 the identity with 
1 and —1 being the inverse of each other. 

Has associativity under addition since —1, 0, and | are integers and the integers are associative under addition. 
Has commutativity under addition since —1, 0, and 1 are integers and the integers are commutative under addition. 


Which of the properties closure, identity, and inverse does the set {0, 1} have under addition? 


SOLUTION 
No closure since 1 + | = 2 and 2 is not in the set. 


Has identity since 0 +0 =0 and 1+0=0+1=1, so 0 is the identity. 


No inverse since | + | = 2 and 1 +0=1, so | does not have an inverse. 


CHAPTER 4 
34.7 Find the indicated products. 
(a) (a+ b)(2a — b)(a — b)(2a + b) (b) (x° — 2)(x° + 2)(x7 + 3)(x7 - 3) 
SOLUTION 


(a) (a+b)(2a — b)(a— b)(2a +b) = (a+ b)(a— b)(2a — b)(2a + b) = (a — b’)(4a? — b’) = 4a’ - ab’ — 4c?’ + b* 
(b) (x? — 2)? + 2)08 + 3) — 3) = [0° — 271 [0 — 37] = G4 — 40° — 9) = x1? — 9x4 — 4x° + 36 = 
x! — 4x® — Ox4 + 36 


CHAPTER 34 Additional Problems 


397 


34.8 Find the indicated powers of the expression. 
(a) (3x 2yy’ (b) (2a+ 3b — 5c) 
SOLUTION 
(a) (3x — 2y)* = (3x)* + 3(3x)°(—2y) + 3(3x)(-2y)’ + (—2y)* = 2727 + 3(9x°)(—2y) + 3(3x)(4y") + (-8y’) = 
27x — 54x°y + 36xy" — 8y? 
(b) (24+ 3b — 5c) = (2a) + (BbY + (-Sc)’ + 2(2a)(3b) + 2(2a)(—5c) + 2(3b)(—Sc) = 
4a? + 9b’ + 25c° + 12ab — 20ac — 30be 
CHAPTER 5 
34.9 Factor each expression completely. 
(a) x'°-81 (b) a +2ab+b?—x° - 8x- 16 
SOLUTION 
(a) x°-81=(°)- OY = (0° +9)@* - 9) = 07 + 9)" - GY) =" + 9)" + 3)" - 3) 
(b) a +2ab+b’-—x —8x-16=(a? + 2ab 4+ b*)— (0° + 8x4 16) =(at+ by - (x +4) = 
[(a+b)+(x+4)][(a+ b) -(x+ 4)] =(at+b4+x4+4)(at+b-x-4) 
34.10 Factor each expression completely. 
(a) 162x° + 18x*y" + 2xy4 (b) 9b’ — 12ab — 5a’ + 30a — 25 
SOLUTION 
(a) 162x° + 18x°y? + 2xy* = 2x(8 1x" + Oxy" + y*) = 2x(8 1x" + 18°? + y* — 9x’ y’) = 
2x[(81x* + 18x°y" + y*) — 9x°y"] = 2x[(9x° + y’)? — Bxy)7] = 2x(9x + y? + 3xy)(9x° + y’ — 3xy) 
(b) 9b? — 12ab — 5a’ + 30a — 25 = 9b’ — 12ab + 4a’ — 9a’ + 30a — 25 = 
[(9b* — 12ab + 4a’) — (9a? — 30a + 25)] = [3b — 2a)’ — 3a —5)"] = 
[(3b — 2a) + Ba —5)|[(Bb — 2a) — 3a —5)] = Bb — 2a + 3a —5)(3b — 2a- 3a+5) = (3b +a—5)(3b—5at5) 
CHAPTER 6 
34.11 Combine these fractions into a single fraction that is reduced to lowest terms. 
(a) 2—1Mx— 1) + 3/~-2)- VA - x) (b) 2 —@! - 2 OP —x 4+ D+x41 
SOLUTION 
(a) 2— 1x1) 4+3/Mx-2)— 1/0 — x) =2- We 1) +: 3/(e— 2) + We 1) = 24+ 3x - 2) = 
[2(x — 2)\/(x — 2) + 3/(x — 2) = [2x — 4 + 3/(x — 2) = (2x -D/(x - 2) 
(b) xP —(Q' -2PVOP — xt I txtlatx4 D/1- 0! -2P V0? —x4+ D= 
[? tx4 DOC - x4 D- O04 - 2 VOC -— xt D=(Ge t+ H4en(iet BY -x)-— 42° -x4+ l= 
[tt 2 t 1x xt 4 OPV? — x + 1) = BX + D/P -x4+ 1D 
34.12 Combine these fractions into a single fraction that is reduced to lowest terms. 


(a) [((a@ — a —90)(a’ — 100)] = [(a? + 9a’)a’ + 10a)] + [(4a + 6)/(2a°x + 3ax)] 
(b) [(4c)la — (15c’)/a’ + 4] - [3 — (4a + 20c)/(2a + 5c)] + [4 — 16c)/a + (150’)/a"] 


SOLUTION 

(a) (a —a—90)(a’ — 100)] = [(a* + 9a’)? +10a)] = [(4a + 6)/(2a°x + 3ax)] = 
[{(a— 10)(a + 9) }/{(a + 10)(a — 10)}] = [{a’(a + 9) }/{ala + 10)}] + [{2(2a + 3) W/{ax(2a + 3)}] = 
[{(a— 10)(a + 9)}/{(a + 10)(a — 10)}] - [{a(a + 10) }/{a°(a + 9)}] - [fax(2a + 3)}/{2(2a + 3)}] = 
[(a+ 9)Ma + 10)] - [((a + 10)/{a(a + 9)}] - [ax/2] = [{(a + 9)(a + 10)ax}/{(a + 10)a(a + 9)2}] = 
[{(a + 9)(a + 10)ax}/{(a + 9)(a + 10)a2}] = x/2 

(b) [(4c)la — (15c’)/a’? + 4] - [3 — 4a + 20c)/(2a + 5c)] + [4 — (16c/a + (15¢)/a?| = 
[(4ac)la? — (15¢’)/a’ + (4a’)/a’] - [{3(2a + Sc)(2a + 5c)} — (4a + 20c)/(2a + 5c)] + 
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[{(4a?)/a?} — {(16ac)/a?} + {(150?)/a?}] = 

[{4ac — 15c” + 4a’ a’ - [{3(2a + 5c) — (4a + 20c) }/(2a + 5c)] + [{4a’ — l6ac + 15c7Va"| = 
[{4ac — 15c” + 4a’ }/a’] - [{6a + 15c) — 4a — 20c) }/(2a + 5c)] + [{4a? — 1l6ac + 15c7}/a"] = 
[{4a° + 4ac — 15c7 Va’ - [{2a — 5c}/(2a + 5c)] - [a’/{4a? — 16ac + 15c*}] = 

[{(2a + 5c)(2a — 3c) }/a’] « [{2a — 5c}/(2a + 5c)] - [a’/{ (2a — 3c)(2a — 5c)}] = 

[(2a + 5c)(2a — 3c)(2a — Se)a’Vla?(2a + 5c)(2a — 3c)(2a — 5c)| = 

[(2a + 5c)(2a — 3c)(2a — Se)a°V[(2a + 5c)(2a — 3c)(2a — 5c)a"] = 1 


CHAPTER 7 


34.13 Simplify each expression. 
(a) x(x? - y’) (b) [xt tx? 4+ Vp? -x'4 1] 


SOLUTION 
(a) xx? —y?) =xI(he = Ly’) = [Gy xV/[@?y Abe = Ly’) = bey Vbe yd?) — y(1h")] = 
'y Vb? - +7] 
(b) [xt 4x7 + We? xe $ IH Ole te 1/04? 4 IPH Pete tape — xr 4x4] = 
[lt +x°Vie — x +x] 
34.14 Perform the indicated operations 
(a) Ga—3e=Ag*y (b) @ -y)+@? +y"”) 


SOLUTION 

(a) (Qa-3a' — 4a”) = [2a — 3(1/a) — 4(1/a’) = [2a — 3/a -— A/a’ = [(2a? -— 3a — Dia’ f= 
(2a° — 3a —4)'a’y = [(2a°) + (Bay + (AY + 2(2a*)(-3a) + 2(2a*)(-4) + 2(-3.a)(—4) Va" = 
[4a° + 9a’? + 16 — 12a* — 16a’ + 24aJ/a* = [4a° — 12a* — 16a* + 9a? + 24a + 16]/a* 

(b) (x? = y’) a (? Bie y!?) = [(x" iz yx? = y'?)] + [(x? t+ yl? \(x'? pan yy] = 
[@& — yy + yx"? — y'? Mx — y) = + yx"? - y') 


CHAPTER 8 


34.15 Express each radical in simplest form. 
(a) yI7? -(7/2)"] (b) VI36+18V5] (ec) YR? -R°V6}/3—(d) [3-3 V3)I 


SOLUTION 
(a) Vi7?-(7/2)"] = [49 -(49/4)] = J[{4(49) - 49}/4)] = J[{494 -1/4)] = V1{49)}/4)] = 
VI{(49/4)3})] = [49/4] - /3 =(7/2)V3 


(b) J[36+18/5] =/[9(44+2V5)] =4/9 [4425] =3V[4+2V5] 
(c) J[{R? = R?J6}/3] = J[3{R? — R?-J6}/9] = /[3R?(1—J6}/9] = /[(R?/9) 3 (1-6 }] = (R/3)/ {3-36} 
@ \3-/-V3)1= [3 \B-¥3) ie = [3-GV3)"77? = [3- G37)? 7? =[3"? -(3-3!7)4]= 


[32 Bua 318] = 348 328, 318] =378 = 8/37 


34.16 Simplify and combine like terms. 
(a) 4/[B2x5] + 4/1250x] — 4/[512x]-4/[2x] — (b) flat) -c- (ato) 4. 2c [ato] 
(c) 2a? —9a°b) -3. (ab? —9b°) + J[(@ —b’ (a+b) ~~ (@) [Y@—3)- J4x—-DP 
SOLUTION 


(a) 4/[32x°]+4/[1250x] — 4/[512x] —4/[2x] = 4/[24 x4(2x)] + 4/[5*(2x)] — 4/[44(2x)] — 4/[2x] = 
(2x)f[2x] + (5)4/[2x] - (4)4/[2x] — 4/[2x] =(2x+5—-4-1)4/[2x] = 2x4/[2x] 
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(b) Jato) -c-[4{(at+0)? ]+2c- [fate ]=(at+c),(ate) —cJ(atc) +2cJ(atc) = 
(a+c—ct+2c),J (atc) =(at2c),J(atc) 

(c) 2a? —9a?b) —3,/(9ab? —9b*) + J[(@ —b?)(a+b)] = 
2,/(9a?(a—b) -3,/[9b?)(a-b)] + Ji(a—by(a+byat+b)] = 
2(3a),(a—b) —3(3b),|(a—b) + (at b),[(a—b) =(6a-9b + a+b),[(a—b) =(Ta-8b)(a—b) 


(d) (Y(x—3) — (4x-DP =LY@—-3) PF -2./@-3) ((4x-7) +LV(4x-7)P = 
x-3-2/[(x—3)(4x—71+4x-7=5x-10-2, (4x? -19x4 21) 


CHAPTER 9 


34.17 Simplify 
(a) 5J(-36x?) -2(-49x7) — (b) 6 — 2,(-64.x?) — 3. (25x?) +8 
SOLUTION 
(a) 5.{(-36x?) —2,/(-49x?) =5,/(-1) JB6x?) — 2,1 J(49x2) = 5@)(6x) — 2()(7x) = 30.xi — 14.xi = 16x 


(b) 6—2,/(-64x?) — 3,/(-25x7) +8 = 14 - 2-1) (64x?) - 3(-D (25x) = 14 — 2((8.x) — 35x) = 
14 —16xi — 15xi = 14 -31xi 


34.18 Perform the indicated operations. 
(a) (4—2i) - (3 — 243i) (b) (2+ 3i) + (2i-1)- Gi-3) 


SOLUTION 

(a) (4-21) - 3-2V3i) =12-8J3i- 61+ 4/37? = 12+ (-8./3i- 61) +4,/3(-l =12- (83 +6)i-4 3 = 
(12—4./3)— (8/3 +6)i 

(b) (2+3i) += (2i—-1)- (5i- 3) = (2 + 31)(5i — 3) = (2i- 1) = [101 — 6 + 157° — 9iJ/(-1 + 2i) = 


[-6 + 15(-1) + iJ(-1 + 2i) = (-21 4+ DM(-1 + 2H = [(-21 +. D1 - 2D /[(-1 + 2(-1 - 20] = 
[21 + 42i — i — 27)/[1 — 477] = [21 + 411 - 2(-1) /[1 — 4(-1)] = (23 + 41/5 


CHAPTER 10 


34.19 Solve each equation for x. 
(a) 2- 1/x =3/2 (b) (~- 2)M(x- 3) = 17/18 (c) Gx - 9)/(3x — 5) — 2 = (3x — 5)/(8 — 3x) 


SOLUTION 


(a) 2-1/x =3/2 
(2x)(2 — 1/x) = (2x)(3/2) 


4x -—2=3x 
x-2=0 
x=2 
(b) (x-—2)(x — 3) = 17/18 
[18 — 3)][(x — 2)/(x — 3)] = [18(@ — 3)] [17/18] 
18(x — 2) = 17(x - 3) 
18x — 36 =17x-51 
x-36=-51 
x=-15 
(c) (3x -9)/(3x — 5) — 2 = (3x —5)/(8 — 3x) 


[(3x — 9)/(3x — 5)] — 2[(3x — 5)/(3x — 5)] = [3x — 5)(8 — 3x) -DA(-D] 
[(3x — 9)/(3x — 5)] — [(6x — 10)/(3x — 5)] = [(-3x + 5)/(3x — 8)] 
[(3x — 9) — (6x — 10)]/(3x — 5) = (-3x + 5)/(3x — 8) 
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[3x — 9 — 6x + 10]/(3x — 5) = (-3x + 5)/(3x - 8) 
[-3x + 1/(3x — 5) = (—3x + 5)/(3x — 8) 
[(3x — 5)(3x — 8)][(—3x + 1)/(3x — 5)] = [3x — 5)(3x — 8)][(-3x + 5)/(Bx — 8)] 
[(3x — 8)(—3x + 1)] = [(8x — 5)(-3x + 5)] 
—9x° + 24x + 3x —8 =-9x° + 15x + 15x — 25 
9x? + 27x — 8 =—9x° + 30x — 25 
27x — 8 = 30x — 25 
—3x -— 8 =-25 
—3x=-17 
x= 17/3 


34.20 Solve for x. 
(a) (3b + 9x)/Qa + 6x) — (a — 2x)/(2x + 3a) =2 (b) 8/(x — 7) — (2 — 6x)? — 6x — 7) = 27/(x + 1) 


SOLUTION 

(a) (3b + 9x)/(9a + 6x) — (a — 2x)/(2x + 3a) =2 
[3(b + 3x)\/[3(a + 2x)] — (a — 2x)/(2x + 3a) =2 
(b + 3x)/(3a + 2x) — (a — 2x)/(3a + 2x) =2 

[(b + 3x) — (a — 2x)]/(3a + 2x) =2 

[b + 3x -—a+ 2x]/(3a + 2x) =2 

(b-—a+t5x)/(3a + 2x) =2 

(3a + 2x)[(b — a + 5x)/(a + 2x)] = (3a + 2x)2 
b-a+5x=6a+ 4x 

b-a+x=6a 

x=7a—b 

8/(x — 7) — (2 — 6x? — 6x — 7) = 27x +1) 
8/(x — 7) — (2 — 6x)/[(x — 7)(x + 1)] = 27/x + 1) 
[(x — 7)(x + I] {8/& — 7) — (2 — 6x)/[(x — 7)(x + 1))} = [oe — 7)(x + 1) [27/& + 1) 
(x + 1)(8) — A) — 6x) = @& — 7)(27) 

8x+ 8 —2+4+ 6x = 27x — 189 

14x + 6 = 27x — 189 

-13x+6=-189 

-13x =-195 

x=15 


(b 


~ 


CHAPTER 11 
34.21 Ifa: b=c: d, prove (a+ 3b)(a— 3b) = (c + 3d)(c — 3d). 


SOLUTION 
a:b=c:dmeans a/b = c/d, so a/b + 3 = cld +3 and a/b —3 =c/ld —3. 


alb + 3 =a/b + b)/b = (a + 3b)/b and c/d + 3 = cld + (3d)/d = (c + 3d)ld 


Therefore (a + 3b)/b = (c + 3d)/d and (a + 3b) = [b(c + 3d)]/d and finally (a + 3b)/(c + 3d) = b/d. 


alb — 3 = alb — (3b)/b = (a — 3b)/b and cld — 3 = cld — (3d)/d = (c — 3d)/d 


Therefore (a — 3b)/b = (c — 3d)/d and (a — 3b) = [b(c — 3d)]/d and finally (a — 3b)/(c — 3d) = b/d. 
Since (a + 3b)((c + 3d) = b/d and (a — 3b)(c — 3d) = b/d, we can conclude that 


(a+ 3b)(c + 3d) = (a — 3b)(c — 3d). 


From (a + 3b)/(c + 3d) = (a — 3b)/(c — 3d) we see that (a + 3b) = [(c + 3d)(a — 3b)\/(c — 3d) and finally we have 
(a+ 3b)\(a — 3b) = (c + 3d)/(c — 3d). 
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34.22 


Solve for x. 3:5 =(x—3): (2x + 18). 
SOLUTION 


3:5 =(x—3) : (2x + 18) means that 3/5 = (x — 3)/(2x + 18). 


[5(2x + 18)](3/5) = [5(2x + 18)][(@ — 3)/(2x + 18)] 
(2x + 18)3 = 5(x — 3) 

6x+54=5x-15 

x+54=-15 

x=-69 


CHAPTER 12 


34.23 If f(x) =x° — 5x + 3, Find f(—4), f(—2), f(1), and f(2.5). 


34.24 


SOLUTION 

fo =x -— 5x43 

f(-4) = (4) — 5(-4) +3 = -64 + 20+. 3 =-41 
f(-2) = (-2)° — 5(-2) +3 =-8 + 10+ 3 =5 
fG) = -5(01)+3=1-54+3=-1 


f(2.5) = (2.5) — §(2.5) + 3 = 15.625 — 12.5+ 3 = 6.125 


Test x +x+y+y =8 for symmetry. 


SOLUTION 
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Substituting —x for x we get (—x)” + (—-x) + y+ y"=8 andx” —x+y+y =8. Since the expression changed, the graph 


is NOT symmetric with respect to the y-axis. 


Substituting —y for y we get x + x + (-y) + (-y) =8 and x +x—y+y =8. Since the expression changed, the 


graph is NOT symmetric with respect to the x-axis. 


Substituting —x for x and —y for y we get (—x)” + (—x) + (-y) + (-y)’ = 8 and x —x—y +y" =8. Since the expres- 


sion changed, the graph is NOT symmetric with respect to the origin. 


CHAPTER 13 


34.25 If the radius of a circle is increased by 7 inches, the area is increased by 440 square inches. Find the 


radius of the original circle. Use m = 22/7. 


SOLUTION 


Let r = the radius of the original circle in inches. 


bn 5 . . . 
Tr’ is the area of the original circle in square inches. 


m(r +7) is the area of the new circle in square inches. 


Mr+7) —mr = 440 

mr + 14rn + 49n — nr = 440 
14rm + 49n = 440 

147(22/7) + 49(22/7) = 440 
2r(22) + 7(22) = 440 

44r + 154 = 440 

44r = 286 

r=6.5 


The radius of the original circle is 6.5 inches. 
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34.26 Alice can complete a project in 15 days and her younger brother Jose can complete it in 25 days. After 
they have worked together for 3 days, Alice got called away. How much longer would it take Jose to 
complete the project working alone? 

SOLUTION 
1/15 = the part of the project Alice completes per day 
1/25 = the part of the project Jose completes per day 
3(1/15 + 1/25) = the part of the project they complete when working together for 3 days. 
x = the number of days for Jose to complete the project after Alice leaves 
x(1/25) = the part of the project Jose completes after Alice leaves 
3(1/15 + 1/25) + x(1/25) = 1 
3/15 + 3/25 + x/25 = 1 
1/5 + 3/25 + x/25 =1 
25(1/5 + 3/25 + x/25) = 25(1) 
5+3+x=25 
8+x=25 
x=17 
It would take Jose 17 days to complete the project after Alice left. 

CHAPTER 14 

34.27 Can the given three points, A, B, and C, be the vertices of a triangle ABC? 


(a) A=(3, 2), B=(-5, 6), C = (8, -4) (b) A=(-2, 42), B = (3, 69/2), C = (8, 27) 
(c) A=(-6,-4), B= (8, 3),C=(9,-2) (d) A=(3, 4), B=(4, 6), C=(3, 6) 


SOLUTION 
Recall that if any two of the three line segments formed by three points have the same slope, then the three points 
are collinear. In fact, all three such line segments will have the same slope when the three points are collinear. 


(a) A=(3, 2), B=(-5, 6), C =(8, —4) 

Slope of line AB = (6 — 2)/(—-5 — 3) = 4-8) =-1/2 

Slope of line BC = (—4 — 6)/(8 — (-5)) = —10/13 

Slope of line CA = (2 — (—4))/(3 — 8) =-6/5 

The points A, B, and C are not collinear, so they can be the vertices of a triangle ABC. 
(b) A=(-2, 42), B = (3, 69/2), C = (8, 27) 

Slope of line AB = (69/2 — 42)/(3 — (—2)) = (-15/2)(5) = -3/2 

Slope of line BC = (27 — 69/2)/(8 — 3) = (-15/2)/(5) = -3/2 

Slope of line CA = (42 — 27)/(—2 — 8) = 15/(—10) = —3/2 

The points A, B, and C are collinear, so they cannot be the vertices of a triangle ABC. 
(c) A=(-6, -4), B = (8, 3), C = (9, —2) 

Slope of line AB = (3 — (—4))/(8 — (-6)) = 7/14 = 1/2 

Slope of line BC = (—2 — 3)/(9 — 8) =-5/1 =-5 

Slope of line CA = (—4 — (—2))/(-6 — 9) = —2/-15 = 2/15 

The points A, B, and C are not collinear, so they can be the vertices of a triangle ABC. 
(d) A=(3, 4), B=(4, 6), C=@, 6) 

Slope of line AB = (6 — 4)/(4 — 3) = 2/1 =2 

Slope of line BC = (6 — 6)/(3 — 4) = O/(-1) =0 

Slope of line CA = (4 — 6)/(3 — 3) = —2/0 slope is not defined 


The points A, B, and C are not collinear, so they can be the vertices of a triangle ABC. 
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34.28 Do the given pair of lines intersect? 


(a) 16x+7= 15y and 4x + Sy =0 
(c) 9x- 2y= 18 and 45x = 10y+ 14 


SOLUTION 
(a) 16x+7= 15y and 4x+5y=0 
(16/15)x+7/15=y and Sy=-4x 
slope = 16/15 and y=(-4/5)x 
slope = —4/5 
Since the slopes of the lines are different, the lines will intersect. 
(b) 3x-8y=13 and x-6y=0 


(c) 


(d) 


—8y=-3x+13 and x=6y 

y = (3/8)x— 13/8 and (1/6)x=y 

slope = 3/8 and slope = 1/6 

Since the slopes of the lines are different, the lines will intersect. 
9x —2y = 18 and 45x=10y+ 14 

—2y=-9x+18 and 45x-14=10y 

y=(9/2)x-9 and (45/10)x—- 14/10=y 

slope = 9/2 and (9/2)x-7/5=y 


slope = 9/2 
Since the lines have the same slope, the lines are parallel and do not intersect. 
2x + Sy = 18 and x-10y=9 
Sy =—2x + 18 and -l0y=-x+9 
y=(-2/5)x+ 18/5 and y=(1/10)x—- 9/10 
slope = —2/5 and_ slope = 1/10 


Since the slopes of the lines are different, the lines will intersect. 


CHAPTER 15 


34.29 


(b) 3x—8y = 13 and x — 6y =0 
(d) 2x +Sy=18 and x — 10y=9 
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A boat whose rate in still water is 12 miles per hour goes up a stream whose current has a rate of 
2 miles per hour, and returns. The entire trip took 24 hours. Find how many hours are required for the 
trip upstream and how many hours for the return trip. 


SOLUTION 


Let x = hours for the trip upstream 


Let y = hours for the return trip 


x(12 — 2) = 10x = distance traveled upstream 


y(12 + 2) = 14y = distance traveled for return trip 

10x = 14y 

x+y=24 

y=24-x 

10x = 14(24 — x) 

10x = 336 — 14x 

24x = 336 

x=14 

y=24-14=10 

The trip upstream took 14 hours and the return trip took 10 hours. 
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34.30 A chemist has the same acid in two strengths. Eight liters of one acid mixed 12 liters of the second acid 
gives a mixture that is 84% pure. Three liters of the first acid mixed with 2 liters of the second acid gives 
a mixture that is 86% pure. Find the purity of each acid. 


SOLUTION 
Let x = the purity of the first strength acid as a decimal 
Let y = the purity of the second strength acid as a decimal 
8x + 12y = 0.84(8 + 12) = 16.8 
3x + 2y = 0.86(3 + 2) =4.3 
—6(3x + 2y = 4.3) yields —18x — 12y =—25.8 
—18x — 12y =—25.8 

8x+ 12y= 16.8 

—10x =-9 

x=0.9 (0.9=90%) 
8(0.9) + 12y = 16.8 
7.2+12y=16.8 
12y=9.6 
y=0.8 (0.8 = 80%) 
The purity of the first strength acid is 90% and the purity of the second strength acid is 80%. 


CHAPTER 16 
34.31 Solve each equation for x. 
(a) 3(x° + 3x)’ — 70° + 3x) -20=0 (b) x’ + 5x + 3,/(x? +5x) —54=0 
fe) Ge = ony —7 = 2) S212 (d) 12kx=—4k —5x° =0 
(e) m/(m—x)+(m—x)/lm=2 


SOLUTION 
(a) 30° + 3x) — 7(x° + 3x) — 20 =0 
Since we have a squared term and then the same quantity to the first power, it is a quadratic form equation. We will 


make a substitution, in this case letting A = (x° + 3x), to make it easier to see which method of solving quadratic 
equations we want to use. 


Substituting A = (x° + 3x) into the given equation we get: 3A” — 7A — 20 =0. 
Factoring this equation we get: (3A + 5)(A — 4) =0 
3A+5=0o0rA-—4=0 
Now we replace A with (x° + 3x) and solve each of the resulting equations for x. 
3° +3x)+5=0 or (%+3x)-4=0 
3x°+9x+5=0 or x +3x-4=0 
x=[-9 + /{9? —4(3)(5)}] /{2)} or = (x + 4)(x- 1) =0 
x=[-9+J21//6 or x+4=0 or x-1=0 
x=-4 or x=1 
The solutions for x are [—9 + J21]/6, —4, 1. 
(b) 2° +5x +3. (x? +5x) —54=0 
In this equation we let A = Je? +5x) so A’ = (x° + 5x), and after making these substitutions we have: 
A’ +3A-54=0 
(A+ 9)(A — 6) =0 
A+9=0 or A-6=0 
Now we replace A with (a? +5x) and solve the resulting equations for x. 
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J? +5x) +9=0 or JG? +5x) —6=0 
JG? +5x) =-9 or (2 +5x) =6 
This equation has no solution since JQ? +5x) 20 or [/Q? +5x) ~=6 
x + 5x = 36 
x +5x-36=0 
(x + 9)(x - 4) =0 
xX+9=0 or x-4=0 


x=-9 or x=4 
The solutions for x are —9, 4. 
(c) (? — 2x)’ — 70° — 2x) =-12 
Let A = (x — 2x) and then substituting we get A” — 7A =—12. 
A’-7A+12=0 
(A —3)(A-—4)=0 
A-3=0 or A-4=0 
Now we replace A with x° — 2x and solve the resulting equations for x. 
x —2x-3=0 or x -2x-4=0 
(x—3)\(x+1)=0 or -2x=4 
x-3=0 or x4+1=0 or x -2x4+1=441 


x=3 or x=-l or (x-1)=5 
Vi@e-17] =4N5 
x-l=tJ5 
x=1tJ5 
The solutions for x are 3, -1, 14/5. 
(d) 12kx— 4k’ - 5x’ =0 
—5x° + 12kx- 4k =0 
5x” — 12xk + 4k’ =0 
(5x — 2k)(x — 2k) =0 
5x-2k=0 or x-2k=0 
Sx=2k or x=2k 
x = (2k)/5 
The solutions for x are (2k)/5, 2k. 
(e) mi(m—x)+(m—x)/lm=2 
[m(m — x)][m/(m — x) + (m — x)/m] = [mm — x)](2) 
nm +(m—x) =2m(m — x) 
(m—x) —2m(m — x) +n’? =0 
Let A =(m—x) and substituting we get A> — 2mA + m* =0. 
(A —m)(A —m)=0 
A-m=0 or A-m=0 
Replace A with m — x and solve the resulting equations for x. 
m—-x-m=0 or m-—x-—m=0 
—x=0 or -x=0 
x=0 or x=0 


The only solution for x is 0. 
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34.32 Solve each equation for x. 
@14J/G2D=/e ©) JG+2)+/G-5=3 
SOLUTION 
(a) 1+. J@+2) = Vx 
[1+ J@+2)P =[vx} 
14+2/@+2)+x4+2=x 
34+2/@4+2 +x=x 
2/(%+2) =-3 
[2/@4+2)P =[-3) 
4(x+2)=9 
4x+8=9 
4x=1 
x= 1/4 
Substituting to see if x = 1/4 is a valid solution since we cannot easily check by inspection. 
1+ (@/443)? JO 
1+ /WFe? QDE 
1+ 7/4) 21/2 
1+ /{G/DP ? 1/2 


1+ 3/2? 1/2 
5/2 # 1/2 


So x = 1/4 is not a solution of the given equation. 
There is no solution for x. 
J(x+2)+J/B-x) =3 
JVG-x) =3-f/(+2) 
[Y6-2)P =B-J@+2P 
3-x=9-6f(x4+2) +x4+2 
3-x=114+x-6/(x+2) 
0=8+2x-6./(x+2) 
6,/(x+2) =8+2x 
[6./(+2) 7 =[8+2x]P 

36(x + 2) = 64 + 32x + 4x" 
36x + 72 = 4x° + 32x + 64 
0=4x -4x-8 
O=x-x-2 
O0=(x-2)(x+ 1) 

x-2=0 or x+1=0 
x=2 or x=-l 


(b 


~ 


The solutions for x are 2, —-1. 
CHAPTER 17 
34,33 Identify the type of conic section and write the equation in standard form for y’ — 5x — 6y — 26 = 0. 


SOLUTION 

y’ — 5x — 6y — 26 = 0 has only one squared term, so it is a parabola. 
y —5x-6y-26=0 

y —6y =5x +26 

y —6y+9=5x+26+9 
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(y — 3) =5x+35 
(y- 3) =5(¢+7) 
It is a parabola with standard form (y — 3)’ = 5(x +7). 


34.34 Identify the type of conic section and write the equation in standard form for 25x° — 144y* + 450x — 
1440y + 2025 = 0. 


SOLUTION 
25x° — 144y’ + 450x — 1440y + 2025 = 0 has two squared terms with unequal coefficients having opposite signs, 
so it is a hyperbola. 


25x° — 144y° + 450x — 1440y + 2025 =0 
25x° — 144y° + 450x — 1440y = -2025 
25x° + 450x — 144y" — 1440y = -2025 
25(x° + 18x + )— 144(y° + 10y + ) =-2025 
25(x° + 18x + 81) — 144657 + 10y + 25) = -2025 + 25(81) — 144(25) 
25(x + 9) — 144(y + 5)° = -2025 + 2025 — 3600 
25(x + 9) — 144(y + 5)’ = -3600 
25(x + 9) + 144(y +5)’ = +3600 
[-25(x + 9)°/3600 + [144(y + 5)°]/3600 = + 3600/3600 
[-(x + 9/144 + [(y + 5)°/25 = 1 
(y + 5)°/25 — (x + 9Y/144 = 1 
It is a hyperbola with standard form of (y + 5)7/25 — (x + 9)°/144 = 1. 


CHAPTER 18 
34.35 Solve for all points (x, y) that satisfy the system of equations xy + 3y’ = 6 and x + y’ = 10. 


SOLUTION 

We can combine the two equations to obtain an equation in which the constant term is 0. 
5(xy + 3y’ = 6) yields 5xy + 15y’ = 30 

30° + y= 10) yields 3x° + 3y" = 30 

3x + 3y° = Sxy + 15° 

3x° — Sxy — 12y°=0 

(3x + 4y)(x — 3y) =0 

3x+4y=0 or x-—3y=0 

3x =—4y or x=3y 

x = (-4/3)y 

Substituting x = (—4/3)y into x° + y’ = 10, we get [(-4/3)y]’ +. y’ = 10. 
(16/9)y" + y’ = 10 

l6y’ + 9y’ = 90 

25y° = 90 

y = 90/25 

y=+ (0/25) 

y=+4/5)J10 

x = (-4/3)y = (—4/3)[+(3/5)V10] = -(4/5)J10 or +(4/5)J10 
({-4/5]/10, [3/5]J10) and ([4/5]V10, [-3/5]/10) 
Substituting x = 3y into x° + y’ = 10, we get (3y)’ +" =10. 
oy +y = 10 
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y= 

x = 3y =3(41) =43 

(3, 1) and (-3, -1) 

The solutions for (x, y) are (3, 1), (—3, —1), ([-4/5] VIO, [3/5] J10 ), and ([4/5]J10, [-3/5]JI0 ). 


34.36 Solve for all points (x, y) that satisfy the system of equation x + y= 7 and xy = 6. 
SOLUTION 
We square x + y =7 to get x° + 2xy + y = 49 and we multiply xy = 6 by 4 to get 4xy = 24. 
Now (x° + 2xy + y’ = 49) — (4xy = 24) =2° — 2xy + y’ = 25. So (x — yy = 25 and x — y=+5. Finally we have 
x=yt5andx=yt+5orx=y—S. 
Substituting x = y + 5 intox+y=7. We gety+5+y=7. Then 2y=2 andy=1.Sox=y+5=1+5=6and 
(x, y) = (6, 1). 
Substituting x = y—5 intox+ y=7. We get y—5+y=7. Then 2y= 12 and y=6. Sox=y—5=6-—5=1 and 
(x, y) = (1, 6). 
The solutions for (x, y) are (6, 1) and (1, 6). 
CHAPTER 19 
34.37 Solve the inequality (6x* — 11x + 3)/(x+ 4) <0. 
SOLUTION 
(6x — 11x+3)/(x+4) <0 
[(3x — 1)2x - 3)/(x+ 4) <0 
The critical values, values that make a factor of the problem zero, are at x = 1/3, x = 3/2, and at x = —4. Since x =—4 
would make the problem undefined, it is not to be in the solution. We will separate our number line into parts by 
using a “) (” to show the critical point is not in the solution and a “] [” to show the critical point is included in the 
solution. 
3x-1 - + + 
2x -3 - - - + 
x+4 - + + + 
Cheadle areata ) a4 Geese ] 1/3\[Saeeee 13/2 [eee > 
problem = + _ + 
Fig. 34-1 
Since we want the problem to be < 0, we have the solution when the problem is negative or zero. Thus, the solution 
isx<—4 or 1/3 <x < 3/2. (See Fig. 34-1.) 
34.38 Solve the inequality | 5 — 3x] < 2. 


SOLUTION 
|5-3x| <2 


Since we want the absolute value of the quantity to be less than or equal to 2, the quantity has to be between —2 
and 2 and including both. 


—2<5-3x<2 
2-555-3x-5s52-5 
-7<-3x<-3 
(-7)(-3) 2 (-3x)/(-3) 2 (-3)/(-3) Note: We are dividing by a negative number so we reverse the sense of the 
inequality. | 
7/32x21 


The solution is 1 <x < 7/3. 
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CHAPTER 20 
34.39 Find all of the real zeros of P(x). 
(a) P(x) =x‘ — 5x° -— 5x° + 45x-36=0 (b) P(x) =x* — 12x° + 442° — 40x -— 25 =0 
SOLUTION 


(a) P(x) =x'-— 5x -— 5x + 45x - 36 =0 


Since the coefficient of the highest degree term, x‘, is 1, the only rational zeros of P(x) are integral factors of 
36: £1, £2, +3, +4, +6, £9, +12, +18, +36. 


P(1)= 1*-5(1)? —5(1)° +. 45(1) — 36 = 1 —-5 —5 + 45 — 36 =0. Since | is a zero of P(x) and we use synthetic 
division to get the depressed equation of one degree less than P(x), so degree 3. 


Aas 5 +45 -36 
4 9 +36 
1-4 -9 +36 +40 
P(x) = (x — 1)08 — 42° — 9x + 36) = (x — 1)P’(x) 
We try x = | in the depressed equation, P’(x), to see if 1 is a double zero of P(x). 
P11) =1 -—4(1) — 9(1) + 36 = 1-4-9 + 36 = 24. Thus, | is not a double zero of P(x). 
P’(2) = 2? —4(2) — 9(2) + 36 = 8 — 16 — 18 + 36 = 10 


P’(3) = 3° —4(3) — 9(3) + 36 = 27 —- 36 -27+36=0 Thus, 3 isa zero of P’(x) and therefore a zero of P(x). 
We will use synthetic division to get the depressed equation for P’(x). 


3]1 4 -9 +36 
43. 3-36 
1 -1 -12 +40 
P’(x) = (x— 3)? —x— 12) =(«- 3)(e- 4)(x 4 3) 
P(x) = (x — 1)(x — 3)(x — 4)(x + 3) =0 
The zeros of P(x) = x* — 5x’ — 5x’ + 45x — 36 are 1, 3, 4, -3. 
(b) P(x) =x' - 12x + 44x° — 40x — 25 =0 


Since the coefficient of the highest degree term is one, all the rational zeros are factors of the constant term 25. 
The possible rational zeros of P(x) are +1, +5, +25. 


P(1) = 1* — 12(1)° + 441)? — 40(1) — 25 = 1 - 12 +44 - 40 - 25 =-32 
P(5) = 5* — 12(5)’ + 44(5)° — 40(5) — 25 = 625 — 1500 + 1100 - 200- 25=0 So 5 isa zero of P(x). 
Now we find the depressed equation by synthetic division. 
51 12 +44 40 25 
+5 =35 +45 4:25 
I! 7 +9 +5 +0 The depressed equation P’(x) =x° — 7x° + 9x +5. 
P(x) = (x — 5)Q0 — 7x + 9x +5) =(x—-5)P’(x) = 0 
Now we check to see if 5 is a double zero of P(x) by Finding P’(5). 
P'(5) =5°-—7(5) + 9(5) +5 = 125 — 175 + 45 +5 =0. So 5 is a zero of P’(x) and a double zero of P(x). 
Now we use synthetic division to find the depressed equation for P’(x). 
Sjl 7 49 45 
+5 -10 —5 
1 -2  -1 +0. The depressed equation P’(x) =x° —2x-1. 
P(x) = (x — 5)(x — 5)? — 2x — 1) = (x -— 5)°P’() = 0. 
Solving the quadratic equation by completing the square method. 
x —2x-1=0 


x -2x=1 
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x -2x4+1=14+1 


(x- 1) =2 
x-1l=+ 2 
x=1+ 72 


The zeros of P(x) = x* — 12x° + 44x? — 40x — 25 =O are 5,5, 1+ V2, 1- V2. 


34.40 Use synthetic division to show that Q(x) = 5x + 2 is a divisor of P(x) = 60x° — 41x° — 11x + 6. 


SOLUTION 1 


P(x)/O(x) = [60x° — 412° — 11x + 6]/[5x + 2] = (1/5)[60x7 — 412° — 11x + 6]/{(1/5)[5x + 2]} = 
[12x° — (41/5)x° — (11/5)x + (6/5) |/[x + (2/5)] 


—2/5| 12 —-41/5 —-11/5 +6/5 
24/5 26/5 6/5 
12 -65/5 +15/5 +0 


Since the remainder is 0, Q(x) is a divisor of P(x). 


SOLUTION 2 
Since Q(x) = 5x + 2 = 5(x + 2/5), we can divide P(x) by (x + 2/5). 
-2/5} 60 -41 -11 +6 
-24 +26 -6 
60 -65 +15 +0 
P’(x) = 60x" — 65x + 15 
(x + 2/5)P’(x) = (x + 2/5)(60x? — 65x + 15) 
= (x + 2/5)(5)(12x" — 13x + 3) 
= (5x + 2)(12x° — 13x + 3) 
= 60x* — 41x? — 11x +6 
= P(x) 


So Q(x) is a divisor of P(x) since (5x + 2)(12x° — 13x + 3) = 60x° — 41x? — 11x + 6 and O(x)(12x? — 13x +3) = P(x). 


CHAPTER 21 


34.41 Determine the zeros, the vertical asymptotes, the horizontal asymptotes, and holes for each rational 


function R(x). 
(a) R(x) = 0? + 4x — 5/3 — 2°) (b) R(x) = 08 — 2° — 14x 4+ 24)/(x + 4) 


SOLUTION 

(a) Rx) =? + 4x - 5/08 = x°) = [e+ 5x - DV 1] 
Since —5 makes the numerator zero but not the denominator, there is a zero at x =—5. 
Since | makes the numerator zero and makes the denominator zero, there is a hole at x = 1. 
Since 0 makes the denominator zero but not the numerator, there is a vertical asymptote at x = 0. 


Since the degree of the denominator is greater than the degree of the numerator, there is a horizontal asymptote 
at y=0. 
(b) Rx) = GP — x" — 14x + 24x t 4) = [8 + GQ? — 5x + OVEF 4) = [WF HX 3) - 2) + 4) 


Since both 2 and 3 make the numerator zero but not the denominator, there are zeros at x = 2 and x = 3. 


Since —4 makes the numerator zero and makes the denominator zero, there is a hole at x = —4. 
Since there is no value for x that makes only the denominator zero, there is no vertical asymptote. 


Since the degree of the numerator is greater than the degree of the denominator, there is no horizontal 
asymptote. 
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34.42 Determine the domain of each rational function R(x). 
(a) R(x) = (x + 3/0? + 2x + 1) (b) RQ) = 0 +x- 6G? + 7x + 12) 
SOLUTION 
(a) R(x) =(x 30? + 2x4 1) = (x + 3x + 1 
Since x =—1 makes R(x) undefined, the domain of R(x) is all real numbers # —1. 
(b) Rx) = (0? +x - OV + 7x t+ 12) = [(x — 2)(x + 3)V/[(x + 3) + 4)] 
Since both —3 and —4 make R(x) undefined, the domain of R(x) is all real numbers except —3 and —4. 


CHAPTER 22 


34.43 Identify each sequence as arithmetic, geometric, harmonic, or none of these. 


(a) 1, 2,3, 4,5, ... (b) 2,4, 6, 8, ... (c) 9, 8, 7, 6, ... (d) —1. —3, -5, -7, ... 
Ome eecaee AAAS 86 (e248. 16,2 (h) 1, 1/2, 1/4, 1/8, ... 
(i) 1, 1/3, 1/5, 1/7, ... Gj) 1,1+V2,1+2V2, 1+3V2.... 
SOLUTION 
(a) 1,2,3,4,5,... 
2-1=1,3-2=1,4-3=1,5-—4=1 Since there is a common difference between terms, the sequence is 
arithmetic. 
(b) 2,4, 6, 8, ... 
4-2=2,6-—4=2, 8-—6=2 Since there is a common difference between terms, the sequence is arithmetic. 
(c) 9, 8, 7, 6, ... 


8-9=-1,7-8=-1,6—7=-1 Since there is a common difference between terms, the sequence is arithmetic. 
(d) -1,-3,-5,-7, ... 


3 — (-1) = -2, -5 — (-3) = -2, -7 — (-5) = —2 Since there is a common difference between terms, the 
sequence is arithmetic. 


(e) 17,3757... 


9-—1=8,25-9=16 Since the differences are different, the sequence is not arithmetic. 
9/1 = 9, 25/9 # 9 Since the ratios are different, the sequence is not geometric. 


We now check the sequence of the reciprocals of the terms in the given sequence to see if it is harmonic. 1/1, 
1/9, 1/25, .... 1/9 - 1 =-8/9, 1/25 — 1/9 = -16/225 Since the sequence of the reciprocals of the terms in the 
given do not have a common difference, they do not form an arithmetic sequence and the given sequence is 
not harmonic. 


Thus, the sequence is none of these three types of sequences: arithmetic, geometric, or harmonic. 
(f) YT, 32, ¥, ... 

3/2 -143/3 —3/2, so the sequence is not arithmetic. 

3/21 # 3/3 / 2/2, so the sequence is not geometric. 

1/3/2 -1/141/3/3 -1/ 2/2, so the sequence is not harmonic. 

Thus, the sequence is none of these. 
(g) 2,4, 8, 16, ... 

4—2+#8-—4, so the sequence is not arithmetic. 

4/2 = 2, 8/4 = 2, 16/8 = 2 Since the sequence has a common ratio, the sequence is geometric. 
(A) 1, 1/2, 1/4, 1/8, ... 

1/2 — 1 # 1/4 — 1/2, so the sequence is not arithmetic. 

(1/2)/1 = 1/2, (1/4)/(1/2) = 1/2, (1/8)/(1/4) = 1/2. Since there is a common ratio, the sequence is geometric. 
(i) 1, 1/3, 1/5, 1/7, ... 

1/3 — 1 # 1/5 — 1/3, so the sequence is not arithmetic. 
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(1/3)/1 # (1/5)/(1/3), so the sequence is not geometric. 

1/1, 1/(1/3), 1/(1/5), 1/1/7) ... = 1, 3,5, 7, ...3 -1=2,5-3=2, 7-5 =2 Since the sequence of the reciprocals 
of the given sequence forms an arithmetic sequence, the original sequence is harmonic. 

1, 14+ ¥2, 142V2, 14+3V2,... 

(1+ J2)-1= V2, (1 + 2V2)-(1 + V2) = V2, (1 + 3V2) — (1 + 2V2) = V2 Since there is a common differ- 
ence, the sequence is arithmetic. 


34.44 Find the requested terms. 

(a) Insert five arithmetic means between (7x — 3y) and (13x + 9y). 

(b) Insert three geometric means between x and y. 

SOLUTION 

(a) Since we want five arithmetic means in addition to the two given terms, (7x — 3y) is the first term and (13x + 9y) 
is the seventh term of the sequence. The nth term formula for an arithmetic sequence is / = a + (n — 1)d where 
lis the nth term, a is the first term, n is the number of terms, and d is the common difference between terms. 
l= 13x+ 9y, a=7x+3y,n=7, d= So we substitute into the nth term formula and solve for d. 
13x + 9y = 7x -3y+(7- 1)d 
6x + 12y = 6d 
x+2y=d 
We add this value for d to the first term to get the second, add d to the second term to get the third term and so on. 
2nd term = (7x — 3y) + (x + 2y) = 8x —y, 3rd term = (8x — y) + (v+ 2y) = 9x + y, 4th term = (9x + y) + 
(x + 2y) = 10x + 3y, 5th term = (10x + 3y) + (x + 2y) = 11x + 5y, 6th term = (11x + 5y) + (v+ 2y) = 
12x + 7y, 7th term = (12x + 7y) + (x + 2y) = 13x + 9y, which is our given last term. 
The five arithmetic means between (7x — 3y) and (13x + 9y) are 8x — y, 9x + y, 10x + 3y, 11x+5y, and 12x + 7y. 

(b) Since we want to insert three geometric means between x and y there will be five terms in the sequence. The 
first term is x and the fifth term is y. The nth term formula for a geometric sequence is 
1=ar" | where / is the nth term, a is the first term, r is the common ratio, and n is the number of terms. 
l=y,a=x,r=?,n=5 So we need to substitute into the formula and solve for r. 
l=ar""'! 
y= xr! 
y=xr 
ylx =r" 
+4/Q/x) =r 
Ay) _ 

x 
Using the positive value first, the second term is x(lary) /x) = 4](x*y). The third term is 
KCAL G8 y) bd =H] 08y 1] 2 = Ley) x = G9). The fourth term is [JGy) IL Gey) xe] = 
LG? y I/F y) x] = e899) x] = bea y") x] = 4[Gy*). The fifth term is [4/Oy)IE/G8y) a1 = 
Klay) /x]=(xy)/x = y. Using the negative value we get the same results but the opposite signs for the second 
and fourth terms. 
The three geometric means are aly) ; JGy) F aly) or oe y) ; VGy) : —4ay’) ; 
CHAPTER 23 


34.45 Simplify each expression using the laws of logarithms. 
(a) log,, 81 — log, 27 (b) log,, 125 + log, 25 — log,,,5 (c) log, (1/3) — log, (1/27) + log, 9 
(d) log (25/4) + log (36/50) — log (3/4) 
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SOLUTION 
We will change from the logarithmic form of the expression to its exponential form and then use the laws of 
exponents. Recall that if two powers of the same base are equal, then the exponents are equal. 


(a) log,, 81 — log, 27 
Let a= log,, 81, so 27 = 81. (3°)°=3*4, 3%=34, 3a=4, a=4/3 
Let b=loy, 27,803 =27,. 2° =3), b=3 
log,, 81 — log, 27 =a—b=4/3 —3 = 4/3 — 9/3 =—5/3 
Therefore, log,, 81 — log, 27 =—5/3. 
(b) log,, 125 + log, 25 — log,,, 5 
Leta slop, 125,00 29= 125, Gy as, 3° = 5", tas 3 as 32 
Let b=log; 25,00 5"=25, 5°=5°, b=2 
Lete=tog... 3.801255. ) =o, 3° =5, Seal, C= 10 
log,, 125 + log, 25 — log,,, 5 =a+b—c=3/2+2-— 1/3 =9/6 + 12/6 — 2/6 = 19/6 
Therefore, log,, 125 + log, 25 — log,,, 5 = 19/6. 
(c) log, (1/3) — log, (1/27) + log,, 9 
Let a = log, (1/3), so 3°= 1/3. 3°= 37, a=-l 
Let b = log, (1/27), 80 9°= 1/27. (3°) =3%, 3% =3%, 2b=-3, b=-3/2 
Letcalog, 9 0027 =o. Gy'=s, 32%=9, 3c=2, c= 2/5 
log, (1/3) — log, (1/27) + log,, 9=a—b+c=—1 — (-3/2) + 2/3 =—-1 + 3/2 + 2/3 =—6/6 + 9/6 + 4/6 = 7/6 
Therefore, log, (1/3) — log, (1/27) + log,, 9 = 7/6. 
(d) log (25/4) + log (36/50) — log (3/4) 
log (25/4) + log (36/50) — log (3/4) = log [(25/4) x (36/50) + (3/4)] 
= log [(25/4) x (36/50) x (4/3)] 
= log [3600/600] 
= log 6 
Therefore, log (25/4) + log (36/50) — log (3/4) = log 6. 


34.46 Solve forx. a,b,c are nonzero constants. 
(a) e _ e* (b) at! _ b/c"! (c) a“ + 8a~* = 6a** (d) a +4 a“ _ 6a** _ 6a** 


SOLUTION 
ia fae 
log e' = log e* 
x(log e) = —x(log e) 
x=-x 
2x=0 
x=0 
(b) a =Ryco! 
log(a**') = log(b“/c*~') 
(x + 1)(log a) = log(b*) — log(c*~') 
(x + 1)dog a) = 2x(log b) — (x — 1)dog c) 
x(log a) + log a = 2x(log b) — x(log c) + log c 


x(log a) — 2x(log b) + x(log c) = log c— log a 
x[log a — 2(log b) + log c] = log c—loga 
x = [log c — log b]/[log a — 2(log b) + log c] 
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(c) d® + 8a" = 6a* 
a” 4 8a" _ 6a™* = 0 
a — 6a" + 8a" =0 
a’'[a* — 6a" + 8] =0 
a*=0 or a*—6a'+8=0 
a*=0 or (a’—4)(a'—2)=0 
a*=0 or (a@-4)=0 or (a°-2)=0 


2 . . . 
a =0 no solution, since no power of a nonzero number is zero. 


a—4=0 or a —-2=0 
a=4 or a=2 
log a =log 4 or log a‘ = log 2 
x(log a) = log 4 or x(log a) = log 2 
x = (log 4)/(log a) or x = (log 2)/(log a) 


The solutions are x = (log 4)/(log a) or x = (log 2)/(log a). 
(d) a* +a" = 6a" —6a™ 

a’ —5a" + 6a" =0 

a*(a* — 5a‘ +6)=0 

a* =Oora™ —5a'+6=0 

a* =0 or (a — 3)(a° — 2) =0 


3) ‘ 5 ‘ 
a =0 no solution, since no power of a nonzero number is zero. 


a’ -—3=0 or a@-2=0 
a=3 or a=2 
log a‘ = log 3 or log a’ = log 2 
x(log a) = log 3 or x(log a) = log 2 
x = (log 3)/log a) or x = (log 2)/(log a) 


The solutions are x = (log 3)/(log a) or x = (log 2)/(log a). 


CHAPTER 24 


34.47 A family borrowed $6000 to repair their home, agreeing to pay $50 monthly until the principal and 


34.48 


interest at 6% is paid. Find the number of full payments required. 


SOLUTION 
Let x = the number of monthly payments required to pay off the loan. 


A=P+Prt P =the amount loaned, r = the rate per unit of time, ¢ = the number of time units 
A =the amount paid 


50x = 6000 + (6000)(0.06/12)(x) 
50x = 6000 + 30x 
20x = 6000 
x = 300 
It would require 300 monthly payments to pay off the loan at $50 per month. 


What is the present value of an annual pension of $1200 at 4% if the pension is to run 18 years and the 
present value, V, is found by the formula V = (A/r)[1 — 1/11 +.7)"). 


SOLUTION 
V=(A/r)[1- 1/0 +)" 
V = (1200/0.04)[1 — 1/(1 + 0.04)'*] 
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V = (30,000)[1 — 1/(1.04)'*] 
V=15191.15637 


The present value of the pension is $15,191.16. 


CHAPTER 25 


34.49 


34.50 


From an alphabet containing 21 consonants and 5 vowels, six-letter words are to be formed. How many 
of the words will contain 4 consonants and 2 vowels with no letters repeated? 


SOLUTION 
First we must select 4 consonants and 2 vowels to get the groups of 6 letters. Then since words have their letters 
in a specific order, we need to count the ordering for each group of 6 letters. 

The number of ways to select 4 consonants from the 21 consonants is the number of combinations of selecting 
4 objects from 21 objects, C(21, 4). 

The number of ways to select 2 vowels from the 5 vowels is the number of combinations of selecting 2 objects 
from 5 objects, C(5, 2). 

The number of ways 6 letters can be ordered to form six letter words is the number of permutations of selected 
6 from 6 objects, P(6, 6). 

Thus, the number of six-letter words that can be formed having 4 consonants and 2 vowels is 


C(21, 4) x C(5, 2) x P(6, 6) = 5985 x 10 x 720 = 43,092,000. 


In how many ways can a committee of 5 senators be appointed from the U.S. Senate, if the majority 
leader is always a member of the committee? 


SOLUTION 

There are 100 senators in the US Senate. Since the majority leader is on every committee, we are actually choosing 
4 people from a group of 99 people. The order of selection is not important, so we want to find the combinations 
for selecting 4 objects from a group of 99 objects, C(99, 4). 


C(99, 4) = 3,764,376 


There are 3,764,376 possible committees with the majority leader and four other senators. 
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34.52 


Write the term which contains x° in the expansion of (x? + 1/x)’”. 


SOLUTION 

The rth term formula for (a + b)" is rth term = C(n, n— 1)a"~"*'b"7!. 

At first we are only interested in the variable part with a = x, b=1/x,n= 10, r=?. 
Qey""* \d/xy""! = wyot? tayo! = (eo ~"(x)! 72 cs (x)?-7"(x)! 7 es rt l-r = or 
Now we set =x” 
nents are equal. 
5=23-3r 
3r+5=23 

3r= 18 

r=6 

Thus we need to find the sixth term of (x° + 1/x)’°. 

The sixth term is C(6, 5) - (x°)°: (I/x)? = 252(x")x? = 2522". 


and solve for r, using the fact that when two powers of the same base are equal the expo- 


Expand the binomial (x/2 + 2/x’)’. 


SOLUTION 


(x/2. + 2Ix)> = (x/2)° + C(5, 1) « (X12) « (2/2)! + COS, 2) + (X29 + (242)? + C(5, 3) (X29? + (2h2)3 + 
C(5, 4) - (x/2)' - (2h°)* + (2be)° 
= x°132 + 5(x°/16)(2/x°) + 10(a°/8)(4/x°) + 10(°/4)(8/x°) + 5(x/2)(16/x°) + 32/x"° 
(x/2 + 2°)? = °/32 + 5x°7/8 + 5/x + 20/x* + 40/x7 + 32/x'° 
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CHAPTER 27 


34.53 A man has in his pocket 3 pennies, 2 nickels, and a dime. If he draws two coins from his pocket at random, 
what is the probability that the amount drawn exceeds 6 cents? 


SOLUTION 

To total more than 6 cents, he must select a penny and a dime, a nickel and a dime, or two nickels. 
The ways to select a dime and a penny is C(1, 1) - C(3, 1) = 1(3) =3 ways. 

The ways to select a dime and a nickel is C(1, 1) - C(2, 1) = 1(2) = 2 ways. 

The ways to select two nickels is C(2, 2) = 1 way. 

Thus, there are (3 + 2 + 1) = 6 ways for the value of the two coins to exceed six cents. 

The ways to select 2 coins from 6 coins is C(6, 2) = 15 ways. 

The probability that the value of the coins selected exceeds six cents is 6/15 = 2/5. 


The probability that the man will select two coins whose value exceeds six cents is 2/5 or 40%. 


34.54 A club has a lottery which offers two prizes. Twenty tickets are sold. If one person bought 4 of the 
tickets, what is the probability that they will win at least one prize? 
SOLUTION 
The tickets the person bought may contain 2 winners and 2 losers, 1 winner and 3 losers, or 4 losers. 
The ways the tickets can contain 2 winners and 2 losers is C(2, 2) - C(18, 2) = 1(153) = 153 ways. 
The ways the tickets can contain 1 winner and 3 losers is C(2,1) - C(18, 3) = 2(816) = 1632 ways. 
Thus, the ways the 4 tickets can have at least 1 winner is 153 + 1632 = 1785 ways. 
The total ways of drawing 4 tickets out 20 is C(20, 4) = 4845 ways. 
Therefore, the probability of winning at least one prize with 4 tickets is 1785/4845 = 7/19 or about 37%. 


CHAPTER 28 


34.55 Solve each system of equations using determinants. Write the solutions in form (x, y, z). 


(a) 3x+y=14-z (b) xt+y=13+42z 
x+z=1+2y x+7=3y 
x+ty=15-2z x+4z=—-14 
SOLUTION 
(a) 3xt+y=14-z 3x+ y+z=14 3 11 
x+z=1+2y x -2y+z=1 D=\1 —2 1|=-13 
x+y=15-2z x+y+2z=15 1 12 
14 1 1 3 14 1 3 1 14 
D.=| 1 -2 1/=-26 D,=)1 1 1)=-39 D,=)1 2 1/=-65 
15 1 2 1 15 2 1 1 15 


x= D/D=—26/(-13) = 2, y=D,/D = -39/(-13) = 3, z=DJ/D=—-65/(-13) =5 
Thus, the solution (x, y, z) of the system is (2, 3, 5). 


(b) x+y=1342z x+y-—2z=13 1 1 -2 
x+7=3y x—3y+0z¢=-7 De) a a, Dee 
x+4z=-14 x+Oy+ 14z=-14 so 4 
130 #1 -2 1 13-2 1 1 13 

D.= 7 3 O0/=-44 D,=|1 -7 0|=-66 D,=|1 -3 -7|=-88 
-14 0 4 1-14 4 1 O -14 

x=D /D =—44/(-22) =2, y= D,/D =-66K(-22) = 3, z=D_/D =88/(-22) =-4 


The solution (x, y, z) for the system is (2, 3, —4). 
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34.56 Find the solution for each system of equations using determinants. 


(a) xt+y+z=6 (b) 2x+ 3y=7 
2x + 3y + 4z= 16 x+5y=9 
8x + 5y= 17 
SOLUTION 
(a) x+y+z=6 


(b) 


2x + 3y+4z= 16 


In this system, we have more variables than equations, so we consider one variable as a free variable and 
determine a solution for the other two variables in terms of the third variable. We can choose any of the vari- 
ables, say z, to be the free variable. We treat the free variable as a constant in solving the system, so we use 
our solution methods for systems of two equations in two variables. 


x+y=6-Zz = 
a) 2d Beg be 2 aaa soe 
d44 Ay = 16 =4¢ 23 «| 16-42 3 
aft 89% | 1642-12422 = 4-22 ie a eee bs 
| th ade y=D,/D = (4-221 =4-2c 


The solution of the system is (x, y, z) = (2 + z, 4 — 2z, z) where z is any real number. 

Sample values in the solution are found by making a choice for z and finding the specific point. 
Z=-2 yields (2 + (-2), 4 — 2(-2), —2) = (0, 8, —2) 

z=0 yields (2 + 0, 4 — 2(0), 0) = (2, 4, 0) 

z=5 yields (2+ 5, 4 — 2(5), 5) =(7, -6, 5) 


Note: The number of free variables we use in the solution is based on having the same number of non-free 
variables as the number of given equations. 


2x+ 3y=7 
x+5y=9 
8x +5y=17 


In the system, we have more equations than variables, so we select a subset of the given equations that has the 
same number of equations as we have variables, and we solve that system of equations. We use the solution 
of that system, if any, to substitute into each of the remaining equations. If that solution satisfies each of the 
remaining equations, then the system has a solution; otherwise the system has no solution. 


Choosing the first two equations 2x + 3y = 7 and x + Sy = 9 and then solving this system, 


7 3 
9 5 


2 
1 9 


D= =7, D= 


x 


= 8, D= 


y 


=11 
15 


- 


x= D,/D = 8/7, y=D/D= 11/7, We get (x, y) = (8/7, 11/7) as our trial solution. 
We now substitute our trial solution into the remaining equation 8x + 5y = 17. to see if the trial solution is a 


solution for the system or if there is no solution for the system. 


8x + Sy = 8(8/7) + 5(11/7) = 64/7 + 55/7 = 119/7 = 17, which is the value in the equation. The trial solution 
satisfies the remaining equation. 


Since (x, y) = (8/7, 11/7) satisfies each equation in the given system, it is the solution for the system. 


Note: If D = 0 when you use the reduced number equations, you need to determine if the equations are 
dependent or inconsistent. If they are inconsistent, then the system has no solution. If they are dependent then 
eliminate one of the equations from the system and find the solution for this set of equations. Any solution for 
this set of equations is a solution for the original system of equations. 
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CHAPTER 29 


34.57 Determine if the system of equations has a solution other than (0, 0, 0) for 3x + y+ 9z=0, x -y-—z=0, 


34.58 


and 2x — 3y — 5z=0. Use matrices to solve the system. 


SOLUTION 

3x+y+9z=0 

x-y-z=0 

2x — 3y —5z=0 

We will transform the system to one where we treat z as a free variable and solve the system for x and y in 
terms of z. 


3x+y=-9z 
X-Y=Z 
2x — 3y = 5z 


We now select any two of these three equations and solve that system and then verify that the solution satisfies 
the third equation also. 


3x+y=-9z 
X-y=Z 


acl? 1 
1-1] 1 
Zot Re leaps = = = 
3 IS] Brat tt psp) Al Ul Galt Alte gelt ob 
1-1/1} R&|3 1|-9 0 4 |-12 0 1 |-3 0 113 


x =-2z, y= -3z. Verifying that they satisfy the third equation, 2x — 5y = 2(—2z) — 3(—3z) = -4z + 9z = 5z. 


So the solution (x, y, z) = (—2z, —3z, z) where z is any real number is a solution of the given system of equations. 


Determine if the system of equations has any solutions other than (0, 0, 0) for 3x + 2y + 3z = 0, 
5x —y+2z=0, and 6x + y— 3z=0. Use matrices to solve the system. 


SOLUTION 

3x+2y+3z= 

5x-y+2z=0 

6x+y-—3z=0 

Let z be a free variable and transform the equations. 
3x + 2y =—3z 

5x-y=-2z 

6x+y = 3z 


Solving 3x + 2y = —3z and 5x — y = —2z in terms of z. 


asl? 23 |aprlt 23] seft 28 Lanse 281-1], 
5 -1 |-2 5 -1 |-2 0 -13/3 | 3 10 1 |-9/13 


1 0 |-7/13 


x = (-7/13)z, y = (-9/13)z 
0 1 |-9/13 


R, -(2/3)R, 
We need to verify x = (—7/13)z and y = (—9/13)z in 6x + y = 3z. 
6x + y = 6[(—7/13)z] + [(—9/13)z] = (—42/13)z + (-9/13)z = (-51/13)z # 3z 


Thus, x = (—7/13)z and y = (—9/13)z does not satisfy the third equation and ([—7/13]z, [-9/13]z, z) is not a solution 
of the given system of equations. The only solution of the system is (0, 0, 0). 
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CHAPTER 30 
34.59 Prove by mathematical induction that 3” — | is divisible by 8 for all natural numbers n. 
SOLUTION 
Step 1. Forn= 1,3? —1=3?-1=9-1=8 and 8 is divisible by 8. 
So 3” —1 is divisible by 8 is true when n = 1. 
Step 2. Assume the statement is true for n = k. So 3“ — 1 is divisible by 8 is assumed true. 
Therefore, 3“ — 1 = 8m where m is an integer. 
3°(3% — 1) = 3°(8m) 
3°(3") — 3°(1) = 9(8m) 
a+? _9=72m 
3%**_ 1-8 =72m 
37+) _ 1 =72m+8 
3°**) _ 1 = 8(9m + 1), Since m is an integer, 9m + | is also an integer. 
Thus, 3°“*” — 1 is divisible by 8. 
Therefore, when 3” — 1 is divisible 8 so is 3°** — 1. 
Step 3. Since the statement, 3°” — 1 is divisible by 8, is trae when n = | and whenever 3”” — | is divisible 
by 8 is true for n = k it is also true for n = k +1, 3°” — 1 is divisible by 8 is true for all natural numbers. 
Note: The set of natural numbers is the same as the set of positive integers and the names can be used interchangeably. 
34.60 Prove by mathematical induction that 1-2+2-3+3-4+---+n(n+ 1) =(n/3)(n + 1)(n + 2) where n is 
a natural number. 
SOLUTION 
Step 1. For n = 1, the first term is 1-2 = 2 and (n/3)(n + 1)(n + 2) = (1/3). + DC 4+ 2) = (1/3)(2)(3) = 2. 
Thus, the statement is true for n = 1. 
Step 2. Assume the statement is true for n = k, that is, assume that 1-2+2-34+3-4+-+--+k(kK+1)= 
(k/3)(k + 1)(k + 2) is true. 
The (k + 1)th term is (k + I(A+ 1) + I =(k+ IK +2). 
1-24+2-343-44+---+k(K+1) + (K+ 1I)(K+ 2) = (K/3)(K + IK + 2) + (K+ DK + 2) 
1-24+2-343-44+---+k(kK+ 1) + (K+ I(K+2)= (K+ IK + 2)[(K/3) + 1] 
1-24+2-343-44+---+k(k+ 1) + (K+ I(K+2)=(k+ (kK + 2)[(K/3) + (3/3)] 
1-24+2-343-44+---+k(k+ 1) 4+ (k4+ I(K+2)= (K+ IK + 2)[(K + 3/3] 
1-24+2-343-44+---+k(kK+1)+(k4+ I(K+2) = [K+ 1/3](k + 2)(k + 3) 
1-24+2-343-44+--4+k(k+1)+(k+ DUIK+ 1) 4+ 1) =[(K+ DBI[K+ 1) + K+ 1) + 2] 
Thus whenever the statement is true for n = k, it is true forn =k + 1. 
Step 3. Since the statement, 1-2+2-34+3-4+---+n(n+ 1) =(n/3)(n + 1)(n + 2), is true for n = 1 and whenever 
the statement is true for n = k it is also true for n = k + 1, is it true for all natural numbers. 
CHAPTER 31 


34.61 Resolve (2x° — 6x — 2)/(x* — 4x + 3) into partial fractions. 


SOLUTION 


Since the degree of the numerator is not less than the degree of the denominator, we need to divide before we can 
use our decomposition procedure. 
(2x° — 6x — 2)(x° — 4x + 3) = 2 + (2x — 8)/(x" — 4x + 3) from polynomial division as shown on page 15. 
We use our decomposition procedure on the the remainder (2x — 8)/(x* — 4x + 3) and later add this to 2. 
(2x — 8/0? — 4x + 3) = (2x — 8)/[(x — 3)(x- 1)] 
= Al(x — 3) + B(x — 1) 
= [AQ -1) + Ba 2)V[@— 3) - 1D] 


Thus, 2x — 8 = A(x — 1) + B(x — 3) 
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We need to solve for 2 variables and we see that 1 and 3 will make factors zero, we will use these two substitutions 
to get the equations to solve for A and B. 


Let x= 1, 2(1)- 8 =A(1 — 1) + B( - 3) 
—6 = A(0) + B(-2) 
-6=-2B 
3=B 
Let x = 3, 2(3) — 8 =A(3 — 1) + BG -3) 
—2 = A(2) + B(O) 
—2=2A 
-1=A 
Thus, (2x — 8)/(x — 4x + 3) = -I/(x — 3) + 3/(x-1) 
The decomposition of (2x° — 6x — 2)/(x" — 4x + 3) = 2 — I(x — 3) + 3/(x-1). 


34.62 Resolve (3x° — 12x° + 9x — 21)/[(x° + 5)(x — 2)’] into partial fractions. 


SOLUTION 

(3x° — 12x" + 9x — 21)/[0? +. 5)(x — 2)°] = (Ax + BY/O? +5) + C(x — 2)? + Di(x — 2) 

(3x° — 12x° + 9x — 21)/[0? + 5)(x — 2)°] = [(Ax + B)(x — 2)? + CQ? +5) + D0? + 5)(x — 2) [QP + 5x - 2)" 
Thus, (3x° — 12x° + 9x — 21) = [(Ax + B(x — 2) + C0? +5) + DO’ +. 5)(x— 2)] 


We need to solve for 4 variables and we see that 2 will make a factor zero, we will use it and three other numbers 
for the four substitutions to get the equations to solve for A, B, C and D. Any numbers can be used, but we use 0, 1 
and —1 to make the other three substitutions. 


Let x = 2, 3(2)° — 12(2)° + 9(2) — 21 = (A(2) + B)(2 — 2)’ + C(2” +5) + D(2’ + 5)(2 — 2) 
24 — 48 + 18 — 21 = (2A + B)\(0) +C(9) + D(9)(0) 
—27=9C 
3=C 
Let x = 0, 3(0)’ — 12(0)° + 9(0) — 21 = (A(O) + B)(O — 2) + C(O” + 5) + D(O” + 5)(0 — 2) 
—21 = B(4) + (—3)(5) + D(S5)(-2) 
—21=4B-15-10D 
—6 =4B-10D 
-3=2B-5D 
Let x = 1, 3(1)° — 12(1)° + 9(1) — 21 = (AQ) + Bd — 2) + C(1° +5) + D1? +5) — 2) 
21 =(A + B)(-1)° + (-3)(6) + D(6)(-1) 
-21=A+B-18-6D 
—3=A+B-6D 
Let x =—1, 3(-1)* — 12(-1)’ + 9-1) — 21 = (AC-1) + B\(-1 — 2)’ + C((-1)° +5) + D((-1)’ + 5)((-1) — 2)] 
—45 = (—A + B)(9) + (-3)(6) + D(6)(-3) 
45=-9A + 9B-18-18D 
-27 =-9A + 9B — 18D 
—3=-A+B-2D 
Now we have a system of three equations to solve for A, B, and D, 
2B-5D=-3 equation | 
A+B-6D=-3 equation 2 
-A+B-—2D=-3 equation 3 
We eliminate A in equations 2 and 3. 
A+B-6D=-3 
-A+B-2D=-3 
2B —8D=-6 equation 4 
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Now we solve equations | and 4 for B and D. 


(-1):(2B - 5D =-3) 2B +5D=3 2B -5D=-3 
2B -8D =-6 2B -5(1)=-3 

3D =-3 2B=2 

D=1 B=1 


Using equation 2, B= 1, and D= 1, we getA + 1 —6(1) =—3 andA =2. 

We now have A = 2, B= 1, C=-3, and D=1. 

(3x° — 12x° + 9x — 21)/[0? +. 5)(x — 2)°] = (Ax + B/G? +5) + C(x — 2)? + Di(x — 2) 
(3x° — 12x° + 9x — 21)/[0? +. 5)(x — 2)°] = (2x + D/O? +5) — 3/(x — 2)? + 1x — 2) 


The decomposition of (3x° — 12x° + 9x — 21)/[Q? + 5)(x — 2)°] = (2x + I/? +5) — 3/(x — 2)° + W(x — 2). 


CHAPTER 32 


34.63 


34.64 


Use the iteration method to find the smallest positive real zero of P(x) = x’ — 9x + 5 to the nearest 
hundredth. 


SOLUTION 
P(x) =x? - 9x45 


P(O) =5, PUL) = 1 -9 +5 =-3 Since P(O) and P(1) have opposite signs, the smallest positive real zero of P(x) is 
between 0 and 1. 


x -—9x+5=0 

x — 9x =—5 

x(x’ — 9) =-5 

x=—-5/(x" —9) 

The iteration function we will use is g(x) =—5/(x° — 9). 
Let x, =0 g(0) = —5/(0" — 9) = 0.556 

Let x, =0.556 9(0.556) = —5/([0.556]” — 9) = 0.575 
Let x, =0.575  9(0.575) = —S/([0.575]° — 9) = 0.577 


Since 0.575 rounds to 0.58 and 0.577 round to 0.58, to the nearest hundredth the smallest positive real zero of 
P(x) =x° — 9x +5 is 0.58. 


Use the bisection method to find the smallest positive real zero of P(x) = x? — 6x" + 5x — 3 to the nearest 
hundredth. 


SOLUTION 

P(x) =x -62° +5x-3 

P(0) = 0° - 6(0) + 5(0) - 3 =-3, P(1)= 1°-6(1) +5(1)-3=-3, P(2) =2° - 6(2)° + 5(2) -3 =-9, 
P(3)=3° - 63) +5(G)-3=-15, P(4)=4’ - 6(4) + 5(4) - 3 =-15, P(S) =5° - 6(5) + 5(5) -3 =-3, 


P(6) = 6 — 6(6)° + 5(6) — 3 = 27 Since P(5) and P(6) have opposite signs, there is a zero between 5 and 6. The 
zero interval is (5, 6). 

The midpoint of the interval is M = (5 + 6)/2 = 5.5. If P(5.5) is negative we would replace the 5 in the zero 
interval since P(5) is negative, and if P(5.5) is positive we would replace the 6 in the zero interval with 5.5 since 
P(6) is positive. 


Zero Interval Midpoint = M PM) 
(5, 6) D:D) 9.375 
(8;/5.5) 5.25 2.578 
(5, 525) 5.125 —0.3574 


(5.125, 5.250) 5.188 1. 085 
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Zero Interval Midpoint = M P(M) 

(5.125, 5.188) 5.156 0.3428 
(5.125, 5.156) 5.141 0.0017 
(5.125, 5.141) 5.133 —0.1784 
(5.133, 5.141) 5.137 —0.0885 


(5.137, 5.141) 


Since both endpoints of the zero interval (5.137, 5.141) round to 5.14 to the nearest hundredth, the smallest posi- 
tive real zero of P(x) =x° — 6x° + 5x —3 is 5.14. 


CHAPTER 33 
34.65 Find the derivative of f(x) = 2x° + x + 6 using the definition of the derivative. 


SOLUTION 

f(x) = 2x +x4+6 

f@ =limh > 0 [f(x +h) —f@)\Vh 
=limh 3 0 {[2a +h) + (x +h) +6] — [2° +x4+ 6] }/h 
=limh > 0 (2x? + 4xh + 2h? +x+h+6-2x —x—-6}/h 
=limh—> 0 {4xh+ 2h? +h}/h 
=limh > 0 {h[4x + 2h + 1]}/h 
=limh—- 0 {4x+ 2h +1} 

f(x) = 4x41 

The derivative of f(x) =2x° +x + 6is f(x) =4x +1. 


34.66 What number exceeds its square by the greatest amount? 


SOLUTION 
Let x be the number. 
fa)=x-x¥ 


We want the maximum value for the function f(x) = x — 2°. 
Since f(x) =—x° + x has a graph that is a parabola opening downward, we want the vertex of the parabola. 
(See Section 17.4) 


Sx) =x +x 
y= tx 
y=" —x) 


y-W/4=-(? —x+ 1/4) 
y-W/4=-(x- 1/2 


So the vertex of the parabola is (1/2, 1/4). 
f(x) =x— has its maximum at x = 1/2. 


Thus, 1/2 is the number that exceeds its square by the greatest amount. 


SUPPLEMENTARY PROBLEMS 


CHAPTER 1 


34.67 Classify each of the following numbers according to the categories: real number, positive integer, nega- 
tive integer, rational number, irrational number, nonreal number. 


~3, 2/3, 6.284, 8, 4/2, (16), 0.444..., V6, -7/8, 51/3, V8, -J7, V49, -V2, 0, m 
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34.68 


34.69 


34.70 


34.71 


Write the sum S, difference D, product P, and quotient Q of each of the following pairs of numbers. 
@)6,3 (7,12 (40 @ V2,5 


Evaluate each expression. 
(a) (9°55? (b) 47442916 = (ec) CS)Y(-29)——— @ «=120°7117- 11 


Evaluate these expressions when x = 4, y=—2,a=0, b= 1/2. 
(a) 2x-3y+4a—b (b) (3x) +2y> — (c) («+ 3y)a 


Arrange each of the following groups of numbers in decreasing order of magnitude. 
(a) 3m, V5, 15/2, 4, V25 (b) —V7, 22, 6, 3.8, 17/5 


CHAPTER 2 


34.72 


34.73 


34.74 


34.75 


34.76 


Perform the indicated additions. 
(a) 1+ Qa)/b + bla (b) x— I/wt+1)4+ 4 IM(x- 1) 


Perform the indicated subtractions. 
(a) 1-3/x-(x+ D/A (b) (x + 2y — 3z) — (3x + 2y — 4z) 
Perform the indicated multiplications. 


(a) (a’bc)(a’b’c*)(abc") (b) (a— b)(a’bc’) 


Perform the indicated divisions. 
(a) GF —2)+(x- 1) (b) (3x° — 2x — 9x + 6) + (3x — 2) 


Perform the indicated operations. 
(a) [(x— 1)/(c + 2)] + [x + 3x + 2) - [(e — 2)? + 3x + 2)] 
() [o- Diy +31 + [0 - 3/9 + D] [0° - y- OO" + 2y - 3)] 


CHAPTER 3 


34.77 
34.78 
34.79 
34.80 
34.81 


Does the set {—1, 0, 1} have the properties of order, density, and completeness? 

Does the set {0, 1} have the properties of order, density, and completeness? 

Does the set of {—1, 0, 1} have the properties of closure, identity, and inverse under subtraction? 
Does the set {—1, 0, 1} have the properties of closure, identity, and inverse under multiplication? 


Does the set {0, —1} have the properties of closure, identity, and inverse under subtraction? 


CHAPTER 4 


34.82 


34.83 


34.84 


34.85 


Find the products. 
(a) 2xy(3x — 2xy + Sy’) (b) a’b’c’(2ab — 3ac + 4bc + 5abc) 


Find the products. 

(a) (ab — 4xy)3ab + 4xy) (b) (x+y—2a-—3b)\(x+ y+ 2a + 3b) 
Find the products. 

(a) (3x — Sy)(5x — 2) (b) (7x — 2y)(3a + 2b) 


Find the products. 
(a) [(2at+(b)- 47 (b) (a+ b + 4c - 2dyY 
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34.86 Find the products. 
(a) @—y)O +x4y4 xy +y' +2y*+y°) (b) (2a + b)(16a* — 8a*b + 4a°b’ — 2ab’ + b*) 
CHAPTER 5 


34.87 Factor these expressions completely. 
(a) 2cd—C -—d ~— (b) 5d’ —5cd— 0c" 


34.88 Factor these expressions completely. 
(a) 6-2 +1 (b) y’ - 2y* +1 
34.89 Factor these expressions completely. 
(a) P—-x'- 4x (b) 121x*- 476x’y" + 100y* 
34.90 Factor these expressions completely. 
(a) x — 2x" — 15 (b) e*-2+e™ 
34.91 Factor these expressions completely. 
(a) c’ — 2187 (b) a'+39+225a~ 
CHAPTER 6 


34.92 Write as a single algebraic fraction that is reduced to lowest terms. 
(a) [(2x — 4)/(9 — x°)] — [3x + 1x — 3)] — [e/(9 — 6x + x°)] 
(b) [x /0e — 2x)] — Ix - [(2 + DG? - 4x + 4] 
34.93 Find the product of these fractions and write the results in lowest terms. 
(a) [al(6c*)] - [(Bay/eP - [2e*V3a")P ——(b) [2a)Kex)P - [Be*x)(4a°)° 
34.94 Find the quotient of these fractions and write the results in lowest terms. 
(a) [(Be’*V2a)P = [Gc W4a")]— (b) [(-2a*e*\(Sx")P + [Ba°c)'/(102°Y'] 
34.95 Combine these fractions into a single fraction reduced to lowest terms. 
(a) ((3a* -75a°)/(3a — 7)] - [6a — (7/a) — 11] + [2 + (S/a*) + (11/a)] 
(b) [1/(mx)] - [n/x) + (xlm)] + [an + 2°)/m*x*)] + [n? = 2° + O4/m’)] - [Cam + mx)/(cx — ax)] 
34.96 Simplify these fractions completely. 
(a) {[(4c + 3a)/Ba)]’ — [(6c)/a}}/{ [Ba + 2c)°/(3a)] — [8c]} 
(b) {L/y"] + [aylay)] + LLP 1V{LG? + yoy) — Y 
CHAPTER 7 
34.97 Simplify each expression. 
(a) @*-y Wty) (b) 4a" -b") 
34.98 Perform the indicated operations. 
(a) (38 — 2x??? (b) (x2 — 3x89 
34.99 Perform the indicated operations. 
(a) (4e a et _ Ay (b) oh) as yr) . x = a 
34.100 Perform the indicated operation. (x* — 2) + (x — 2") 


34.101 Perform the indicated operation. (3x ° — 48a*) + (x + 2a) 
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CHAPTER 8 


34.102 Simplify each of these expressions. 

(a) Y2ssy(b) W- 16-4) ©) OVO) @ SIC125c*)] 
34.103 Simplify each of these expressions. 

(a) YG) =) JBI) VIB -G/2"]— @ a3) LY/a’)) 
34.104 Simplify each of these expressions. 

(a) Qa+ [24a =D] (b) [x 3a)/5]{Y[125/e-3a)"}} ©) YLYBa?x)] 
34.105 Simplify each of these expressions. 

(a) 9/192 — 3(V24)+ 375 (b)_10,/(6/5) — (G10) + 4./05/2) 
34.106 Simplify each of these expressions. 

(a) YlGr— yy] + ya? —2ay + y")]1 + + YLYO-Y)] 

(b) [f2x-1) — V5] [2/(@x-D +J/45] 


CHAPTER 9 
34.107 Simplify each of these expressions. 
(a) (C19 +J/C8) (12) + 2a) 
34.108 Simplify each of these expressions. 
(a) 34+2./(-9) +5-6,/(-81) (b) 5.J(-x’) - 7x -3./(-x’) 
34.109 Simplify each of these expressions. 
(a) [12-6.(-16) ]—[15+ 2./(-36) ] (b) 3a—2x —[2a,/(-a’) —Sa’ J(-4)] 
34.110 Simplify each of these expressions. 
(a) (4—2V3i)(4 + 2,/3i) (b) [4+4/C3)P 


34.111 Simplify each of these expressions. 
(a) 3+[2—(-12)] (b) (3 -—2i) + (5+ 4i) 


CHAPTER 10 


34.112 Solve for x. 
(a) (7x)/3 — 1/6 = (9x)/6 (b) (5+ x)/(x + 6) = 3/4 


34.113 Solve for x. 
(a) (2x + 5)/(10x) — [3(2x + 1)]/(2x) = 16/5 
(b) (5x — 7)/6 — (5/2)[(4 — x)/10] = (15x — 22)/6 


34.114 Solve for x. 
(a) x/[2(a + b)] — 5b — a) = (bx)I(b’ = a’) (b) xla+(x+m)/b= 1 


34.115 Solve forx. (2x — 3b)/a — (2a — 3x)/b + (Qb)/a = (4a)/b — 5 
34.116 Solve forx. 4/(x +4) —3/(x— 5) = [2(x — 14)/Ge — x - 20) 
CHAPTER 11 


34.117 Solve forx. 8:x=12:(10- x) 
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34.118 
34.119 
34.120 
34.121 
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Find the mean proportional between 1.44 and 0.0256. 
Find a third proportional to 15 and 125. 
Find a fourth proportional to 164, 8%, and 62%. 


If x varies directly as y and inversely as z, and x = 10 when y = 4 and z= 9, find x when y = 2 and z=6. 


CHAPTER 12 


34.122 
34.123 
34.124 
34.125 
34.126 


Given y= x° — 2x —4. Find the y values corresponding to x = —3, —2, -1, 0, 1, 2, 3. 
Given f(x) = 2x° — x = 6. Find f(-3), f(-a), and f(a + h). 

Given f(x, y) =x° + 2xy + y’. Find f(3, 0), f(0, 3) and f(-4, 2). 

Given f(x) =x° + 5x — 3. Find f(x + 3), f(x — 5), and f(x + h). 


A manufacturer has in stock a quantity of metal 8 inches by 15 inches, out of which they want to make 
open-top boxes by cutting equal squares out of each corner and folding up the metal to make the sides 
and ends. What must the sides of the square be so as to make a box of the greatest possible volume? 


CHAPTER 13 

34.127 Solve for x. (5/6)x — 4/3 = (3/5)x + 1. 

34.128 Solve for x. (Sx/(x + 3) -3 = 1/4 4+ 3) 

34.129 Solve for b. Alb — 1(b + 3) = (3b + 2)(b’ + 2b — 3) 

34.130 Solve for x. 2-k+5@-1)=3 

34.131 Solve for y. (a—y)(y + b)-—cly +c) =(c-—y)y + c)ab 

CHAPTER 14 

34.132 Determine the equation of the line through the points (—1/2, —1) and (1/2, 1). 


34.133 


Determine the slope, m, and y-intercept, b, of the line 2x — 5y + 3=0. 


34.134 Write the equation of the line through (1, 3) and perpendicular to the line 3x + y-2=0. 
34.135 Write the equation of the line through (—3, 2) and parallel to the line 3x + Sy -— 2 =0. 
34.136 Find a real number c such that the point (—2, 2) is on the line 3x + cy = 4. 

CHAPTER 15 

34.137 Find all solutions (x, y) for the system of equations x + 2y = | and 3x+ 2y= 13. 


34.138 Find all solutions (x, y) for the system of equations 2x + 3y = 21 and 3x — 4y = 23. 

34.139 Find all solutions (x, y) for the system of equations 3x — 4y = 12 and 2x + 5y = 10. 

34.140 Find all solutions (x, y, z) for the system of equations 4x + 2y + 3z=6,x+2y+2z=1,and2x-y+z=-l. 
34.141 Find all solutions (x, y, z) for the system of equations 2x + y+ z=6,x+y—z=l,andx+y+2z=4. 
CHAPTER 16 

34.142 Solve for x. (x + 13)(x+ 5) =-2 


34.143 


Solve for y. 6y’ + lly=10 
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34.144 Solve for x. 30° 4+ 1I)=2 44x41 

34.145 Find all values of k for which the equation 2x* + kx + k= 0 has equal zeros. 

34.146 Find all values of k for which the equation 2x° + (k — 3)x + 3k — 5 = 0 will have the sum of the zeros 
and the product of the zeros equal to each other. 

CHAPTER 17 

34.147 Write the equation of the ellipse 4x° + y’ + 8x — 10y + 13 =0 in standard form and determine the center, 
vertices, foci, and endpoints of the minor axis. 

34.148 Write the equation of the hyperbola 4x° — 9y" + 16x — 54y — 29 = 0 in standard form and determine the 
center, vertices, and foci. 

34.149 Write the equation of the parabola —x° + 2x + y = 0 in standard form and determine the vertex, focus, 
axis, and directrix. 

34.150 Write the equation of the circle 3x° + 3y" — 6x + 12y + 5 =0 in standard form and determine the center 
and radius. 

34.151 Identify each equation as representing a circle, a parabola, an ellipse, a hyperbola, or as none of these. 
(a) 5x’ — 4y’ = 20 (b) x —x+y=1 (c) 3x’ + 4y’ + 8y— 12x-6=0 
(d) 2y-x=0 (ec) x+y +2x-3=0 (f) 2x+y=0 
(g) Y =x +3 (h) x =10-3y (i) 6x+ 12y+5=0 
(ji) y+2x-x +y'=0 (k) 9x° + 8y’ = 36 () 2y'+y=3x -6x+9 

CHAPTER 18 

34.152 Find all points (x, y) that satisfy the system of equations 4x + y =—3 and -x° + y= 1. 

34.153 Find all points (x, y) that satisfy the system of equations x’ + y’ = 25 and x°-y=5. 

34.154 Find all points (x, y) that satisfy the system of equations x° + 2y" = 34 and x°—y’ =7. 

34.155 Find all points (x, y) that satisfy the system of equations x° — xy + 5x = 4 and 2x° — 3xy + 10x =-2. 

34.156 Find all points (x, y) that satisfy the system of equations x + y+ 2x =9 andx’ + 4y’ + 3x= 14. 

CHAPTER 19 

34.157 Solve for x. l4x—11<9 

34.158 Solve for x. Ix-—4|22 

34.159 Solve for x. 3/Ix+ 1121 

34.160 Find the solution for x. x >2x+7 

34.161 Find the solution for x. x +1<—-4x 

CHAPTER 20 

34.162 Find all the zeros of P(x) = x° — 9x° + 25x- 17. 

34.163 Find all the zeros of P(x) = x° — 5x° + 7x + 13. 

34.164 Find all the zeros of P(x) =x° — 5x* + 2x° + 22x° — 20x. 

34.165 Find all the zeros of P(x) = 2x° — 8x° + 7x — 3. 

34.166 Find all the zeros of P(x) =x° — 2x*— 5x° + 8x° + 2x -4. 
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CHAPTER 21 

34.167 Find the zeros, vertical asymptotes, horizontal asymptotes, and holes for R(x) = (° — 2)/(x° + x — 2). 
34.168 Find the zeros, vertical asymptotes, horizontal asymptotes, and holes for R(x) = (x° — 36)/(x° + 5x — 6). 
34.169 Find the zeros, vertical asymptotes, horizontal asymptotes, and holes for R(x) = 1/(x° — 2x). 

34.170 Find the zeros, vertical asymptotes, horizontal asymptotes, and holes for R(x) =x°/(x — 4). 

34.171 Find the zeros, vertical asymptotes, horizontal asymptotes, and holes for R(x) = x/(x’ + 1). 
CHAPTER 22 


34.172 Write the general term, a, where n = | for each sequence. 


n? 


(a) 1,4, 7, 10, ... (b) 7,9, 11, 13, ... (c) 1/2, 1/3, 1/4, 1/5, ... 
(d) 2/3, 3/4, 4/5, 5/6, ... (e) 2, -2, 2, -2, ... (f) -3, 6, -9, 12, ... 
(g) 1/2, 3/4, 9/8, 27/16, ... (h) —1/2, 1/4, -1/8, 1/16, ... 
34.173 Determine if each sequence is arithmetic, geometric, harmonic, or none of these. 
(a) —20, —13, -6, ... (b) 2/5, 2/7, 2/9, ... (c) 2, 10, 50, ... 
(d) —162, — 54, -18, ... (e) 8, 10, 12, ... (f) 0.6, 0.2, —0.2, ... 
(g) 2, 6/5, 18/25, ... (h) 1/2, 3/5, 3/4, ... 


34.174 Find the sum of all the integers between 46 and 100 that are divisible by 3. 


34.175 A colony of bacteria doubles in number each day. If there are 1000 bacteria on day 1, how many bac- 
teria will there be on day 7? 


34.176 Ifa, b, c, d, ... is a geometric sequence with a common ratio of r, is a,b,c, da, a geometric 
sequence? If it is a geometric sequence, what is the common ratio? 


CHAPTER 23 

34.177 Solve the equation for x. log? —6x+ 10)=1 
34.178 Solve the equation for x. log,,[3/d=x)] =1/3 
34.179 Solve the equation for x. log (° +5x+7)=0 


34.180 Evaluate each expression. 


(a) Ine’ (b) e™ (c) In(1/e’) 
34.181 Evaluate each expression. 

(a) log,(log; 5) (b) log,(og, 81) (c) log,[log,(log, 8)] 
CHAPTER 24 


34.182 Solve each equation for x. 
(a) #= 3°" (b) 8 =4 (oy 25° =125 


34.183 Solve each equation for x rounded to the nearest hundredth. 
Gap =17 by a tage" 
34.184 Solve the equation for x rounded to the nearest hundredth. 


3*— 813°] =2 
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34.185 Solve the equation for x. log(x’ — 6x + 9) =0 

34.186 Solve the equation for x. In(2x — 3) — In(@v+ 5) =0 

CHAPTER 25 

34.187 Social Security numbers in the United States have the format of NNN — NN — NNNN where each N is 
one of the digits 0 through 9. If there are no additional instruction on forming the numbers, how many 
Social Security numbers can be issued? 

34.188 At Maggie’s Marvelous Pizzas, the available toppings are pepperoni, onions, mushrooms, green pep- 
pers, olives, pineapple, mozzarella, and anchovies. Maggie’s sells the Fancy Pizza, which allows the 
customer to choose any five toppings for their Fancy Pizza. How many different Fancy Pizzas can be 
ordered? 

34.189 A charity has 11 letters that they use to request a donation to the charity. Each month they select 4 let- 
ters to use that month. How many different sets of letters can they use? 

34.190 A politician wants her constituents to rank 7 issues in order of importance to them. Replies are put into 
folders, and two replies are put into the same folder when they give the same ranking to each of the 
7 issues. What is the maximum number of folders that might be needed? 

34.191 In how many ways can the nine justices of the U.S. Supreme Court reach a majority decision? 

CHAPTER 26 

34.192 Write the expansion of (2 — x/2)’. 

34.193 Write the expansion of (x + y’)’. 

34.194 Write the expansion of (3y — x)°. 

34.195 Write the term containing y’ in the expansion of (5x — 2y)"’. 

34.196 Write the middle term in the expansion of (x —2/x’)’°. 

CHAPTER 27 

34.197 Brandi has applied for funding to attend a conference. She knows that her name, along with the names 
of the other nine candidates, was put into a box from which two names will be drawn. What is the 
probability that Brandi’s name will be selected? 

34.198 If the probability that Tony will like his blind date is 0.3, what is the probability he will not like his 
blind date? 

34.199 A lottery requires a winner to correctly select 6 numbers out of 50 numbers. What is the probability of 
selecting all 6 winning numbers? 

34.200 What is the probability that a card selected at random from a standard deck of 52 playing cards will be 
a7ora9? 

34.201 What is the probability of getting a sum of 8 when a pair of dice is rolled? 

CHAPTER 28 

34.202 Evaluate the determinant. 


2 3 4 
12 2 
3 4 -1 
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34.203 


34.204 


34.205 


34.206 


CHAPTER 34 


Use Cramer’s Rule to solve this system of equations. 
Ix+ty+z—1=0 

5x +3z-2y=4 

4x—z+3y=0 

Use Cramer’s Rule to solve this system of equations. 
3x+2y+z=4 

4x+3y+z=5 


Sx+y+z=9 


Evaluate the determinant. 


=3.- 1.2 3 
0 -—2 4 7 
=o 3°95 2 
2 4 3 -12 


Use Cramer’s Rule to solve the system of equations. 
6/(x+ 1) + 4/y—- 1) =7 
8/(x + 1) + 5/Qy- 1) =9 


CHAPTER 29 


34.207 


34.208 


34.209 


34.210 


34.211 


Find the inverse, if it exits, for the matrix A. 
1 2 3 

A=|2 5 7 
246 

Find the inverse, if it exists, for matrix A. 


11 
A=| 0 3 
2 3 


Wwe © 


Use matrices to solve the system of equations. 
x+y=4 

3y+z=7 

2x + 3y+3z=21 


Use matrices to solve the system of equations. 
9x + Ty +4z=47 

6x + Sy + 4z = 30 

4x + 3y+z=22 


Use matrices to solve the system of equations. 
x + 2y+5z=-4 

2x + 3y + 8z=-6 

2x —2y—4z=5 
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CHAPTER 30 

34.212 Use mathematical induction to prove 2” > n is true for all natural numbers n. 

34.213 Use mathematical induction to prove n <n’ is true for all natural numbers n. 

34.214 Use mathematical induction to prove 3 is a factor of n(n + 1)(n — 1) for all natural numbers n. 


34.215 Use mathematical induction to prove that 5 + 25 + 125 + --- + 5" =[5(5" —1)]/4 for all natural numbers n. 


34.216 Use mathematical induction to prove n(n + 2) < (n+ 1)’ is true for all natural numbers n. 


CHAPTER 31 
Find the partial fraction decomposition for each rational fraction. 


34.217 (10x — 4)/(x° — 4x) 

34.218 (x + 4)/[(x + 3)(x- 1)"] 

34.219 (3x°-— 8x4 IV/[(x-D + DI 

34.220 (2x*— 2° + 13x° — 2x + 13)/[(x-— DQ? + 4)] 

34.221 (2x° + 3x)/[(° + DQ? + 2)] 

CHAPTER 32 

34,222 Find, to the nearest tenth, the real zero between —1 and 0 by the iteration method for P(x) = x’ + 5x +3. 
34.223 Find, to the nearest tenth, the real zero between 0 and 1 by the iteration method for P(x) = et+3xr4x-1. 
34.224 Find, to the nearest tenth, the real zero between | and 2 by the bisection method for P(x) = x° —x° — 1. 
34,225 Find, to the nearest tenth, the real zero between 0 and 1 by the bisection method for P(x) = 3x° —x° + 9x — 3. 


34.226 Find, to the nearest tenth, the real zero between —2 and —1 by the approximation method for P(x) = 
3x? + 2x7 + Sx +7. 


CHAPTER 33 

34.227 Is the function f(x) = Vi9-x7] continuous at x = 1? 

34.228 Find the limit of f(x) = (x° + 5x° + 2x — 8)/(x* — x” — 4x + 4) when x approaches 1. 
34.229 Find the limit of the series 1 + 1/2*+ 1/3*+ --- + 1/n* + --- to the nearest hundredth. 
34.230 Find the derivative of f(x) = x’ + 2x° — 5x + 6 using the definition of the derivative. 


34.231 Find the derivative of f(x) =—7x°* — (2/3)x° using the definition of the derivative. 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 


CHAPTER 1 
34.67 
Real Positive Negative Rational Irrational Nonreal 
number integer integer number number number 
-3 x xX x 
2/3 x x 
6.284 x x 
8 x x x 
4/2 x x x 
(—16) x 
0.444.. x x 
J6 x x 
—7/8 x x 
51/3 x x x 
V8 x x 
—J7 x x 
J49 x x x 
—./2 xX x 
0) x xX 
™ xX x 
34.68 
S D P Q 
(a) 6,3 9 3 18 2 
(b) 7, 1/2 15/2 13/2 7/2 14 
(c) -4,0 —4 —4 0 not defined 
(d) V2,5 VJ2+5 2-5 5/2 V2/5 
34.69 (a) 5°=125 (b) 17 (c) —200 (d) 1/11? = 1/1331 
34.70 (a) 27/2 (b) 128 (c) 0 
34.71 (a) 3m, 15/2, J25, 4, V5 (b) 6, 3.8, 17/5, 2V2, —J7 
CHAPTER 2 
34.72 (a) (2a°+ab+b°)/ab (b) (2x° + 2G? - 1) 
34.73 (a) (3x—12-x)/4x (b) —2x+2z 
34.74 (a) abic® (b) abe — abc’ 
34.75 (a) x +x4+1-Uax+) (b) x -3 
34.76 (a) (2x +4x4+7)(xt+2)(x4+ D] (b) [y+ D+ 2) +3y 
CHAPTER 3 


34.77 The set {—1, 0, 1} has order but does not have density or completeness. 
34.78 The set {0, 1} has order but does not have density or completeness. 


34.79 The set {—1, 0, 1} does not have closure under subtraction but has identity and inverse under subtraction. 
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34.80 The set {—1, 0, 1} has closure and identity under multiplication but does not have the inverse property 
under multiplication. 


34.81 The set {0 —1} does not have closure, identity, or inverse under subtraction. 
CHAPTER 4 

34.82 (a) 6x y—4xy+10xy — (b) 2a’ — 3a’ be + 4a be + 5a bc’ 

34.83 (a) 9@b°-16x°y — (b) x + 2xy + y— 4a — 12ab - 9b° 

34.84 (a) 15x°- 6x —25xy + 10y (b) 2lax + 14bx — 6ay — 4yb 


34.85 (a) 8a°+ 12a°b + 6ab* + b’ — 48a’ — 48ab — 12b° + 96a + 48b — 64 
(b) a+ 2ab +b? + 16c’? + 4d° + 8ac + 8bc — 4ad — 4bd — 16cd 


34.86 (a) x°-y’ = (b) 320° +B 
CHAPTER 5 
34.87 (a) —l(c—dy (b) 5(d+c)(d - 2c) 
34.88 (a) (x+1)(x- 1) (b) (+1) + 1)’ —- 1° 
34.89 (a) x(x+1)(x-1)P — (b) (AL — 10y’ + 16xy)(1 Lx? — 10y’— 16xy) 
34.90 (a) (x“—5)(x+3) (b) (e°— e*) 


34.91 (a) (c—3)(c° + 30° + 9c! + 27° + 81C + 243c + 729) 
(b) (a — 15a” + 3)(a’ — 15a” — 3) 


CHAPTER 6 

34.92 (a) (-3x° -— 4x° + 34x-3)/[B-xYB+xX] (Bb) 2? -4)/[x(x - 297] 
34.93 (a) 2/(3a) — (b) (27c*x)/(16a°) 

34.94 (a) cl’ (b) (-32ac’)/(405x°) 

34.95 (a) 3a°- 15a (BD) [Cn + \m* — xX + Yat DV +x )(c- x] 
34.96 (a) (3a-— 8c)/[3a(3a — 2c)] (b) ( +xy+y (ry) 

CHAPTER 7 

34.97 (a) (x+yxy) — (b) (4ab)(b - a) 

34.98 (a) (9-40 +44 (b) x*8 - 649° 

34.99 (a) (16e* — 32e** + 24e* — 8e'+ 1le*™ —(b) (By? — ey" y’) 
34.100 2° +.2'°42 

34.101 [3(1 + 4a°x)(x'? — 2ax) |x? 

CHAPTER 8 

34.102 (a) 24(Y/432) (hb) Jy +4 — (0) 36x (6x")] = @ -25 Ac’) 
34.103 (a) (V12)/4 —(b) LYS) VGx) (©) BV3V/2— @ [BY(4a)/3 
34.104 (a) [y(8a"-—2)V(2a-1) — (b) YJ@=3a) (©) (Bax) 
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34.105 (a) 3(2/3) (b) [39(/30)]/10 

34.106 (a) (2x+y)[3/(x-y)] (b) 4x-17+./00x—5) 
CHAPTER 9 

34.107 (a) 5V2i (b) 5V3i 

34.108 (a) 8-48: (b) —7Tx + 2xi 

34.109 (a) -3-36i = (b) 3a—2x- 12a°i 

34.110 (a) 28 (b) -32-32iJ3 

34.111 (a) (6+ 331)/125 (b) (7 — 22i)/41 

CHAPTER 10 

34.112 (a) 1/5 (b) -2 

34.113 (a) -1/6—  (b) 18/17 

34.114 (a) -10 (b) (ab—am)(b + a) 

34.115 2a-—3b 

34.116 no solution (Note: x =—4 makes the given equation undefined.) 
CHAPTER 11 

34.117 4 

34.118 +0.192 

34.119 3125/3 

34.120 1250/39 

34.121 15/2 


CHAPTER 12 


34.122 x 3 2 -1 0 1 2 3 
y -25 4 3 4 5 O 17 


34.123 f(-3)=15, f(-a)=2a +a-6, f(a+h)=2a°'+4ah+ 2h -—a-h-6 


34.124 f(3,0)=9, f(0,3)=9, f(-4,2)=4 


34.125 f(x+3)=x°+9x'4+32x4+39 89 f(x—5) =x — 15x" + 80x 153, 
fxth) =x + 3h + 3xh’ + 5x+h? +5h—3 


Additional Problems 


34.126 When the side of the square is 5/3 inches, you get the maximum volume (of 90 20/27 cubic inches). 


CHAPTER 13 
34.127 10 
34.128 5 
34.129 12/7 
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34.130 
34.131 


(6+ k/5 
(20°)a — b= c) 


CHAPTER 14 


34.132 
34.133 
34.134 
34.135 
34.136 


2x—-y=0 
m=2/5, b=3/5 
x—-3y+8=0 
3x+5y-1=0 


C=) 


CHAPTER 15 


34.137 
34.138 
34.139 
34.140 
34.141 


(6, —5/2) 

(9, 1) 
(100/23, 6/23) 
(3, 3, - 4) 
(3,-1, 1) 


CHAPTER 16 


34.142 
34.143 
34.144 
34.145 
34.146 


-9+/14 
(-5/2, 2/5) 
24/2 

0, 8 

2 


CHAPTER 17 


34.147 


34.148 


(x+ 1)°/4 +0- 5//16 = 1, center = (—1, 5), foci = (-1,5+ 2/3) and (1, 5— 2/3), vertices = (—1, 9) and 
(-1, 1), endpoints of minor axis = (1, 5) and (—3, 5) 


(y+ 3)'/4 — (x + 2)°/9 = 1, center = (—2, —3), vertices = (—2, —1) and (—2, 5), foci = (-2, - 3+ J13) and 
(-2,-3--/13) 


34.149 y+1=(x-1), vertex=(1,-1), focus=(1,-3/4), axis:x=1, directrix: y=— 5/4 

34.150 (x— 1) +(y+ 2) = 10/3, center = (1, —2), radius = (./30)/3 

34.151 (a) hyperbola, (b) parabola, (c) ellipse, (d) parabola, (e) circle, 
(f) parabola, (g) hyperbola, (h) ellipse, (i) none of these, (j) hyperbola, 
(k) ellipse, (1) hyperbola 

CHAPTER 18 

34.152 (—2,5) 

34.153 (0, 5), (3, 4), (-3, 4) 
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34.154 (4, 3), (-4, 3), (4, -3), (4, -3) 

34.155 (2, 5), (—7, -10/7) 

34.156 (2, 1), (2, -1), (-11/3, [V26]/3), (-11/3, [-V26]/3) 

CHAPTER 19 

34.157 -2<x<5/2 

34.158 x<2o0rx26 

34.159 -4<x<lorl<x<2 

34.160 x <1-2 V2 or x >1+2V2 

34.161 -2-J3 <x <-2+ 3 

CHAPTER 20 

34.162 1,44+1,4-i 

34.163 -1,3+42i,3-2i 

34.164 —2,0,1,34+i1,3-i 

34.165 3, 1/24 1/2 i, 1/2 - 1/2i 

34.166 —2,1,1,1+V3,1- V3 

CHAPTER 21 

34.167 zeros at x =+ 2, vertical asymptotes of x =—2 and x = 1, horizontal asymptote of y = 1, and no holes 
34.168 zero at x = 6, vertical asymptote of x = 1, horizontal asymptote of y = 1, and a hole at x =—-6 
34.169 no zeros, vertical asymptotes of x = 0 and x = 2, horizontal asymptote y = 0, and no holes 
34.170 zero at x =0, vertical asymptotes of x =—2 and x = 2, horizontal asymptote of y = 1, and no holes 
34.171 zero at x =0, no vertical asymptotes, horizontal asymptote of y = 0, and no holes 
CHAPTER 22 


34.172 (a) a,=3n-2, (b) a,=2n+5, (c) a,=ln+1), (@) a,=(n+1)n+2), 
(e) a,=(C1)"*'(2), (f) a4,=C1)"Gn), (8) 4,=3"* VQ"), (A) a, = (C-1/2)" 


34.173 (a) arithmetic, (b) harmonic, (c) geometric, (d) geometric, (e) arithmetic, 


(f) arithmetic, (g) geometric, (fh) harmonic 
34.174 1323 
34.175 64,000 on day 7 
34.176 Yes, it is geometric. The common ratio is 7°. 
CHAPTER 23 
34.177 x=2,x=4 
34.178 x=-26 
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34.179 x=-3,x=-2 

34.180 (a) 4, (b) 5, (c) -3 
34.181 (a) 0, (b) 1, (c) 0 
CHAPTER 24 

34.182 (a) 1, (b) 2/3, (c) 3/2 
34.183 (a) 4.77, (b) 2.80 
34.184 1.26 

34.185 x=4,x=2 

34.186 x=8 

CHAPTER 25 

34.187 10° = 1,000,000,000 numbers 
34.188 56 

34.189 330 

34.190 5040 

34.191 126 


CHAPTER 26 


34.192 128 — 224% + 168x° — 70x° + (35/2)x* — (21/8)x° + (7/32)x° — (1/128) x" 
34.193 x'° + Sx8y> + 10x°y? + 10x*y? + Sx°y”” 


34.194 729y° — 1458y°x + 1215y*x? — 540 y’x? + 135y’x* — 18yx° + x° 


34.195 704,000x°y" 
34.196 —(8064./x)/x° 
CHAPTER 27 

34.197 1/5 

34.198 0.7 

34.199 1/(15,890,700) 
34.200 2/13 

34.201 5/36 

CHAPTER 28 

34.202 49 

34.203 (x, y, 2) =(-1, 3, 5) 
34.204 (x, y, z) =(2,-1, 0) 
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34.205 
34.206 
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(x, y) = CL, 2) 


CHAPTER 29 


34.207 
34.208 


34.209 
34.210 
34.211 


The inverse of A does not exist. 


6-3 1 
A‘ =(1/8)} 2 3 -1 
-6 -1 3 


(x, y, z) = (3, 1, 4) 
(x, y, z) = (3, -1, -2) 
(x, y, z) = (1/2, -1, -1/2) 


CHAPTER 30 


34.212 through 34.216 are true so they can be proved. 


CHAPTER 31 


34.217 
34.218 
34.219 
34.220 
34.221 


(10x — 4/3 — 4x) = x + 2/( — 2) — 3/(x + 2) 

(x + 4)/[(x + 3)(x — 1)7] = 1/[16(« + 3)] — 1/[16(« — 1)] + 5/4 — 197] 

(3x° — 8x + IV/[(x- 4)? + 1) = We 4) + 20/0? +1) 

(2x* — x? + 13x? — 2x +13 — 102 + 49") = Ve 12) + X02 +4) + (x + 3/02 + 47 


(2x7 + 3x\/[O? + 1)0? + 2)] = (4 - 3x0? + 2) + Bx — 2? + 1) 


CHAPTER 32 


34.222 
34.223 
34.224 
34.225 
34.226 


—0.6 
0.4 
1.5 
0.3 


=I. 


CHAPTER 33 


34.227 
34.228 
34.229 
34.230 
34.231 


yes 
-5 

1.08 

f'(®) =3x +4x—5 
f'@)==21¥ = 43x 


APPENDIX A 


Table of Common 
Logarithms 


20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 
21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 
23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 
24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 
25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 
27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 
28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 
29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 
30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 
31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 
32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172 
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 
34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428 
N 0 1 2 3 4 5 6 7 8 9 
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440 
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55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 
57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 
58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 
59 77109 7716 77123 7731 77138 7TT45 77152 7760 7767 7774 
60 77182 77189 77196 7803 7810 7818 7825 7832 7839 7846 
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 
62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 
63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 
64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 
65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 
66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 
67 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 
68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 
69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 
70 8451 8457 8463 8470 8476 8482 8488 8494 8500 8506 
71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 
72 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 
a3 8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 
74 8692 8698 8704 8710 8716 8722 8727 8733 8739 8745 
75 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 
76 8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 
771 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 
78 8921 8927 8932 8938 8943 8949 8954 8960 8965 8971 
79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 
N 0 1 2 3 4 5 6 7 8 9 
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N 0 1 2 3 4 5 6 7 8 9 

80 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079 
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 
82 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186 
83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238 
84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 
85 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 
86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 
87 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 
88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 
89 9494 9499 9504 9509 9513 9518 9523: 9528 9533 9538 
90 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 
92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 
93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 
94 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 
95 97717 9782 9786 9791 9795 9800 9805 9809 9814 9818 
96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 
97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 
98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 
99 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 
N 0 1 2 3 + 5 6 7 8 9 


This page intentionally left blank 


APPENDIX B 


Table of Natural Logarithms 


N 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

1.0 0.0000 0.0100 0.0198 0.0296 0.0392 | 0.0488 0.0583 0.0677 0.0770 0.0862 
1.1 0.0953 0.1044 0.1133) 0.1222) 0.1310 | 0.1398 0.1484 0.1570 0.1655 0.1740 
1.2 0.1823 0.1906 =0.1989 =0.2070 =~ 0.2151 0.2231 0.2311 0.2390 =0.2469 ~—- 0.2546 
1.3 0.2624 0.2700 0.2776 0.2852 0.2927 | 0.3001 0.3075 0.3148 = 0.3221 0.3293 
1.4 0.3365 0.3436 = =0.3507 = 0.3577 ~—s «0.3646 =| 0.3716 =—0.3784 — (0.3853 0.3920 = 0.3988 
1.5 0.4055 0.4121 0.4187 0.4253 0.4318 | 0.4383 0.4447 0.4511 0.4574 0.4637 
1.6 0.4700 0.4762 0.4824 0.4886 0.4947 | 0.5008 0.5068 0.5128 0.5188 0.5247 
1.7 0.5306 = =0.5365 = 0.5423 «0.5481 0.5539 | 0.5596 0.5653 0.5710 0.5766 0.5822 
1.8 0.5878 0.5933 0.5988 0.6043 =0.6098 | 0.6152 0.6206 0.6259 0.6313 0.6366 
19 0.6419 0.6471 0.6523 0.6575 = 0.6627 | 0.6678 0.6729 0.6780 0.6831 0.6881 
2.0 0.6931 0.6981 0.7031 0.7080 0.7130 | 0.7178 = 0.7227 ~—0.7275 0.7324 = 0.7372 
2.1 0.7419 0.7467 =—-0.7514 ~~ 0.7561 0.7608 | 0.7655 ~~ 0.7701 0.7747 = 0.7793 (0.7839 
2.2 0.7885 0.7930 =0.7975 =: 0.8020 =: 0.8065 | 0.8109 0.8154 0.8198 0.8242 0.8286 
2.3 0.8329 0.8372 0.8416 0.8459 0.8502 | 0.8544 0.8587 0.8629 0.8671 0.8713 
2.4 0.8755 0.8796 0.8838 0.8879 0.8920 | 0.8961 0.9002 0.9042 0.9083 0.9123 
2.5 0.9163 0.9203 0.9243 0.9282 0.9322 | 0.9361 0.9400 0.9439 0.9478 0.9517 
2.6 0.9555 0.9594 =: 0.9632 ——-:0.9670 ~—s-0.9708_-| 0.9746 0.9783 ——:0..9821 0.9858 0.9895 
2.7 0.9933 0.9969 1.0006 1.0043 1.0080 1.0116 1.0152 1.0188 1.0225 1.0260 
2.8 1.0296 1.0332 1.0367 1.0403 1.0438 1.0473 1.0508 1.0543 1.0578 1.0613 
2.9 1.0647 1.0682 1.0716 1.0750 1.0784 1.0818 1.0852 1.0886 1.0919 1.0953 
3.0 1.0986 1.1019 1.1053 1.1086 1.1119 1.1151 1.1184 1.1217 1.1249 1.1282 
3.1 1.1314 1.1346 1.1378 1.1410 1.1442 1.1474 1.1506 1.1537 1.1569 1.1600 
3.2 1.1632 1.1663 1.1694 1.1725 1.1756 1.1787 1.1817 1.1848 1.1878 1.1909 
3.3 1.1939 1.1970 1.2000 1.2030 1.2060 1.2090 1.2119 1.2149 1.2179 1.2208 
3.4 1.2238 1.2267 1.2296 1.2326 1.2355 1.2384 1.2413 1.2442 1.2470 1.2499 
N 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
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N 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 


3:5 1.2528 1.2556 1.2585 1.2613 1.2641 1.2669 1.2698 1.2726 1.2754 1.2782 
3.6 1.2809 1.2837 1.2865 1.2892 1.2920 1.2947 1.2975 1.3002 1.3029 1.3056 
37 1.3083 1.3110 13137 1.3164 1.3191 1.3218 1.3244 1.3271 1.3297 1.3324 
3.8 1.3350 1.3376 1.3403 1.3429 1.3455 1.3481 1.3507 1.3533 1.3558 1.3584 
3.9 1.3610 1.3635 1.3661 1.3686 1.3712 1.3737 1.3762 1.3788 1.3813 1.3838 


4.0 1.3863 1.3888 1.3913 1.3938 1.3962 1.3987 1.4012 1.4036 1.4061 1.4085 
4.1 1.4110 1.4134 1.4159 1.4183 1.4207 1.4231 1.4255 1.4279 1.4303 1.4327 
4.2 1.4351 1.4375 1.4398 1.4422 1.4446 1.4469 1.4493 1.4516 1.4540 1.4563 
4.3 1.4586 1.4609 1.4633 1.4656 1.4679 1.4702 1.4725 1.4748 1.4770 1.4793 
4.4 1.4816 1.4839 1.4861 1.4884 1.4907 1.4929 1.4952 1.4974 1.4996 1.5019 


4.5 1.5041 1.5063 1.5085 1.5107 1.5129 1.5151 15173 1.5195 1.5217 1.5239 
4.6 1.5261 1.5282 1.5304 1.5326 1.5347 1.5369 1.5390 1.5412 1.5433 1.5454 
4.7 1.5476 1.5497 1.5518 1.5539 1.5560 1.5581 1.5602 1.5623 1.5644 1.5665 
4.8 1.5686 1.5707 1.5728 1.5748 1.5769 1.5790 1.5810 1.5831 1.5851 1.5872 
4.9 1.5892 1.5913 1.5933 1.5953 1.5974 1.5994 1.6014 1.6034 1.6054 1.6074 


5.0 1.6094 1.6114 1.6134 1.6154 1.6174 1.6194 1.6214 1.6233 1.6253 1.6273 
dell 1.6292 1.6312 1.6332 1.6351 1.6371 1.6390 1.6409 1.6429 1.6448 1.6467 
5.2 1.6487 1.6506 1.6525 1.6544 1.6563 1.6582 1.6601 1.6620 1.6639 1.6658 
5:3 1.6677 1.6696 1.6715 1.6734 1.6752 1.6771 1.6790 1.6808 1.6827 1.6845 
5.4 1.6864 1.6882 1.6901 1.6919 1.6938 1.6956 1.6974 1.6993 1.7011 1.7029 


3:3 1.7047 1.7066 1.7084 1.7102 1.7120 1.7138 1.7156 1.7174 1.7192 1.7210 
5.6 1.7228 1.7246 1.7263 1.7281 1.7299 1.7317 1.7334 1.7352 1.7370 1.7387 
5:7 1.7405 1.7422 1.7440 1.7457 1.7475 1.7492 1.7509 1.7527 1.7544 1.7561 
5.8 1.7579 1.7596 1.7613 1.7630 1.7647 1.7664 1.7682 1.7699 1.7716 1.7733 
39 1.7750 1.7766 1.7783 1.7800 1.7817 1.7834 1.7851 1.7867 1.7884 1.7901 


6.0 1.7918 1.7934 1.7951 1.7967 1.7984 1.8001 1.8017 1.8034 1.8050 1.8066 
6.1 1.8083 1.8099 1.8116 1.8132 1.8148 1.8165 1.8181 1.8197 1.8213 1.8229 
6.2 1.8245 1.8262 1.8278 1.8294 1.8310 1.8326 1.8342 1.8358 1.8374 1.8390 
6.3 1.8406 1.8421 1.8437 1.8453 1.8469 1.8485 1.8500 1.8516 1.8532 1.8547 
6.4 1.8563 1.8579 1.8594 1.8610 1.8625 1.8641 1.8656 1.8672 1.8687 1.8703 


6.5 1.8718 1.8733 1.8749 1.8764 1.8779 1.8795 1.8810 1.8825 1.8840 1.8856 
6.6 1.8871 1.8886 1.8901 1.8916 1.8931 1.8946 1.8961 1.8976 1.8991 1.9006 
6.7 1.9021 1.9036 1.9051 1.9066 1.9081 1.9095 1.9110 1.9125 1.9140 1.9155 
6.8 1.9169 1.9184 1.9199 1.9213 1.9228 1.9242 1.9257 1.9272 1.9286 1.9301 
6.9 1.9315 1.9330 1.9344 1.9359 1.9373 1.9387 1.9402 1.9416 1.9430 1.9445 


7.0 1.9459 1.9473 1.9488 1.9502 1.9516 1.9530 1.9544 1.9559 1.9573 1.9587 
Vall 1.9601 1.9615 1.9629 1.9643 1.9657 1.9671 1.9685 1.9699 1.9713 1.9727 
7.2 1.9741 1.9755 1.9769 1.9782 1.9796 1.9810 1.9824 1.9838 1.9851 1.9865 
73 1.9879 1.9892 1.9906 1.9920 1.9933 1.9947 1.9961 1.9974 1.9988 2.0001 
7A 2.0015 2.0028 2.0042 2.0055 2.0069 | 2.0082 2.0096 2.0109 2.0122 2.0136 


7.5 2.0149 2.0162 2.0176 2.0189 2.0202 | 2.0215 2.0229 2.0242 2.0255 2.0268 
7.6 2.0282 2.0295 2.0308 2.0321 2.0334 | 2.0347 2.0360 = 2.0373 2.0386 2.0399 
Val 2.0412 2.0425 2.0438 2.0451 2.0464 | 2.0477 2.0490 = 2.0503 2.0516 2.0528 
7.8 2.0541 2.0554 2.0567 =. 2.0580 =. 2.0592 | 2.0605 2.0618 2.0631 2.0643 2.0665 
7.9 2.0669 2.0681 2.0694 2.0707 2.0719 | 2.0732 2.0744 2.0757 2.0769 2.0782 
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If N > 10, In 10 = 2.3026 and write N in scientific notation; then use In N = In[k-(10”)] = Ink +m 1n 10 = Ink + m (2.3026), where | < 
k < 10 and m is an integer. 
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Abscissa, 91 
Absolute inequality, 199 
Absolute value, 2 
Absolute value inequality, 200 
Addition, 1 

of algebraic expressions, 13, 14 

associative property for, 3 

commutative property for, 3 

of complex numbers, 68 

of radicals, 59 

tules of signs for, 3 
Algebra, 1 

fundamental operations of, 1 

fundamental theorem of, 215 
Algebraic expressions, 12 
Antilogarithms, 265, 266, 267 
Approximation method, 377 
Arithmetic mean, 246, 247 
Arithmetic means, 246, 247 
Arithmetic sequence, 245 
Associative properties, 3 
Asymptotes, 235 

horizontal, 235 

vertical, 235 
Augmented matrix, 354 
Axioms of equality, 73, 74 


Base of logarithms, 263 
Base of powers, 4 
Best buy, 82 
Binomial, 12 
Binomial coefficients, 304 
Binomial expansion, 303 
formula or theorem, 303 
proof of, for integral powers, 305 
Bisection method, 377 
Bounds, lower and upper, for roots or zeros, 217 
Braces, 13 
Brackets, 13 


Cancellation, 41 
Characteristic of a logarithm, 264 
Circle, 170 
Circular permutations, 289 
Closure property, 22 
Coefficients, 12 
in binomial formula, 303, 304 
lead, 214 
relation between roots and, 152 
Cofactor, 328 
Combinations, 289 


Common difference, 245 
Common logarithms, 264 
Common ratio, 245 
Commutative properties, 3 
Completeness property, 23 
Completing the square, 151 
Complex fractions, 43 
Complex numbers, 67 

algebraic operations with, 68 

conjugate of, 67 

equal, 67 

graphical addition and subtraction of, 67, 68 

imaginary part of, 67 

pure imaginary, 67 

real part of, 67 
Compound interest, 277 
Conditional equation, 73 
Conditional inequality, 199 
Conic sections, 169-180 

circle, 170 

ellipse, 173 

hyperbola, 177 

parabola, 171 
Conjugate complex numbers, 67 
Conjugate irrational numbers, 60 
Consistent equations, 138 
Constant, 89 

of proportionality or variation, 82 
Continuity, 216, 386 
Continuous at a point, 386 
Continuous function, 386 
Convergent series, 383 
Coordinate system, rectangular, 90 
Cramer’s Rule, 323-326, 328-329 
Cube of a binomial, 27 
Cubic equation, 75 


Decimal, repeating, 255 
Defective equations, 74, 76 
Degree, 13 

of a monomial, 13 

of a polynomial, 13 
Denominator, 1, 4 
Density property, 23 
Dependent equations, 138 
Dependent events, 310 
Dependent variable, 90, 91 
Depressed equations, 221 
Derivative, 387 
Derivative of a function, 387 
Descartes’ Rule of Signs, 217, 218 
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Determinants, 323, 324, 326 
expansion or value of, 323, 324, 325, 328 
of order n, 326 
properties of, 327 
of second order, 323 
solution of linear equations by, 323, 324, 325, 

328, 329 
of third order, 324 

Difference, 1 
common, 245 
tabular, 264 
of two cubes, 33 
of two squares, 33 

Differentiable function, 388 

Divergent series, 383, 384, 390 

Dividend, 1 

Division, | 
of algebraic expressions, 15 
of complex numbers, 69 
of fractions, 1, 4,5 
of radicals, 60 
synthetic, 215 
by zero, | 

Divisor, 1 

Domain, 89, 90 

Double root or zero, 151, 216 


e, base of natural logarithms, 265 
Effective rate of interest, 281 
Element of a determinant, 323 
Elementary row operations, 351 
Ellipse, 173-177 
Equations, 73 

complex or nonreal roots or zeros of, 216 

conditional, 73 

cubic, 75 

defective, 74 

degree of, 13 

depressed, 221 

equivalent, 74 

with given roots, 222 

graphs of (see Graphs) 

identity, 73 

irrational roots of, 152 

limits for roots or zeros of, 217 

linear, 75 

literal, 114 

number of roots or zeros of, 216 

quadratic, 75, 150 

quadratic type, 153 

quartic, 75 

quintic, 75 

radical, 152, 153 

redundant, 74, 76 

roots of, 73 

simultaneous, 137 

solution of, 73 

systems of, 137 

transformation of, 73, 74 
Equivalent equations, 74 
Equivalent fractions, 41 
Expectations, mathematical, 311 
Exponential equations, 274 
Exponential form, 263 


Index 


Exponents, 4, 48 

applications, 280 

fractional, 49 

laws of, 4, 49, 50 

zero, 49 
Extraneous roots, 74, 76 
Extraneous solutions, 74, 76, 77 
Extremes, 81 


Factor, 32 
greatest common, 34 
prime, 32 
Factor theorem, 215 
Factorial notation, 288 
Factoring, 32 
Failure, probability of, 310 
Formulas, 74 
Fourth proportional, 81 
Fractional exponents, 49 
Fractions, 4, 5, 42, 43 
complex, 43 
equivalent, 41 
improper, 368 
operations with, 4, 5 
partial, 368 
proper, 368 
rational algebraic, 41 
reduced to lowest terms, 41 
signs of, 4, 42 
Free variable, 417 
Function, 89 
graph of, 90-95 
linear, 75, 128-131 
notation for, 90 
piecewise, 386 
polynomial, 214 
quadratic, 75, 150-152 
Fundamental, Counting Principle, 288 
Fundamental Theorem of Algebra, 215 


General or nth term, 245, 246 
Geometric mean, 247 
Geometric sequence, 245, 246 
infinite, 246 
Geometric series, infinite, 246 
Graphical solutions of equations, 
138, 191 
Graphs, 90-95 
of equations, 90-95, 138, 166-179 
of functions, 90-95 
with holes, 235 
of linear equations in two variables, 138 
of quadratic equations in two variables, 
191 
Greater than, 2 
Greatest common factor, 34 
Grouping, symbols of, 13 
Grouping of terms, factoring by, 33 


Harmonic mean, 247 

Harmonic sequence, 246 

Holes, in graph, 235 

Homogeneous linear equations, 329 
Hyperbola, 177, 178 


Index 


i, 67 
Identically equal polynomials, 369 
Identity, 73 

property, 22 

matrix, 351 
Imaginary numbers, 2, 67 
Imaginary part of a complex number, 67 
Imaginary unit, 2, 67 
Improper fraction, 368 
Inconsistent equations, 138 
Independent events, 310 
Independent variable, 89, 90 
Index, 48, 58 
Index of a radical, 58 

reduction of, 59 
Induction, mathematical, 362 
Inequalities, 199 

absolute, 199 

absolute value, 200 

conditional, 199 

graphical solution of, 202 

higher order, 200 

principles of, 199 

sense of, 199 

signs of, 199 
Infinite geometric sequence or series, 246 
Infinity, 246 
Integers, 22 
Integral roots theorem, 216 
Interest, 276, 277 

compound, 277 

simple, 276 
Intermediate Value Theorem, 216 
Interpolation in logarithms, 264, 265 
Interpolation, linear, 264, 265 
Inverse matrix, 352 
Inverse property, 22 
Irrationality, proofs of, 78, 79, 225 
Irrational number, 2 
Irrational roots, 152 

approximating, 218, 375-378 
Iteration, 375 
Iteration function, 375 
Iteration method, 375 


Least common denominator, 42 
Least common multiple, 34 
Less than, 2 
Like terms, 13 
Limit of a function, 384 
Limit of a sequence, 382 
Limit of a series, 382 
Linear equations, 114 
consistent, 138 
dependent, 138 


determinant solution of system of, 323-329 


graphical solution of systems of, 138 
homogenous, 329 
inconsistent, 138 
in one variable, 100, 114 
simultaneous, systems of, 137 
Linear function, 100, 114 
Linear interpolation, 264, 265 
Linear programming, 203 


Lines, 128 
intercept form of, 131 
slope—intercept form of, 130 
slope—point form of, 130 
two-point form of, 130 

Literal equations, 114 

Literals, 13 

Logarithms, 263 
applications of, 277-279 
base of, 263 
common system of, 264 
characteristic of common, 264 
laws of, 263 
mantissa of common, 264 
natural base of, 265 
table of common, 439-441 
table of natural, 443-445 


Lower bound or limit for roots or zeros, 217 


Mantissa, 264 
Mathematical expectation, 311 
Mathematical induction, 362 
Matrix, 349 
addition, 349 
identity, 351 
inverse, 352 
multiplication, 350 
scalar multiplication, 350 
Maximum point, relative, 101 
applications, 103-106 
Mean proportional, 81 
Means of a proportion, 81 
Minimum point, relative, 101 
applications, 103-106 
Minors, 328 
Minuend, 14 
Monomial, 12 
Monomial factor, 33 
Multinomial, 12 
Multiplication, 1, 14, 15 
of algebraic expressions, 14 
associative property for, 3 
commutative property for, 3 
of complex numbers, 68 
distributive property for, 3 
of fractions, 4 
of radicals, 60 
tules of signs for, 3 
by zero, 2 
Mutually exclusive events, 311 


Natural logarithms, 265 

Natural numbers, 2, 22 

Negative numbers, 2 
Nondifferentiable function, 388 
Non-free variable, 417 

Nonreal roots or zeros of an equation, 152 
Number system, real, 2 

Numbers, 2 

absolute value of, 2 

complex, 67 

counting, 22 

graphical representation of real, 2 
imaginary, 67 
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Numbers (Cont.): 
integers, 22 
irrational, 22 
literal, 13 
natural, 2, 22 
negative, 2 
operations with real, 1-5 
positive, 2 
rational, 22 
real, 22 
whole, 22 
Numerator, 1, 4 
Numerical coefficient, 12 


Odds, 310 
Operations, fundamental, 1 
Order of a determinant, 323, 324, 326 
Order of real numbers, 2, 23 
Order property, 23 
Ordinate, 91 
Origin, 2, 90 
of a rectangular coordinate system, 90 


Parabola, 100, 171, 172 
vertex of, 100, 171, 172 
Parallel lines, 129, 138 
Parentheses, 13 
Partial fractions, 368 
Partial sum, 383 
Pascal’s triangle, 305 
Perfect nth powers, 59 
Perfect square trinomial, 33 
Permutations, 288 
Perpendicular lines, 129 
Piecewise function, 386 
Point, coordinates of a, 91 
Polynomial functions, 214-234 
solving, 216, 217, 218 
zeros, 214, 215, 216 
Polynomials, 13 
degree of, 75 
factors of, 32-34 
identically equal, 369 
operations with, 13-15 
prime, 32 
relatively prime, 34 
Positive numbers, 2 
Powers, 4, 48 
of binomials, 27, 303-309 
logarithms of, 263 
Prime factor, 32 
polynomial, 32 
Principal, 276 
Principal root, 48 
Probability, 310 
binomial, 311 
conditional, 311, 312 
of dependent events, 310 
of independent events, 310 
of mutually exclusive events, 311 
Product, 1, 4, 14 
of roots of quadratic equation, 152 
Products, special, 27, 28 
Proper fraction, 368 


Index 


Proportion, 81 
Proportional, 81 
fourth, 81 
mean, 81 
third, 81 
Proportionality, constant of, 82 
Pure imaginary number, 67 


Quadrants, 91 
Quadratic equations, 150 
discriminant of, 151 
formation of, from given roots, 164 
nature of roots of, 152 
in one variable, 150 
product of roots of, 152 
simultaneous, 191-193 
sum of roots of, 152 
in two variables, 169 
Quadratic equations in one variable, 150-153 
by completing the square, 151 
by factoring, 150, 151 
by formula, 151, 152 
by graphical method, 152 
solution of, 150-152 
by square root method, 150 
Quadratic equations in two variables, 169 
circle, 170 
discriminant, 169 
ellipse, 173 
hyperbola, 177 
parabola, 171 
Quadratic formula, 151, 152 
proof of, 154, 155 
Quadratic type equations, 153 
Quartic equation, 75 
Quintic equation, 75 
Quotient, 1, 15 


Radical equations, 152, 153 
Radicals, 58 
algebraic addition of, 59 
changing the form of, 58, 59 
equations involving, 152, 153 
index or order of, 58 
multiplication and division of, 60, 61 
rationalization of denominator of, 60, 61 
reduction of index of, 59 
removal of perfect nth powers of, 59 
similar, 59 
simplest form of, 59 
Radicand, 58 
Range of a function, 89, 90 
Rate of interest, 276 
Ratio, 81 
common, 245 
Rational function, 235 
graphing, 236, 237, 238 
Rational number, 2, 22 
Rational Root Theorem, 216 
Rationalization of denominator, 59-61 
Real numbers, 2, 22 
graphical representation of, 2 
Real part of a complex number, 67 
Reciprocal, 4 


Index 


Rectangular coordinates, 90 
Reduced zero interval, 377 
Redundant equations, 74, 76 
Relation, 89 
Remainder, 15, 214 
Remainder Theorem, 214 
Removable discontinuity, 386 
Repeating decimal, 255 
Roots, 48, 73 

double, 151, 216 

of an equation, 73 

extraneous, 74, 76 

integral, 216 

irrational, 152 

nature of, for quadratic equation, 152 

nth, 48, 58 

number of, 216 

principal nth, 48, 58 

of quadratic equations, 150 

rational, 216 
Row-echelon form, 352 
Row equivalent matrices, 352 


Scaling, 93 
Scientific notation, 50, 265 
Sense of an inequality, 199 
Sequence, 245 

arithmetic, 245 

geometric, 245, 246 

harmonic, 246 

infinite, 246 

nth or general term of a, 245, 246 
Sequence of partial sums, 383, 389 
Sequence to have a limit, 382 
Series, 245 

infinite geometric, 246 
Shifts, 92 

horizontal, 92 

vertical, 92 
Signs, 3 

Descartes’ Rule of, 217 

in a fraction, 4 

rules of, 3 
Simple interest, 276 
Simultaneous equations, 137, 191 
Simultaneous linear equations, 137 
Simultaneous quadratic equations, 191 
Slope, 128, 129 

horizontal, 128 

parallel lines, 129 

perpendicular lines, 129 

vertical lines, 129 
Solutions, 73 

extraneous, 74, 76 

graphical, 138, 191 

of systems of equations, 323, 329 

trivial, non-trivial, 329 
Special products, 27, 28 


Square, 48 
of a binomial, 27 
of a trinomial, 27 
Straight line, 128-131 
Subtraction, 1, 4, 14 
of algebraic expressions, 14 
of complex numbers, 68 
of fractions, 4, 42 
of radicals, 59 
Subtrahend, 14 
Sum, | 
of arithmetic sequence, 245 
of geometric sequence, 245, 246 
of infinite geometric sequence, 246 
of roots of a quadratic equation, 152 
of two cubes, 33 
Symbols of grouping, 13 
Symmetry, 91 
Synthetic division, 215 
System of equations, 137, 191 
Systems of inequalities, 202 


Systems of m equations in n unknowns, 329 


Tables, 439, 443 
of common logarithms, 439-441 
of natural logarithms, 443-445 
Tabular difference, 264 
Term, 12 
degree of, 13 
integral and rational, 13 
like or similar, 13 
of sequences, 245 
of series, 245 
Trinomial, 12 
factors of a, 33 
square of a, 27 
Trivial solutions, 329 


Unique Factorization Theorem, 32 
Unit price, 82 


Variable, 89 
dependent, 90 
free, 417 
independent, 89 
non-free, 417 

Variation, 81, 82 
direct, 82 
inverse, 82 
joint, 82 


Zero, 1, 2 
degree, 13 
division by, 1 
exponent, 49 
multiplication by, 2 
Zero interval, 377 
Zeros, 214 
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